Electronic Journal of Differential Equations, Vol. 2016 (2016), No. 148, pp. 1-11.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

EXISTENCE RESULTS FOR ANISOTROPIC DISCRETE
BOUNDARY VALUE PROBLEMS

MUSTAFA AVCI

ABSTRACT. In this article, we prove the existence of nontrivial weak solutions
for a class of discrete boundary value problems. The main tools used here are
the variational principle and critical point theory.

1. INTRODUCTION AND PRELIMINARIES

In this article, we are interested in the existence of solutions for the discrete
boundary value problem

~A(|Au(k — D)PED2Au(k — 1)) = M (k,u(k)), ke Z[1,T],

u(0) = u(T +1) =0, (1)

where T > 2 is a positive integer; Z[a, b] denotes the discrete interval {a,a+1,...,b}
with @ and b are integers such that a < b; Au(k) = u(k + 1) — u(k) is the forward
difference operator; X is a positive parameter; f : Z[1,7] x R — R is a continuous
function with respect tot € R, and k € Z[1,T]. For the function p : Z[0,T] — [2, 00)
denote

T = i k) <plk) < k) =:pT .
P kerg[lor}ﬂp( ) <p(k) < ker%fﬂp( )=:1p" < o0

In the previous decades, the nonlinear difference equations have been intensively
used for the mathematical modelling of various problems in different disciplines of
science, such as computer science, mechanical engineering, control systems, artifi-
cial or biological neural networks and economics. This mades nonlinear difference
equations very attractive to many authors, and hence, many paper have been de-
voted to the relative field by using a various methods such as fixed points theorems,
topological methods and variational methods. For the recent progress in discrete
problems, we refer the readers to the interesting book by Agarwal [I] and the papers
[8, [1°7].

In [2, B, 5 6 8 O 15, 19], the authors used different methods to study the
existence and multiplicity of solutions for the discrete boundary value problem of
the type

7A(¢;D(Au(k - 1))) = f(k’ u(k))7 ke Z[LT]’ (1 2)
u(0) =u(T+1) =0, )
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where ¢,(s) = [s[P7%s, 1 < p < +oo. In [I7], Mih&ilescu et al. studied the
eigenvalue problem for the anisotropic discrete boundary-value problem
—A(bpe—1)(Au(k — 1)) = N|Au(k — D" D"2Au(k — 1), k€ Z[1,T),

u(0) =u(T +1) =0, (1:3)

where d’p(k}—l)(s) = |S|p(k71)728a p: Z[OaT] - [27 —|—OO), q: Z[LT] - [2a +OO)
and )\ is a positive parameter. For the recent papers involving anisotropic discrete
boundary value problems, we refer to recent works [4} [T0} 1T, (14} [T6] and references
therein. Motivated by the papers mentioned above, we study problem (1.1)) and
obtain the existence of nontrivial weak solutions by employing variational principle
and critical point theory argued in [7].
Let us define the function space
W = {u:Z[0,T + 1] — R such that u(0) = (T + 1) = 0}.
Then, W is a T-dimensional Hilbert space with the inner product

T+1
= Z Au(k — 1)Av(k —1), Yu,ve W,
k=1

while the corresponding norm is given by

T+1

Julhw = (3 1aute - ) ™

k=1

We can also define the following norm on W since W is finite-dimensional,

|u|m—(Z\ m) , YueW, m>2.

Now, we recall some auxiliary results which we use through the paper.

Proposition 1.1 ([10, I7)). (i) Let uw € W and ||u||lw > 1. Then

3 B s el -
Tt

(i1) Let w e W and |lullw < 1. Then
TZ“ [Auk = 1Pt L
G R IV e

(#ii) For any m > 2, there exist positive constants ¢, such that

T+1

Z\u |m<cmZ|Au - D™, YueWw.

(iv) For any m > 2, we have

T+1
(T + 1) fullfy < Y [Au(k = D™ < (T + D|ullfy, VYueW.
k=1
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(v) For any m > 2, we have
T+1

T
2" S u(k)™ = S [Aulk — D[, Vue W,
k=1 k=1

The key arguments in our paper are the following results given in [7].

Proposition 1.2. Let X be a real Banach space, ®,¥ : X — R be two continu-
ously Gateauz differentiable functionals such that inf,cx ®(x) = ®(0) = ¥(0) = 0.
Assume that there exist r > 0 and T € X, with 0 < ®(T) < r, such that:

(1) L supgry<, U(2) < 35,

— (2@ r ; —
(2) for each A € A, := (\P@),W), the functional I := ® — \W
satisfies the (P.S.)"! condition.

Then, for each X\ € A, there is xgx € ®71((0,7)) such that I{(zo) = Ix~ and
I(z0,5) < In(z) for all z € ®71((0,7)).

Proposition 1.3. Let X be a real Banach space, ®, ¥ : X — R be two continuously
Gateaux differentiable functionals such that ® is bounded from below and ®(0) =
U (0) =0. Fizr > 0 and assume that for each
r
xe (o ).
SUPyed—1((—o0,r)) \I’(u)

the functional I := ® — AU satisfies the (P.S.) condition and it is unbounded from
below. Then for each

: )
T SUP a1 ((—oo,r)) P(U) /]

the functional I admits two distinct critical points.

Ae(()

Proposition 1.4. Let X be a reflexive real Banach space, ® : X — R be a coercive,
continuously Gateaur differentiable and sequentially weakly lower semi-continuous
functional whose Gateaur derivative admits a continuous inverse on X*; W : X —
R be a continuously Gateaux differentiable functional whose Gateaux derivative is
compact such that infyex ®(x) = ®(0) = ¥(0) = 0. Assume that there exists r > 0
and T € X, with r < ®(T) such that:

v(z
(1) %Sup<p(x)gr V(r) < @5537

(2) for each

o(7) r )
\II(E> 7 Sup@(w)gr \I/(l‘) ,
the functional I := ® — AV is coercive.

/\EAT::(

Then, for each X € A, the functional Iy has at least three distinct critical points.

Let us proceed with setting problem ([1.1]) in the variational structure. To this
end, let us define the functionals @, ¥ : W — R as follows:

T+1 _
' E Au(k - 1t
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where F(k,s) = [ f(k,t)dt, (k,s) € Z[1,T] x R.
The funct1onals ® and U are well-defined and continuously Gateaux differentiable
where their derivatives are

T+1
Pl =3 [Aulk - P 2Au(k - 1) Ag(k~ 1)

k=1
(e = 3 Fk,ulk))p(h),

k=1

for all u,p € W.
Then the functional Iy : W — R corresponding to problem (1.1]) is

In(u) == ®(u) — AU (u).
The functional I, is also well defined on W and I, € C*(W,R) with the derivative
Iy(u)p = @' (u)p — AV’ (u)gp,
for all u,p € W.

We want to remark that since problem (1.1)) is defined in a finite-dimensional
Hilbert space W, it is not difficult to verify that the functionals ®, U and I satisfy
the regularity assumptions mentioned above (see, e.g., [13]).

Definition 1.5. We say that u € W is a weak solution of problem (|L.1)) if

T+1

Z\Au DPED=2 Ak — 1) Ap(k /\kau (k)=0 (1.4)

for all ¢ € W, where ([1.4) is called the weak form of problem (|1.1)).

From the above definition it is obvious that the weak solutions of problem (|1.1))
are in fact the critical points of I}.
We also use the following helpful notation:

o — ﬁpf if g>1 il — P i > 1
gr if0< B <1, nt/Pt if0 <<, L5)
1.5

fo-
5((]/1))* _ 5q7/p+ ifd>1
§T/PTif0<s< 1.

2. EXISTENCE OF ONE SOLUTION

We sue the following assumptions:

(A1) There exist C > 0 and a function ¢ : Z[1,T] — [2,+00) such that for all
(k,t) € Z]1,T) x R,

|kt <C(1+ |t|<1(k)—1).
(A2) There exist r,a,b,l > 0 with

P \1/pt
h< (2\1/p
<)
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such that
l + + 19— + 4
—(T + (T + 1)(1) —2)q7/2p (pt)e /p T(q/p)*) < prF(k7b)7
r
k=1

where
PO pp(T) | —
bp = (p<o> t @) )

Theorem 2.1. Assume (Al) and (A2) are satisfied. Then for each

oS — 7“ |
rb - by Zle F(k,b) ’ T+ (T+ 1)(p+_2)q+/2p7 (p+)q+/p—r(q/p)*) )

problem (1.1) admits at least one nontrivial weak solution.

Proof. We will apply Proposition [I.2] We know that ® and ¥ are well-defined and
continuously Gateaux differentiable. Moreover, from the definitions of ® and ¥ we

have

ulél‘fv ®(u) = P(0) =¥(0) =0.

Let us define the function @ : Z[0,T + 1] — R belonging to W by the formula

b itkeZ1,T
uk) = 0 e 20T
0 fk=0k=T+1.
Then, we deduce that
B pr(0)  pp(T)
*@ = Tor + 7w
which implies
2

p

V(@) i, F(kb)
(I)(ﬂ) pp(0) + pp(T)

P(u) < —b™

Moreover, we have

p(0) p(T)
For each u € ®~1((—o0, 7)), from Proposition (1V) and one has
1 ) | Tl
(T + D)2 fufy < or 2 [Aulk - DPED < @(u) <r
k=1

ullw < (T + 1)(p+—2)/2p+r)l/p* <(T+ 1)(17*—2)/217’ (p-lr)l/p’rl/p* =q

Then
aP

r= . — (2.1)
(T+1) == (pt)»
Since B
b< (L) flf ;

(T + 1) ()
we obtain ®(u) < r. Moreover, from condition (A1), there exists a constant [ > 0
such that |F(k,t)| <1(1+ \t|q<k)). Then it follows

ZZ1+|U )A®) < UT + |Jul|%),
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Jull% < (T + 1)@ =2a" /207 (Yt /e p(a/p)s

and hence

1 l - -
= sup U(u) <= (T +(T+ 1)(1)*—2)11*/217 (p+)q+/p T(q/p)*) (2.2)
T ®(u)<r r

Taking into account the condition (A2), we have

=
=

1
- <
r @(SIILI)F;r\II(U) - o(m)

In conclusion, Proposition [[.2[1) is verified.

For Proposition 2), as mentioned before, ® and ¥ are well-defined and con-
tinuously Gateaux differentiable. Further, from (A1), ¥ has a compact derivative.
This ensures that the functional I, satisfies the (P.S.)[") condition for each r > 0.
Hence Proposition 2) is verified as well.

Consequently, by Proposition for each A € A, the functional I admits at
least one critical point which corresponds to the nontrivial weak solution of problem

(). O

Example 2.2. As an application of Theorem we consider the following: Let
T=2pk-1)=2k+1),qk)=k+1,b=1,a=7and f(ku) = |u(k)|.
Then, p~ = p(0) = 4, p© = p(T) =6, ¢~ =2, ¢" =3, F(k,u) = 25 |u(k)[*
and [ = I%H’ say [ = 1/3. Then, the all the assumptions requested in Theorem
hold. Finally, by simple computations, it results that for each A € A, C (1/2, A,

problem admits at least one nontrivial weak solution, where the real constant
Ao depends on a and satisfies A\, > 31/50.

3. EXISTENCE OF TWO SOLUTIONS
For the next theorem we use the assumption
(A3) There exist positive real numbers 6 and ty such that 6 > p™ and
0 < 0F(k,t) < f(k,t)t V(k,t) € Z[1,T] xR, |t| > to.
Theorem 3.1. Assume that (A1) and (A3) hold. Then for each

r
AEh = (O’ WT + (T + 1) —2)a* /20~ (p*)WP‘r(q/P)*))’

problem (1.1)) admits at least two distinct weak solutions.

Proof. We will apply Proposition It is obvious that ®(0) = ¥(0) = 0. More-
over, ® is bounded from below. Indeed, for ||u||lw < 1 and by Proposition ii),
it reads

T+1
Bu) = 3 s Al = Pt >

k=1

1 pt
(v v
Let us show that I is unbounded from below and satisfies the (P.S.) condition.
From condition (A3), there exists a constant ¢ > 0 such that F(k,t) > c|t|? for any
(k,t) € Z]1,T] x R, [t| > to. Let ||ullw > 1. Then, using Proposition [1.1[iv)-(v), it
reads

| T+l T
L(u) < — > [Au(k = )PED = XY " F(k, u(k))

p k=1 k=1
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(“ Dl = 3¢S (b
k=1

( 1) + -0 = 0
ullfy —Ac2™ > |Au(k — 1)
k=1

(T+1)

IN

lullfy = A2~ (T + 1)E=O72|ju|lf,

from which we get
lim I)(u) = —oc.

llullw —o0

Therefore, Iy is unbounded from below and anti-coercive. Additionally, since the
space W is finite-dimensional, (P.S.) condition follows immediately. Consequently,
all assumptions of Proposition [I.3] are verified. Therefore, for each A € A,, the
functional I admits two distinct critical points that are weak solutions of problem
(1.1). O

We want to remark that from condition (A1), there exists a constant C7 > 0 such
that |F(k,t)| < C1(1 + [t|9*)), and from condition (A3), there exists a constant
Cy > 0 such that F(k,t) > Co|t|? for any (k,t) € Z[1,T] x R. So, we conclude that
Colt|? < C1(1 + |t|7)) which means that g(k) > 6 for all k € Z[1,T]. Therefore,
we have pT < # < ¢~ as a natural condition raised from (A1) and (A3).

Example 3.2. As an application of Theorem we consider the function

m + ng(k)taF)—1 t>0,
f(k>t) = (k) (k)—1
m — nq(k)(—t)? t <0,

for each (k,t) € Z[1,T] xR where m, n are some positive constants. We also assume

that m(0 — 1) \a=1 /m\ =T
to > max { (m) ’ (Z) }

such that ¢— > 6. Then, condition (Al) is easily verified. Let us proceed for
condition (A3). From the above definition of f, we get F(k,t) = mt + n|t|9*)
Since we have tg(k)_l > M for all k € Z[1,T] and [t| > o there holds
F(k,t) > [t]( = m+nft]1 ™) > to(—m + ™1 > 0,
Moreover, for all k € Z[1,T] and ¢t < 0, we have
£k, 1) — OF (K, £) = m(1 — 0)t + n(g(k) — 6)[£7)
=m(0 — D|t| + n(q(k) — 0)[t|*™ > 0.

Finally, thanks to the assumption tg(k)_l > ;'gq((iil(;), for all k € Z[1,T] and t > to,

we obtain
tf(k,t) — OF (k,t) = t(n(g(k) — 0)[t|*™ " —m(6 1))
> to(n(g™ — 0)ri®=1 —m( —1)) > 0.
Therefore condition (A3) holds as well.
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4. EXISTENCE OF THREE SOLUTIONS

For the next theorem we use the assumption
(A4) There exist Cy,d > 0 with

+
p 1 + a
d> (7) /e (pt—2) N
(T+1) == (pF)»~
such that
; T
;(T (T 4 1) =297 /207 (phya™ /o7 pa/0)e) < Cyd, ZF(k’d)’

k=1

_ (ar©® qr(T)\—1
where dp - ( p(0) + p(T) )

Theorem 4.1. Assume (A1), (A4) and q* < p~. Then for each

ANEAN, 4:= ( ! - )
TN Cady ST ks d) UT + (T + D)0 =202 (ph)a /o paln)) )

problem (1.1)) admits at least three distinct weak solutions.

Proof. We will apply Proposition We know that, ® and ¥ are well-defined and
continuously Géteaux differentiable, and inf,cyw ®(u) = ®(0) = ¥(0) = 0. The
compactness of derivative of ¥ follows from the growth condition (A1l). Since ® is
of class C'! on the finite-dimensional Hilbert space W, to prove that ® is weakly
lower semicontinuous, it is sufficient to show the coercivity of ® (see [12]). Indeed,
let w € W such that ||ullw — 400. Then, without loss of generality, we can assume
that ||u|w > 1. From the definition of the functional ® and Proposition i), we
deduce that

T+1
1 1 _
P(u) = E —— JAuk—1DP* Y >~ |ulf, —T.
( ) —~ p(k—l)' ( )| p+(ﬁ)p__2” ”W

So, ®(u) — 400 as ||ullw — 400 which means that ® is coercive. We continue to
show the existence of the inverse function (®')~!: W* — W. At first, we show the
strict monotonicity of ®’. For the case u; # us € W, we have

(@ (u1) — @' (u2))(u1 — u2)
T+1

> i(mul(k — )PED=2Auy (k — 1) — |Aug(k — 1)PED 72 Auy (k — 1))
k=1
x (Aui(k — 1) — Aug(k — 1))

By the well-known inequality, for any ¢, & € RV,
(IS¢ =12 =€) = CrlC = &I, r=>2, Cr >0,

we obtain

T+1
(@’(ul) — CI)/(’U,Q))(ul — ’U,g) Z C3 Z |Au1(k‘ — 1) — AUQ(k - 1)‘p(k_1)_2 > O,
k=1
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where c3 is a positive constant depends only on p. Therefore @ is strictly monotone,
which ensures that ®' is an injection. Moreover, by Proposition we have

T+1
. - +
@ (wu =3 [Aulk = )PEY > comin Jullfy Jully } - s
k=1

where ¢4, ¢5 are positive constants and u € W. So, ®'(u) — +oo as ||u|lw — +oo.

From the above information, and Minty-Browder theorem (see [20]), we obtain
that @ is a surjection. As a consequence, ®' has an inverse mapping (®')~! :
W* — W. We now show that (®')~! is continuous. To this end, let (u}),u* € W*
with u} — u*, and let (&)~ (u}) = (u,), (®') " (u*) = u. Then, ®(u,) = u}, and
®(u) = u*, which means that (u,) is bounded in W. Hence there exists ug € W
and a subsequence, again denoted by (uy), such that u, — ug in W, and therefore
U, — ug in W. Since the limit is unique, it follows that w,, — u in W. Therefore
(@)~ is continuous.

Next we verify Proposition ). To do this, let us define the function T :
Z[0,T + 1] — R belonging to W by the formula

d fkeZl,T
(k) = nhe 1,7,
0 ifk=0,k=T+1,
Then we deduce that
o qr@) ge(D)
0 = o t
which implies that
» 2
q)(v) Z pjdp*

Since d > (%)Wfr - , we get ®(T) > r, where r is as in (2.1)).

(pt—2) 1
(T+1) 227 (pF)r~

Moreover, we have
_ T
V(@) _ 2y F(kd)
@(i) — qr(0) + dae(T) *

p(0) p(T)

For each u € ®~1((—o0, 7)), similarly to (2.2)), we have

1 — _
= sup U(u) < E(T—i— (T + 1) =207 /207 (pt)a"/p” pa/p)e.
T d(u)<r r
Therefore, from condition (A4), it holds
1 V(v
— sup Y(u) < (3)
T ®(u)<r (I)(U)

Hence, Proposition 1) is verified. Let us proceed with the coercivity of Iy. Let
u € W such that |lu|lw — +oo. Then, without loss of generality, we can assume
that ||uflw > 1. Then from Proposition [1.1{i) and condition (A1), it reads

T+1 1 T
In(u) = mmu(k — DPED = XN F(k, u(k))
k=1 k=1

1 - +
> Jlulfy — T~ (T + ully)

pr(VT)P -
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1

that is, I is coercive. So, Proposition [1.4{(2) is verified.

Consequently, the assumptions of Proposition [I.4] are verified. Therefore, for
each A € A, 4, the functional I, admits at least three distinct critical points that
are weak solutions of problem . ([

- +
lulliy = Alllullyy, =T (1 + A);

Example 4.2. As an application of Theorem if we consider function f and
the assumptions as given in Example take d = 4 and Cy > 42, then the all
the assumptions requested in Theorem hold. Moreover, for each A € A, 4 C
(25/43, A,) problem admits at least three nontrivial weak solutions, where the
real constant A, depends on a and satisfies A\, > 31/50.
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