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POSITIVE LEAST ENERGY SOLUTIONS OF FRACTIONAL
LAPLACIAN SYSTEMS WITH CRITICAL EXPONENT

QINGFANG WANG

ABSTRACT. We study the fractional Laplacian system with critical exponent
* 23 23
(=A)u+ Aru = prlul® 2w+ Blu| 2 Zulp|2, z€Q,

. 2% 20
(—A)v 4+ Xov = pa|v]®s " 2v 4+ Blv] 2 "2wju| T, z€Q,
u=v=0, x€OaQ,

where @ C RN (N > 2s) is a smooth bounded domain, s € (0,1), (—A)®
stands for the fractional Laplacian, 2} := NQiVZS is the critical Sobolev expo-
nent, —A1(2) < A1, A2 < 0, and p1, p2 > 0, here A\1(Q) is the first eigenvalue of
(—A)* with Dirichlet boundary condition. For each fixed 8 > N2_525 max{p1, 12},

we show that this system has a positive least energy solution.

1. INTRODUCTION
In this article, we consider the coupled system

AYS _ 2: -2 g %
(—A)’u~+ Mu = p|u u+ Blul= Fujv|2, e,

(=A)*0 + Agv = pa|v|% 20 + ﬁ|v|%_2v|u\275, x € Q, (1.1)
u=v=0, x¢€d,

where () is a smooth bounded domain in RN (N > 2s), 2} := 28 is the critical
Sobolev exponent, fi1, g > 0, —A1(2) < A1, Aa < 0, A\1(Q) is the first eigenvalue of
(—A)*® with Dirichlet boundary condition, and 3 # 0 is a coupling constant.

In recent years, considerable attention has been given to nonlocal diffusion
problems, in particular to the ones driven by the fractional Laplace operator, see
[2, @9, 16, 23] 29] and the references therein. The fractional power of the Laplacian
(—A)? is the infinitesimal generator of Lévy stable diffusion processes. It arises in
several areas such as plasmas (see [6]), flames propagation, chemical reactions in
liquids, population dynamics, geophysical fluid in dynamics, crystal dislocation and
SO on.

Recently, the solutions of the fractional Laplacian attract more attention of re-
searchers in nonlinear analysis. Chang and Gonzélez [I5] studied this operator in
conformal geometry. Caffarelli et al [I1] [12] investigated free boundary problems of
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the fractional Laplacian. Silvestre [27] obtained some regularity results of the ob-
stacle problem of fractional Laplacian. Maximum principle has been researched in
the fractional Laplacian operator in [9] [14]. Caffarelli and Silvestre [13], introduced
the s-harmonic extension to define the fractional Laplacian operator, and gave a
new formulation of the fractional Laplacian through Dirichlet-to-Neumann maps.
This is commonly used in the recent literature since it allows us to write nonlocal
problems in a local way. Also this permits us to use the variational methods to
solve those kinds of problems. Several results of the fractional version of the clas-
sical elliptic problems were obtained, we would like to mention [3], 10, 28] and the
references therein.

In [10], Cabré and Tan combined the spectral decomposition of the Laplacian
operator with zero Dirichlet boundary conditions defined the operator of the square
root of Laplacian. Using classical local techniques, they established existence, reg-
ularity and an L°°-estimate of Brezis-Kato type for weak solutions. In particular,
Tan [28] studied the problem

n+1

(=AY =un=t 4 pu, u >0, zeQ,

(1.2)
u=0, x€d,

where p > 0. He employed the Brezis-Nirenberg technique to build an analogue
result to the problem in [8], but with the square root of the Laplacian instead of
the Laplacian. Barrios et al [3] studied the nonlinear problem

N+a

(—A)2u =D u! +uN-—=, u>0, z€Q,

(1.3)
u=0, xz€d,

where 0 < ¢ < %fg, 0 <a<2and N > a, they obtain the existence of positive

solutions under certain conditions.
Problem (|1.1)) can be seen as a counterpart of the system

—Au4 M = pr|u)® "2u+ ﬁ|u|%_2u|v|%, z € Q,

—Av + Agv = po|v]? 20 + ﬂ|u|%|v|%7211, x € Q, (1.4)
u=v=0, x€0IN,

where  C R¥ is a bounded domain. In [I7, [19], Chen and Zou studied problem
for N > 4, by variational arguments, they showed the existence of positive
least energy solutions in some ranges of A1, Ao, 5.

Problem is closely related to the following system, which arises in the
Hartree-Fock theory for a double condensate

—Au+ Mu = pud + pun?, zeQ,
—Av + Av = ppv® + pulv, x €, (1.5)
u, v € Hy(Q),
here Q is a domain in RN (N < 3), possibly unbounded, with empty or smooth
boundary. In the past decades, there has been increasing interest in studying
problem (|1.5)), especially on the existence of positive solutions, multiple solutions,

sign-changing solutions and ground states, see for example [II, [4], Bl [I7], 18] 19 22|
241, 25|, [26], [30].
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Motivated by the works just described as above, it is natural and significant to
investigate the solutions of the system . Since the fractional Laplacian operator
(=A)* is involved, problem is a nonlocal problem, which implies that
is not a pointwise identity. This causes some mathematical difficulties which make
the study of particularly interesting. In this article, we are mainly study the
existence of positive least energy solutions of equation (1.1)).

Before present our main results, we would like to mention that the following
fractional Brezis-Nirenberg problem

(=AY u+ du=|u , T €Q,
u=0, x€dN,

21-2,

(1.6)

has a positive least energy solution uy for —A1(Q) < A <0 (see [3)]).
Our first result deals with the special case Ay = As.

Theorem 1.1. Assume that —A\1(2) < A1 =X =A< 0and N > 4s. If § >

N%’QS max{ 1, 2}, then (Vkoux, Vipuy) is a positive least energy solution of system
(1.1)), where the positive pair (ko, lo) will be given in (3.1)).
Moreover, there exists By > N2_S2s max{ 1, o} determined by (1, pe2), such that,

if B> Bo and (u,v) is any a positive least energy solution of (1.1)), then (u,v) =
(Vkouyx, VIouy) where uy is a positive least energy solution of the Brezis-Nirenberg

problem (|1.6)).

Now, we consider the general case —A1(Q2) < A1, A2 < 0. Without loss of
generality, we may assume that A\; < Ay. Our following result deal with the case
AL < Ao

Theorem 1.2. Assume that —A1(Q) < A1 < Ay < 0 and N > 4s. Then system
([L.3) has a positive least energy solution (u,v) for B > 25— max{u1, s}

Theorems and partially generalized the results in [I7], [19], which deals
with Schrodinger system , to the fractional Schrédinger problem. The main
difficulty in proving our main results is the nonlocal operator (—A)*. We ap-
ply the s-harmonic extension and Dirichlet-to-Neumann maps, which developed by
Caffarelli and Silvestre [13], to transform the nonlocal problem into a local
problem . Thus, the usual variational methods can be used to solve problem
, and then the problem .

This paper is organized as follows. In Section 2, we first present some variational
framework of problem (L.I). In Section 3, we give the proof of Theorem [I.1] and
study the limit problem of . Finally, via energy comparison, we prove Theorem
in Section 4.

2. PRELIMINARIES AND FUNCTIONAL SETTING

Denote the upper half space in RN *1 by
]Rf“ = {(m,y) sz eRN y > O},

the half cylinder standing on a bounded smooth domain Q@ C RY by C = Q x
(0,+00), the points in C are denoted by (z,y) for z € Q, y € (0,400), and its
lateral boundary by 9;,C = 9Q x (0, +00).

Let {¢k} be an orthonnormal basis of L?(Q) with ||¢g||2 = 1 forming a spectral
decomposition of —A in € with zero Dirichlet boundary conditions and A be the
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corresponding eigenvalues. Let

H3(@) = {u="3" apn € LX)+ Jullzioy = (O af A% < +oo .
k=0 k=0

For u € H§(), u = Y o—arpr with ap = [, ugrdz, the fractional power of
Dirichlet Laplacian (—A)* is defined by

(—Ayu=aXipr € H (%),
k=0

where H™°(Q) the dual space of Hj(€2). We say that {(¢x, A\;)} are the eigenfunc-
tions and eigenvalues of (—A)® in 2 with zero Dirichlet boundary condition.

It is easy to see that HS () is a Hilbert space equipped with the following inner
product and norm

(u,v) s (o) = /Q(—A)%u(—A)%vdx, lul| = (u,u>111{82(9).
For a given regular function u € H§(f2), we define its s-harmonic extension w =
E;(u) to C as the solution of the problem
—divy'™*Vw) =0, inC,
w=0, ond.C,
w(z,0) =u, on Q.

For any regular function u, the fractional Laplacian (—A)?® acting on u is defined
by

1
(~ayu) = —— tm 2220 ) vaen,

Kg y—0+ ay
where w = Fq(u) and kg = %

Define H ;(C) as the closure of C§°(C) under the norm

1/2
lwllmg ) = (/ﬁs/cy1725|Vw|2dxdy)
We will use the following notation:
H = Hg (C) x H 1(C),
L w = _dIV yl_st’U)) 87110 = —K hm y1_2587w
s : ) ays . s YOt ay .

For simplicity, we assume throughout this paper that ks = 1. The following lemma
is due to [7], which reflect the relationship between the spaces Hg(Q2) and H ; (C).

Lemma 2.1. (i)
1(=A) ullz—+@) = l[ullag @) = 1 Es (W)l ag , 0)-
(ii) For any w € Hg 1 (C), there exist a constant C independent of w such that

ltrowl| L) < Cllwllag |

holds for every r € [2,:25-], where trow(z,y) = w(z,0). Moreover, H§ 1 (C) s

compactly embedded into L"(Q) for r € [2, :25-).
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Another useful tool is the following trace inequality

2/r
[ Ve dedy = o [ o) (2.1)
c Q

forany 1 <r < N%NQS, N > 2s, w € Hp (C). In fact, inequality (2.1)) is equivalent

to the following inequality for any v € HF () (see [20] 21]),

N 2/r
[(—A)5o)2dz > c(/ \vr"dx) , (2.2)

Q Q

2N
Wherelgrgm,N>2s.

When r = 2%, the best constant in (2.1)) will be denote by S(s, N). So we have

N-—2s
/y1*2S|Vw(x,y)|2d:cdy > S(s,N)(/ |w(x,0)|7N2—std$) "
c Q
However, S(s, N) is indeed achieved for the case = RY when
w(z,y) = we(z,y) = Eq(ue), (2.3)
where u, takes the form
N—2s
e 2
Ue(2) = —————F—=»
with € > 0 arbitrary. Moreover, the following critical problem
(=A)*u = |[u)**2u in RV,
has positive solutions (see [20] 21])
N—2s
T N+2s N—fs
Ue(z) = Cwee * Cy,s 1= 2(N729)/2 (7(N325)) T (24)
(€2 + |z —z0[2) 2 r(5%=)

for any o € RY and ¢ > 0. Furthermore,

[ eaivpa= | o,
RN RN

Recall that the equations
(=A)*u+ N = pilu®*2u, we HSQ), i=1,2, (2.5)

have positive least energy solutions u,, € H§(§2) for —A;1(2) < A; < 0. We denote

%de = S(s,N)7.

s s s -
B,, = N(/Cyl 2 |Vwi\2dmdy—|—)\/ﬂuiida:> = Nui/ﬂuij.dz, (2.6)
where w; = Fs(uy,). Moreover,
1-2s 2 2 N 2s/N 23 b4
y |\ Vwi[Fdrdy + A [ u, de > (—DBy,) (ui umdm) , (2.7)
c Q $ Q
Similarly, we denote B; the energy of uy, that is
S _ S 2:
By = N(/Cyl 2|\ VE,(uy)|? de dy + )\/Quidm) = N/QuA dx, (2.8)

where u) is the positive least energy of (|1.6)).
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Now, by s-harmonic extension, we can transform the nonlocal problem (|1.1)) into
the local problem

Lswy =0, Ls;wy=0 1inC,

wy =0, wy=0 ond.C,

Jwy *_ 25 2
s =~ e Blu T Pl T on (2.9)
0 . 2%
811)5 —Xov 4 oo/ 720 + Blu| = |[v] T 20 on Q.
v

Definition 2.2. We say that (u,v) € H is a weak solution of (1)) if (wy,ws) € H
is weak solution of (2.9), i.e.,

/yl_QSquVES(ga) dxdy+/y1_25Vw2VEs(z/1) dxdy—i—)\l/ucpdx

C C Q

2 [ vvds = [ (unlul2up + 5lul F 2ulol Fo (2.10)
Q Q

2
2

S22
+ Blul 7 v Z 2o + pofv

% "2yp)dr = 0,
for any (p,%) € H, where (w1, ws) = (Es(u), Es(v)).

Define the energy functional E : H — R corresponding to problem (|1.1)) by
1
Bluo) = ( [y (TP dedy+ [ 42 Tusl dady)
c c

1 1 x .
+ = / (Au? + Apv?)da — —/ (p1lul® + palol* (2.11)
2 Ja 2* Jq

+ 28l T o] T )dz, W(u,0) € H,
where (w1, ws) = (Es(u), Es(v)). As in [19], we also define

M = {(u, V) EH, u#0, v#£0, (wi,ws) = (Es(u), Es(v)),

1-2s 2 25 2 22
Yy [Vur|*dedy + A1 | vde =p1 [ |uldx+ 0 [ |[ul?|v]|? dx,
C Q Q Q

1-2s 2 2, 2 252
Yy [Vws|*dedy + Ao [ vide =g [ |v|7dx+ 0 [ |u|?|v|=dx;.
c Q Q Q
(2.12)

Then any nontrivial solutions of (1.1)) must belong to M. Take ¢, p € C5°(£2)
with ¢,% Z 0 and supp(p) () supp(v)) = 0, then there exist t1, to > 0 such that
(t1p,t21)) € M, thus M # (). We define

S
B:= inf FE(u,v)= inf — 1225w, |2 da d )\/Qd
(u,Lr)leM (v,v) (u,g)leM N{(/Cy [V [P dav dy + A Qu x)

+ (/y1728|Vw2|2dxdy+)\2/ v2dx)}.
c Q

Since the nonlinearity and coupling term are both critical in (1.1]), the existence
of nontrivial solutions of (2.9) depends heavily on the existence of the least energy

(2.13)
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solution of the following limit problem

Lowy =0, Lawy=0, inRYTY

0 * 23 23
awsl :u1|u\2~*—2u+ﬁ|u|7_2u|v\7, zeRYN,
al’/u (2.14)
61/3 = v+6|u| |v| 2y, zeRV,
wy,wy € D,

where D := DS(RfH) X DS(]R_IXJA)7 DS(RfH) is defined as the completion of

Cse(RY*!) with respect to the norm HU”Rf“ = (Jgrer ¥ ~%|VU|?)'/2. And the
+

C! function I : D — R given by

1
Hwo) =2 [ (G| Vor? + g2 | Vusl?) do dy
2 RY+

1
o Jo U

24 ool + 26]ul 7 o] F)de,

Similarly, we consider the set

NZ{(u,v)ED,uiO,vg_éO,

o*

/N y1_28|Vw1|2dxdy:/ (,ul\u|2 —|—ﬁ|u| |v| > )da,
Ry RN

/ yl—Qslvw2|2 drdy = / (/.I/Q‘UF* + ﬁ|u| |1)| )d'r}
R+ RN

Then any nontrivial solution of (2.14])) belongs to /. We can easily prove N # 0
by the same method as we used for M # . We set

A:= inf T (' 7%V P +y' |V dx d
(ulur;eN (u,0) = (UIUI;ENN/N-H V" +y [V, ‘) vy

We have the following theorem, which plays an important role in the proof of
Theorem L2

Theorem 2.3. Suppose that N > 4s and 3 > NZ_SQS max{yuy, pu2}. Then I(vkoUs,
VIoU:) = A, where (ko,lo) is given in (3.1). That is (\VkoU:,1oU:) is a positive
least energy solution of (2.14), where U is given in (2.4]).

3. PROOF OF THEOREMS [L.1] AND 23]
The following system is crucial in proving our main results,
2, 222
kT U =1,

pl 7 B R =1 3.1)
k>0, 1>0.

We will prove in Lemmamthat there exist (ko, lp), such that (ko, o) satisfies (3.1))
and kg = min {k (k,1) is a solution of (3 .}
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Remark 3.1. For N = 4s, we have 2% = 4, then (3.1)) becomes

:Lle + ﬂl = ]-a
pol + Bk =1, (3.2)
k>0, 1>0.

Since 3 > max{u1, pz2}, it follows that 32 > pjpa. Thus, (3.2)) has a unique solution
(ko lo)-

In the following, we only consider the case N > 4s. Define
ar(kl) = mkE 4 BEEUFE Z 1, k>0,1>0;

ok, l) = pal T4 BIE T —1, 1>0, k> 0;

-4 2% 2% 4 _ N-—2s
hi(k) =673 (k'™ F — k)%, 0<k<p ™ ;
4 23 2F 4 _ N-2s
ho(l) = 672 (7T — ol @)%, 0<l<p, = .

Then we have a1 (k, h1(k)) =0 and as(ha(l),1) = 0.

Lemma 3.2. Assume that 3 > 0, then the equation

ar(k,1) =0, as(k,)=0,k1>0 (3.3)
has a solution (ko,ly), which satisfies
ag(k,h1(k)) <0, for0<k < k. (3.4)
Simalarly, has a solution (k1,11) that satisfies
ar(h2(1),1) <0, for0<l<l. (3.5)
Proof. First we denote p = 27 = % Equation ay(k,l) =0, k, I > 0 imply that

l=hi(k), O0<k<p "'

While ap(k,1) = 0 implies that pl% 4+ Bk% = ['~%. Therefore, we turn to prove

that
1— py kPt 1— p kPt 2p

RS
__1
has a solution in (0, u; *~*). Note that (3.6) is equivalent to

(NS}

H2 + Bk (3.6)

1 M1\ 2=p 1 1—M1]€p_1 _1 1
k) = — )P =0k —p————— =0, O0<kP < —. (3.7
f(k) (ﬁk,,_1 6) 8 25 o (3.7)
Recall that p = 27 = %25’ since N > 4s, we have p < 2, and so
1 8
li k) = , P =-2<0.
i, F(k) = oo, fluy ™) = =5

_1_

Therefore, there exists ko € (0,4, * ") such that f(ko) = 0 and f(k) > 0 for
k € (0,ko). Let lg = hi(ko), then (kq,lp) is a solution of (3.3)). Moreover (3.4)
follows directly from f(k) > 0 for k € (0, ko). The proof of existence of (k1,l1) that

satisfy (3.5)) is similar. Then the proof of Lemma is completed. |
Lemma 3.3. Assume that B > (525)max{ui, 2}, then hy(k) + k is strictly

_N-20 _N-2s
increasing fork € [0,y > |, and ha(1)+1 is strictly increasing forl € [0,y 2 |.
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Proof. We also denote p = 27 = ijzs' Since for k > 0, we have

k) = 23R - Ll RS N R
W) = 2670 (W E — k) 5 (SRR = D),

We see that hj(k) > 0 for 0 < p kP~ < 2%” or unkP=t =1, and Ri(k) < 0
for 2;.%]9 < mkP™l < 1. By direct computations, we deduce from hf(k) = 0,

2%’ < u1kP~t <1 that k = (u1p)” 7~ 77, Since B> (p—1)max{p1, p2}, we have

min ) h' 1(k) = hl ((Mlp)_ﬁ) —_g32 2/19( )2/10 > 1.

0<a<p, P71

and Wy (k) > —1for0 < k < py w1 Wlth k # (pup)” #- #7. This implies that hi(k)+k
is strictly i 1ncreasmg for k € [0, "~ ']. Similarly, ho(l) 41 is strictly increasing for
1 €0,y 7" 1] O

Lemma 3.4. Assume that 3 > (N *5;)max{pu, 2} Let (ko,lo) be the solution in
Lemma then max{p (ko + lo)P~ 1, pa(ko + lo)Nfzs} <1 and

sk, hi(k)) < 0,¥0 < k < ko; an(ha(l),1) <0, for0 <1<l
Proof. By Lemma we obtain

_1 1 1

ha(py ") 4y 7 =gy P> ha(ko) + ko = ko + o,

where p = 75, that is, ui(ko + lp)P~1 < 1. Similarly, p2(ko + 1p)P~t < 1. By
Lemma it suffices to prove that (ko,lo) = (ki1,l1). By . .7 we see
that kv > ko, lg > 1. If k1 > ko, we have ky + hl(k‘l) > ko + hl(k‘o) that is,
hz(ll) +li = ki1 +1l > ky+ 1y = hg(lo) + lp, and so Iy > lp, then we obtain
contradiction. Therefore, k1 = kg and lg = I;. This completes the proof. O

Lemma 3.5. Assume that 8 > (25;) max{u1, uo}. Then
k4+1<ko+lo,
ay(k,1) >0, as(k,1) >0, (3.8)
k,1>0, (k1) #(0,0),

has a unique solution.

Proof. Note that (ko, ly) satisfies (3.8). Let (k,[)
loss of generality, we assume that &k > 0. If
a1(k,0) > 0, we obtain that

1< kP < g (ko + lo)P 1

which contradicts with Lemma Therefore [ > 0.
Assume by contradiction that & < ko. Similar as the proof of Lemma it
is easy to see that hg(l) is strictly increasing for 0 < uglP~t < 2%’), and strictly

}96 any a solution of (3.8). Without
[ = 0, then by k< ko + lp and

L
decreasing for 2;% < polP~! < 1. Moreover, ha(0) = ha(u, ') = 0. Since

0<k<ky= ha(lp), there exists 0 < Iy < I3 < i, ' such that ha(lo) = ho(l3) = k
and R R
az(k, ) <0 & ho(l) >k & la<l<ls. (3.9)
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Because oy l;;, l~) > 0, we have [ <lyorl>ls. Since al(l;:, l~) > 0, we have [ > hl(l;:).
By Lemma we have Oég(ff, hl(ff)) < 0, and so Iy < hy (l;;) < l3. These imply that
1> 1. (3.10)
On the other hand, since I; := kg + lg — k> lg, we obtain
ha(lh) + ko +1lo — k = ha(l1) + 11 > ha(lo) + lo = ko + lo,
that is, ho(l1) > k. By (3-9), we obtain lo < l; < l3. Since k +1 < ko + ly, we have

ZS l1 < l3,
which contradicts with 1) Therefore, k > ko. By a similar argument, we also
have [ > ly. Therefore, (k,1) = (ko,lp). This completes the proof. O

Proof of Theorem[I.1]. Since —\1(Q) < A\; = /\2 = X < 0, then, it is obviously that
(\/%ux, \/%U)\) is a nontrivial solution of | and
0 < B < E(vkous, qu (ko + l0)31 (3.11)

We now prove that B = E(vkowy, VIpwy) when 3 > pz}. Let
{(tn,vn)} C M be a minimizing sequence for B. Define

_ (/Q|un|2pdx)1/p, dy, = (/Q|vn|2pdx>1/p.

On the other hand, by (2.7), we have

N
(B Nen < [y 0 dedy + ) / W2di
C

=u1/ dx+ﬁ/ wi ot (3.12)

P P
S Mlcﬁ + ﬁcﬁ dT2L7

and N
(B0, < [y (T, Pdedy+ [ e
$ c

23 23

:,ug/ vizda:—i—ﬁ U U dx (3.13)
Q Q

< podh + ﬁ6§d§,
where (w10, wa,,) = (Es(uyn), Es(v,)). Using the fact that

E(un,vn):%{/ 17251V, |2 dxdy—i—/ 1225 Gy, |2 doe dy

+z\/udm+)\/vdx

and by (3.11)), we obtain

N N N
(;Bl)QS/N(Cn + dn) < ;E(un,vn) < ;(k)o + lo)Bl, (3 14)
p_q P N
et Beidi = (BN, (3.15)
1 N
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First, this means c¢,, d,, are uniformly bounded. Passing to a subsequence, we
assume that ¢,, — ¢, d, — d. Combining (3.12) and (3.13)), we have i, c?+28c5d% +
[Lgdg > %B > 0. Hence, without loss of generality, we assume that ¢ > 0. If d = 0,

then (3.14) implies ¢ < (%Bl)lf%(kg +lp). Then by (3.15) and Lemma we

obtain

N 2s/N _ 1, N s N 2s/N
(?31) / < ™ < g (ko + 1o)? 1(?31)2 N < (?31) / ;
which is a contradiction. Therefore, ¢ > 0 and d > 0. Let k = W, l =
1

=5 )1_275 , since (3.14)-(3.16), we see that (k,1) satisfies . By Lemma we

have (k,1) = (ko, lo). It follows that ¢, — ko(Z By)? ~% and d,, — lo(XBy)'=F as
n — 400, and

N N N N

—B= lim —E(up,vy) > lim (—B)*N(c, +dy,) = — (ko +10) By

S n—+oo § n—+oo . 8§

Combining this with (3.11]), one has that

B = (ko +lo)B1 = E(v/koux, VIouy),

and so (vkoux, VIpuy) is a positive least energy solution of (1.1} .
The proof of the second part of Theorem is similar to the proof of [I9]

Theorem 1.2], which only need a slight modification. So we omit it here. a

Proof of Theorem[2.3 By lemma equation (3.1) has a solution (ko,lyo). Then
(VkoU:,V/1oU.) is a nontrivial solution of and

N

25

A < I(VkoUz, VUL = ko+lo)S(s,N) :

Since 8 > (p — 1) max{py, po}. Let {(un,vn)} C N be a minimizing sequence
1/p
; dy =

(3.17)

for A, that is I(un,v,) — A as n — oo. Denote ¢, = ( [pn [un]?P)
(Jan lvnl?) 1/p, then we have
S(s, N)en < / Y2 Vg o2 da dy

N+1
R

27 2%

:,ul/ u?}dz+ﬂ w2 U2 dx
RN RN

< pick + ﬂ&%dé
and
S(s,N)d, < / yl_zs|Vw27n|2 dzx dy
RY*!

P
25 2.5‘

27 -,
= lo vpidx + 3 U2 Vi dT
RN RN

< podf, + Bed d,
where Es(up) = (W1 pn, Wapn) = (E (un), Es(vn)). This means
N

?I(umvn) < (ko +10)S(s, N)2s

M‘Z

S(s, N)(Cn+d ) <

e 4 Bei 'dE > S(s,N),  pedt + Beidi
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Similarly as the proof of Theorem we see that ¢, — koS(s,N)2~t, d, —
1S (s, N)2:~! as n — 400, and

NA N

— = lim —I(up,v,) > lm S(s,N)(cn+dn) = (ko+1lo)S(s, N)zs

S n—+oo § n—-+4oo

¥z

This implies
A= (k0+10)5 Nz = I(vkoUs, /1oU.)

and so (vkoU.,1oU.) is a positive least energy solution of ([2.14]). O

4. PROOF OF THEOREM

In this section, by showing that the mountain pass energy level B is strictly less
than B,,,, B,, and A, we then complete the proof of Theorem
The mountain pass energy level B is given by

B = juf. m BA(0) 1

where I' = {h € C([0,1], H) : h(0) = (0,0), E(h(1)) < 0}. For any (u,v) € H with
(u,v) # (0,0), similarly, set (w1, ws) = (Fs(u), Es(v)), we then have

max E(tu, tv) = E(tou, tov)

= %t%(/ Y|V 2 dxdy+/y1*25\Vw2|2dxdy
c c

+)\1/u2dm+)\2/@2dx)
Q Q

S 9%*
= Ntos ‘/Q (Ml

where ¢y > 0 satisfies

2t 2 fc Y1728V, |? dxdy—i—fc y1_25|Vw2\2d;E dy+ X1 o w2dx + Ao Jo v2dx

(4.2)

%) dx

% 4 28 F o] F +

to’
Jo Gor al2E + 281l F o) F + ool ) d
(4.3)
It is obvious that (tou,tov) € M’, where
M = {(w0) € H\{0.00}, Gluv) = [ 42 (Vun P dwdy
c
+/y1—25|vw2\2dxdy+A1/ qux—l—)\g/ vidx (4.4)
c Q Q
/ (,ul|u|2 —|—2ﬁ|u| |v| )da:zO}.
It is easy to check that
B= inf maxE(tu,tv)= inf E(u,v). (4.5)

(u,v)#(0,0) t>0 (u,v)eM’

Lemma 4.1. Let 8 > (

=5z )max{u1, p2} and N > 4s, then

B < min{Blh ’ Bﬂza A}
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Proof. We first prove B < A. Define

= Vkote(z) = Vkon(z)Us(z), ve(z) = \/%ﬂs(x) = Vkon(z)Ue ()
where 1 € C§°(Bas(wo)), § > 0 is a constant and Bas(zo) C Q. Set

@5($,y) = Es(ﬂs)a W1,e LL’ y \/ ws 7 w2 s \/71”5 33’ y

Then, we have the following estimations (see [3]):
HUEH%ISYL(C) = ||Es(Ue>||iI&L(R§+1) +O0(EN ) = S(s,N)z + 0(eV %), (4.6)

/ [ (2)|% da = / Uz (z)dz + O(eN~2%) = S(s,N)% +0(EN"%), @)
Q RN

C€25+O( N=28) " if N > 4s,
/ [ (x)|?dx > { Cye2s log 1+ 0(e?), if N =4s, (4.8)
CyeN— 2s—l—O( *), if N < 4s.
Thus, we deduce that

E(tue,tv,)
t2
:i{/y172s( 2)dxdy+)\1/uzd$+)\2/vgdl'}
2 UJe Q Q
12
(Mlue +2ﬁue UE +/1427)s )d{E
23 Q
t2
< /N+1 v (bl VU P + 10| VUL de dy + O( ) — 0=}
R
L . o . (4.9)
% %2t %32 %20 N-2s
- 2*{ (ke U2 +28kgt 15 UZ + pol? U2 )da + O(e )}
s RN
/N 2 N

2 ( A + O( N— 25) _ 0825) _ 2* ( A 4 O( N— 25))
s (N N-2s 0e) [ NXA+O(EN2) — Ce?\ 252
< N(;A—&-O(& ) —Ce >< NA+0(eN-2) )

< A for € small enough and N > 4s.

Hence, for £ > 0 small enough, it holds
B < max E(tue,tv.) < A. (4.10)
We now prove that B < B,,,. Define
g o YB,, +a? NBM
t(a)®s = ¥ ¥
N B+ Xaf? By, + lal T [ 28]y, P|uy, [P

Note that ¢(0) = 1 and recall that 1 < p = 2~
obtain

t/(a) _ _pr 2&‘”#1 |p|ult2 |pd$

m
a=0 [alP~2a (2p — 2) X Bm

)
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that is,
28|y, |P|u,, |Pde
t'(a) = _pr(2ﬁ| “21)|A|,BIZ| laP"a(1+ o(1)), asa—0,
P—2)—5—
and so
208\ uy, [Pluy, [Pdx
o) =1 - 22K P 1 o1), w00
pP—4)—5

This implies

2 Jo 28w [Puy, Pd
(2p — 2) =2

Therefore, from (@.2) and 225 = X we deduce that

2p—2  2s

B < E(t(a)uy, , t(a)au,,)

t(a)?® =1 lal’(1+0(1)), asa— 0.

NB NB
= @ (2 a2 ol [ 28, Pl i)
5 s 2 (4.11)
s, 1 '
= By = 3 =lal | 2Bl Pllualde + ofaP)
< By, for |a] >0 small enough.
Similarly, we can proof B < B,,,. The proof is complete. O

Proof of Theorem[I.3. Since the functional F has a mountain pass structure, by
the Mountain Pass Theorem, there exists {(u,,v,)} C H such that
lim E(up,v,) =8B, lim E'(up,v,)=0.
n—-+oo n—T0o0
It is standard to see that {(u,,v,)} is bounded in H, and so we may assume that
(un,vn) — (u,v) weakly in H. Set 7,, = u,, — u, 0, = v, — v. Thus, by Brezis-Lieb
Lemma and [19, Lemma 3.3], we obtain

. 23 2%
/\y1—28|vp1’n|2 d.’Ide _/(/_L]_TTZLS —|—ﬁ7’n2 Un2 )dl‘ = On(l)? (412)
c Q
. 23 2%
/y172s|vp27n|2 dx dy 7/(/12025 + B1? 02 )dx = 0, (1), (4.13)
c Q

where p1,, = Es(Ty), p2,n = Es(0y). Then
E(upn,vn) = E(u,v) + I(7h, 0n) + 0n(1). (4.14)
Suppose

lim ylfzs|Vp1n|2 dx dy = by, lirf /y1*28|Vp2n|2 dxdy = by, (4.15)
n— oo C

n—-+oo c

then, for n large enough, we obtain
S
I(7p,00) = N(bl + b2) + 0, (1). (4.16)
Moreover,

0< E(u,v) < E(u,v) + %(b1 b)) = lim E(un,v,) = B. (4.17)

n—-+4oo
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Case 1. u = 0,v = 0. By (4.17), we have by + by > 0, then we may assume that
(T, o) # (0,0) for n large enough. It is easy to check that there exists ¢,, > 0 such
that (t,7n,tnon) € N and ¢, — 1 as n — oco. Then, we have

B= %(b1 +bo) = lm I(ra,00) = lm I(taTa, taon) > A, (4.18)
This is a contradiction with Lemma Therefore, Case 1 is impossible.
Case 2. uZ0,v=0o0r u =0, v#0. Without loss of generality, we may assume
that u # 0, v = 0. Then u is a nontrivial solution of (—A)*u 4+ A\ju = uy|u|* ~2u,
by (4.17) again, B > E(u,0) > B,,, a contradiction with Lemma Therefore,
Case 2 is also impossible.

Since Cases 1 and 2 are both impossible, we have that v # 0, v Z 0. Since
E'(u,v) =0, we have (u,v) € M. By B < B and , we have E(u,v) = B= B.
This means (|ul, |v|) € M C M" and E(|ul,|v|) = B= B. By and ([4.5), there
exists a Lagrange multiplier v € R such that

E'(Jul, [v]) = 7G'(Jul, [v]) = 0,
where G is given in (4.4)). Since E’(|ul, |v])(Jul,|v]) = G(Jul, |v]) = 0 and

G (Jul, [ (Jul, [v]) = =(2p - 2)/Q (kia [ul*” + 2B[ul? [v[” + pafv[*P)das # 0,

we obtain that v = 0 and so E’(|ul, |v]) = 0. This means that (|ul|,|v]) is a least
energy solution of (I.1)). By the maximum principle [I4], we see that |u|, [v| > 0 in
Q. Therefore, (|u|,|v]) is a positive least energy solution of (1.1)). O
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