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GLOBAL WELL-POSEDNESS OF THE 2D MICROPOLAR FLUID
FLOWS WITH MIXED DISSIPATION

YAN JIA, WENJUAN WANG, BO-QING DONG

ABSTRACT. This article concerns the global well-posedness of the 2D microp-
olar fluid flows with mixed dissipation:

_8yy(_A)au17 _8zz(_A)au2, (—A)ﬂw

We prove the existence and uniqueness of global smooth solution of 2D mi-
cropolar fluid flows when o+ 3 > 1/2.

1. INTRODUCTION

Micropolar fluid flows derived by Eringe [10] are an important mathematical
model in some polymeric fluids and fluids which contain certain additives in narrow
films([15], [16]). They are non-Newtonian fluids with nonsymmetric stress tensor
which are coupled with the kinematic viscous effect, microrotational effects as well
as microrotational inertia. The two-dimensional (2D) incompressible micropolar
fluid flows is governed by

ou— (v+ Kk)Au — 26V X w+u - Vu+ Vr =0,
V.-u=0, (1.1)
Orw — yAw + dkw — 26V X u +u - Vw = 0.

Where u(z,y,t) = (ui(z,y,t),u2(z,y,t)) is the unknown velocity vector field,
m(x,y,t) is the unknown scalar pressure field and w(z,y,t) is the unknown scalar
micro-rotation angular velocity of the rotation of the particles of the fluid. v, k,vy >
0 are viscous coefficients. ug and wqg represent the prescribed initial data for the
velocity and micro-rotation fields. Here and in what follows,

qu:%—%, wa:(a—w,—a—w).
Or dy dy’ Oz
Because of its importance in mathematics, there is much attention on the well-
posedness of the micropolar fluid flows [6] (1T}, [14]. In particular, when there is full
dissipation, Lukaszewicz [14] examined the global well-posedness of smooth solution
to the 2D micropolar fluid flows . A more explicit existence and uniqueness
result which is based on the decay estimates of the linearized equations is recently
investigated in Dong and Chen [7]. When there is partial dissipation, the issue on
global regularity becomes more difficult. Due to some new observation, Dong and
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Zhang [8] recently obtained the global existence and uniqueness of classic solution
of micropolar fluid flows with only velocity dissipation Au. Xue[I8] also
examined the well-posedness of the micropolar fluid flows (1.1)) with only velocity
dissipation Au under the Besov space framework. Yamaziki[19] futher extended the
results of above the results to the magneto-micropolar equations. Chen[5] examined
the existence and uniqueness of smooth solution of micropolar fluid flows with
partial dissipation (Oyyu,0z,w). Very recently, Dong, Li and Wu [9] proved the
global well-posedness of 2D micropolar fluid flows with only angular viscosity
dissipation Aw. One may also refer to some important and interesting results of
the 2D fluid dynamical models with partial dissipation such as the 2D Boussinesq
equations [I} [4} 12, [17] and the 2D magnetohydrodynamic (MHD) equations [3} 2].
Motivated by the above results of the 2D fluid dyanmical models with partial
dissipation, the purpose of this study is investigate the global existence and unique-
ness of the smooth solution of 2D micropolar fluid flows with mixed dissipation
(Dyy (—A)*uy, Oy (—A)%ug, —(—A)Pw). More precisely, we will examine the global
regularity issue of the following 2D micropolar fluid flows with unit viscosity

Aur + (u- V)ur — Qyw 4 0, = Dy (—A) %y,
Orug + (u - V)ug + Opw + Oy = Opa(—A)%ua,
Ogu1 + 8yuQ =0,
Ow + 2w —V xu+u-Vw = —(—A) w.

(1.2)

where 0 < o, < 1. We are able to prove the following existence and uniqueness
of smooth global solutions for (|1.2)).

Theorem 1.1. Assume (ug,wo) € H*(R?), s > 2 and V - ug = 0. There exists
a unique global smooth solution (u,w) for the 2D micropolar fluid flows (1.2)) with
atf=;

u € C([0,00); H*(R?)), wu € L*(0,T; H*T1T*(R?)),
w e C([0,00); H*(R?)), w e L*0,T; H**#(R?)), VT >0.

Clearly, Theorem [I.1] generalizes the global well-posedness results of Lukaszewicz
[14], Dong and Chen [7] where there is full dissipation. Moreover, Theorem |1.1| has
no inclusion relation between previous results of partial dissipative micropolar fluid
flows [5], 8, 18, 19]. Especially, the main trick based on a new quantity V x u — w
in [8 I8, T9] is not available here any more.

We briefly summarize the main challenge and explain what we have done to
achieve the global regularity. In order to prove Theorem [I.I} we need global a
priori bounds of (u,w) in sufficiently smooth functional spaces. More precisely, if
we can prove the Beale-Kato-Majda criterion of solutions for the 2D micropolar
fluid flows (1.2)

/0 |(Vu(t), Vw(t))| = dt < oo, (1.3)

then the proof of Theorem is a more or less standard procedure. The next
natural step is to examine a global H!-bound for (u,w) of after the based
L? energy estimates of (u,w). However, unlike the previous results where the
H'-bound can be derived from vorticity equation, the vorticity structure here is
destroyed due to the mixed dissipation (9y,(—A)%u1, 0zs(—A)%ug). If we directly
take the L? inner product with (Au, Aw), then the H'-bound for (u,w) of
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(1.2) at least requires higher dissipation a + 8 > 1. To overcome the difficulty, we
first derive the optimal fractional-order derivative estimates of u,

t
1A u()]7: +/0 [AYF20H 0 u(s) || Fads < O(t, || (uo, wo)| 2,
and then the optimal fractional-order derivative estimates of w
t
A DOl + [ AR () [Fads < OO o) )

The Beale-Kato-Majda criterion of solutions then can be derived by an iterative
procedure.

2. BEALE-KATO-MAJDA CRITERION

To prove the existence of global smooth solution for the 2D micropolar fluid
flows , we will examine the Beale-Kato-Majda criterion in this section. For
simplicity, we only need to prove the case a + 3 = 1/2, the case a + ( > 1/2 can
be done in a slightly modification. To do so, we first examine the following lemma
which is mainly based on the divergence free of velocity.

Lemma 2.1. Suppose u = (u1,uz) is divergence free and for any s € R, we have
1
/}R2 (=0yyur1A*uy — DypusA**uy) da dy > §||A1+Su||i2 (2.1)

where A = (=A)Y/? denotes the Zygmund operator, defined via the Fourier trans-
form

A f(€) = €] f(8)-
Proof. Integrating by parts and applying the divergence free property of velocity,
it is easy to check that

/]R? (- Oyyur A* uy — OpyuaN\*us) da dy

= /]R2 (8yyul AN 7201 + Oppu? AAQS*QUQ) dz dy

= /]R2 (VﬁyAsflulvayAsflul + V@xAsfluQV&EAS*lug) dzx dy

= /}R (19 A P [0y A [P 4 (000 A i+ |axyAS*1u2|2) dz dy

= / (10yy A° My |* + [0y A~ Mg |* + 050 A M |® + |amAS*1u1|2) da dy
]R2

1 1
>3 [ 08N P+ A8 ) dndy =S4Tl
2 R2 2

O

To prove a priori estimates of solutions, we recall the following classical com-
mutator estimate [13].

Lemma 2.2. Let s > 0. Letl < r < o and% =
q1,p2 € (1700) and P1,qG2 € [1700] Th'en;

1A%, flgllzr < C(IVFlzo A7 gllzan + [A° Fllze2 gl )

1 1 _ 1 1
P1+Q1 _:D2+QQ with
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where C' is a constant depending on the indices s,r,p1,q1,p2 and gs.

Proposition 2.3. Under the conditions of Theorem[1.1] and let (u,w) be the cor-
responding solution of (L.2)). Then (u,w) obeys the following global bounds, for any
0<t<oo,

t
)l + @l + [ QAo+ I ulEDis <0 2)
t
IAPuOl+ [ AT ) s < C. 23)
t
A2+ [ AR () Fads < (2.4
0

where the positive constants C depend on t and ||(ug, wo)|| g only.

Proof. Taking the L? inner product of equations (1.2)) with (uy, us, w), it is easy to
verify after applying Lemma the Holder inequality and the Young inequality

d o
— Oz + lw®lZ:) + A w7 + 247w @72 + 4w ®)][7a

<2 | {(Vxw) u+(Vxuww}dedy
RQ

— 1 «
< 4APul| 2| APl g2 < Cllu(t)|IF2 + I u®)7e + 1A% w(®)]2:,
where we have used the following fact due to the divergence free of velocity u,
/ (u-Vu) - udedy =0, / (u- Vw)wdzx dy = 0.
R2 R2

Integrating in time for 0 < ¢t < oo,

t
()72 + w(®)]Z2 +/O (A u(s) 122 + A w(s)l172)ds < e (|luol|Z> + [[wol72)

which implies (2.2)).
To examine (2.3)), we take the L? inner product of the first two equations of (1.2))
with (A29+28,, A22+254,5) and use Lemma to obtain

d . a N

IATPu(®)[F: + A2 u(t)] 3

= 2/ (V xw)- Aty dedy +2 [ APy - Vu]A“Pude dy (2.5)
R2

R2
=h+1D

For I, it is easy to check that

2 [ (9 xw) A udedy < CIATF )12 A w(o)]
]RQ

1 (o3
< LI Pu@) e + ClA w(®)| 72

For I, using Lemma the Holder inequality, Young inequality, and interpo-
lation inequality gives

I, = 2/ APy - Vu] AP da dy
R2



EJDE-2016/154 2D MICROPOLAR FLUID FLOWS 5
<OVl 2 AP ul| 5 A ul| 2
L1-B LB
< C|IA Pul| o | AT a2 [ AP 2
1
< §||A1+5U||%2 + O A | o | AP 2
1 1
< illulliz + ZIIAHMWUH% + O A 2 AT 2.
Using the estimates of I, Iy into (2.5 gives
d 1
@llAawu(t)lliz + §||A1+2a+6u(t)|liz
< Cl[Aw(t)[|72 + Cllu(®)[|F2 + ClIA™ “ul|F2 | A Ful 2,
Taking the Gronwall inequality into consideration together with (2.2)) implies

t
1A u(t)[2, + / A2y (5) 2, ds
0

t
< exp (c/ ||A1+“u||%2d7> (A Pug|2. + Ct) < C, 0<t< o0
0

which is (2.3).
For (2.4)), we take the inner product of fourth equation of (1.2 with A*(@ 8y
to obtain

1d, i .

5@”/\2 F2w||7. + A2 FFw||72 + 2| A% 0|7,

= 2/ (V x u)A4(O‘+ﬁ)w dx dy — / [A20F28 4y . V]wA22 2Py da dy (2.6)
R2 R2

=J; + Jo.

Expression J; is bounded by applying the Holder inequality and the Young inequal-
ity,
1
Ji < CAT2 ]| | A2+ o < A2 T 4 Cl A2 .

As in the estimates for I5, employing Lemma[2.2] the Sobolev’s imbedding inequal-
ity and the Young inequality, it follows that

Jy = — / [A29720 4y . V]wA2* 20w da dy
R2

A

(IVull 3 1022w o+ [A2H200]| 5| Vool 2 )42+ w]| s
< C (1A% Pull g2l AP g2 -+ IATF2 P o A2 2) (|22
< A2 o | A2 | A2 1
1
< FIA% w1, 4 O P, A2,
Inserting the estimates for J; and J; into (2.6) gives

d
%IIAQQHBUJII% A2 | e < CIATFRH )T, (A% w]|F. + 1)
and applying Gronwall’s inequality, we have

t
A2t + [ AR () Fads < Ot o, w0)
0
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which gives (2.4]). This completes the proof of Proposition
To obtain the Beale-Kato-Majda criterion for the solutions. we further need to
prove the following a priori bounds for higher-order derivatives of the solutions.

Proposition 2.4. Suppose (u,w) is the corresponding solution in Theorem |1.1.
Then (u,w) obeys the following global bounds, for any 0 < t < oo,

t
||A3a+3,8u(t)||%2 +/ ||A1+4a+36u(3)H%2d3 <, (2.7)
0

t
”A4a+46w(t)||2L2 Jr/ ||A4a+5ﬁw(s)”%zd8 <C. (2.8)
0

In particular, we have the Beale-Kato-Majda criterion of solutions for the 2D mi-

cropolar fluid flows (1.2)),

/0 |(Vu(t), Vw(t))] g dt < co. (2.9)

Proof. Similar to the estimation of (2.2), multiplying the both sides of the first two
equations of (I.2)) with (AS2+60y,, A®@+684,) and applying Lemmas and

we have

d (o3 67

AT U] e 4 AT

= 2/ (V x w) - A% FBy da dy + 2/ N3Py - V] A3 T3Py da dy
R? R

2

< C||AMHF30y| L2 || A2+ | 2
+COIVul| o (AR | o [[ARH |
L1T—Ra+B) L2a+83
< O ATy | o || AZ+350p | 2 (2.10)
+ C A2y o | AT+ 200 2 | AP+ 2
< C|| ATy 12 || A0+ 2
+ CI A2 (A0 o+ Jlul| g2 [|A%F | 2
1
< §IIA1+4‘”+35uII%z + C|| A2+ ||

+ O A2 |2, AP0 2, + C.

Employing the Gronwall inequality and Proposition [2.3] gives
t
[APF3Pu(t)] 2 +/ [ATFAeF30y(5)[[F2ds < C(t,ug,wo), 0 <t <00
0

which gives (2.7]).
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To prove (2.8)), similarly, multiplying both sides of the fourth equation in (|1.2))
by A3ty yields
1d
2 dt
= 2/ (V x u)A3CFB oy da dy — / [A%H48 . VwA* TPy da dy
R2 R2

IAT T[T, + [|AT T ]|, + 2] AT ],

< CYAMH 4y | o AT o 4 C (|| V] g A0 2

AR o [ Tul] YA ]

2.11
< CATH R A8+ o O (AP oA e O

(AT 2 A2 P 2 ) A2 2]

< CIAHAH | 2 AP 0w]| 12 + O(||wl]| 2 + AT ]| 2)

% (llullz + A4 2 | A2 Paw]| 2 ) [| A2 0] 2
1
< SIATT P wl|T, + C(1L 4 ATy L, AT w7, 4 C.

and then Gronwall’s inequality gives
t
A3+ [ AT s) Fads < Cltuo,wo)
0

which is (2.8]).

Moreover, since
1+4a+ 33, and 4a+ 50 > 2,

a priori estimates (2.7) and (2.8) actually imply the following Beale-Kato-Majda
criterion of solutions u and w,

T T
/ (IVu(t)|| e dt < oo, / (IVw(#)|| e dt < oo
0 0
by the Sobolev imbedding inequality. The proof is complete. O

3. PROOF OF THEOREM [I.1]

Under the Beale-Kato-Majda criterion in Section 2, the proof of Theorem is
more or less standard.

Existence. We now borrow the classic Friedrichs method to prove the existence of
global smooth solutions. Firstly we consider the following approximate equations

of
Opn1 + Jn P(Jnttn, - VIptn) — POyw, + 03 = J50yy(—A)“upa,
Otina + Jn P(Jnttn - Vptng) + POywy, + Oymyn = J50pz(—A) tna,
Oztun1 + Oyuy, =0, (3.1)
Owy, + 2w, — V X u+ Jyu, - VJyw, = fJn(fA)Bwn,
Un(2,9,0) = Jyug, wn(z,y,0) = Jw,

where J,, is defined as J,p = Fﬁl(XB(O,n) (£)F(¢)(€)), and Xp(0,n) denotes the
characteristic function on the ball B(0,n). P denotes the standard projection onto



8 Y. JIA, W. WANG, B.-Q. DONG EJDE-2016/154

divergence-free vector fields. The standard Picard type theorem ensures that, for
some T, > 0, there exists a unique local smooth solution (u,,w,) € C([0,T,); L?).
Additionally, it is easy to see that (J,uyn, Jow,) is also a local smooth solution of

(3:3). Thus (uy,,wy) also satisfies
Otin1 + Jn(Un - Vn1) — Oywy + OpTp = Oyy (—A) % up1,
Ortina + Jp(Up - Vi) + Opwy + 0y = Oz (—A) tpa,
Ozun1 + Oyun = 0, (3.2)
Owy, + 2w, —V xu+u, - Vw, = f(fA)’Bwn,
un(z,y,0) = Jyug, wp(z,y,0) = Jpwo,

A basic L? energy estimate for (u,,w,) in (3.2) implies

t
lun (B)I1Z2 + llwn (8)]172 +/0 (AT @ un (1)1 22 + A wn(7)l[72) T < Ot o, wo),

where C' is independent of n. Therefore, the local solution can be extended into a
global one by the standard Picard Extension Theorem. Next we show that (uy,, ws,)
admits a uniform global bound in H*(R?) with (s > 2). By a standard energy
estimate involving , it is easy to obtain

d
77 Ulenlre + llwnllZre) + A unllZ + [1A7wn |7

< | (Y xwy) - A uy + (VX up) A w, ) daedy
R2

+ / [A%, up, - V]ug, - ANu, dedy + / [A%, up, - V]w, A w, dx dy
R2 R2

1 (e
< 5 (1A unlZs + (A wn )

+C (IVunllze + [Vwnllze +1) (lunllZs + llwallf) -

Applying the Gronwall’s inequality and the Beale-Kato-Majda criterion in Propo-
sition [2.4] we have

t
[wn|[Frs + [lwnl [ +/0 (AT w3 + A w][ ) ds
< (luollds + llwol|%-)eC Jo ITunllzoe +IVwnlloe +1)ds
< C(t, [[(uo, wo) || )
Hence the above uniform H*® estimates allows us to obtain the global existence of
the desired solution (u,w) to (1.2)) by a standard compactness argument.
3.1. Uniqueness. We show that any two solutions (u,w) and (@, w) to ((1.2]) must
be the same. The difference (U, W) with U = v — @ and W = w — @ satisfies
Uy + (U - V)U1 + (u-V)Up — 8yW + Oy = 6yy(—A)aU1,
0 Uy + (U . V)Ug + (’l_L . V)Uz + O, W + 6y7r = 8m(fA)“U2,
0, U1 + 8yU2 =0,
OW +2W =V x U+ (U-VIw+ (a- V)W = —(=A)°W.

(3.3)
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Taking the L? inner product of (U, W) with (3.3)), we have

1d 1 tee

5= (U2 + IW2:) + SIAY U + A W72 + 2| W7

2dt 2

=/(VxW-U—i—VXUW)dx—Z/(U-Vu)-de—/(U~Vw)de
R2 R2 R2

< ClIAPU |2 |AW 22 + ClVur |l L= U 72 + 2 U 22| Vs || e [| W] 2
1 1
< SIAPW I + AU,
+C([Vul e + [Vl +1) (U7 + [W]Z2)-
Gronwall’s inequality then implies
U7 + W72 < Cltuo,wo) (1Uoll22 + [[Woll22) (3.4)
which implies the uniqueness. (I
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