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LIOUVILLE-TYPE THEOREMS FOR ELLIPTIC INEQUALITIES
WITH POWER NONLINEARITIES INVOLVING VARIABLE
EXPONENTS FOR A FRACTIONAL GRUSHIN OPERATOR

MOHAMED JLELI, MOKHTAR KIRANE, BESSEM SAMET

ABSTRACT. We establish Liouville-type theorems for the elliptic inequality
w>0, Gapgo (up(l’y)7uq(zqy)) > ur(z,y)y (z,y) € RN x RNz,
where G 3,9, 0 < o, 8 < 2, 0 > 0, is the fractional Grushin operator of mixed

orders «, 3, defined by
Gopo(u,v) = (=A2)% %u+ |2]22 (= Ay)P 20,

where, (7AI)O‘/2 is the fractional Laplacian operator of order o with respect
to the variable z € RN1, and (—Ay)ﬁ/2 is the fractional Laplacian operator
of order 8 with respect to the variable y € RN2. Here, p,q,r : RN1 x RN2 —
[1,00) are measurable functions satisfying certain conditions.

1. INTRODUCTION

The standard Liouville theorem [20] states that any bounded complex function
which is harmonic (or holomorphic) on the entire space is constant. The first proof
of this theorem was published by Cauchy [4]. In the recent literature, Gidas and
Spruck [12] extended this result to the case of non-negative solutions of semilinear
elliptic equations in the whole space RY or in half-spaces. In the case of the whole
space R, they established that if 1 < r < %, then the unique non-negative
solution of

—Au=Cu" inRY,
where C'is a strictly positive constant, is the trivial solution. A simple proof based
on the moving planes method was suggested by Chen and Li [5] in the whole range
of ryie, 0 <r< % This result is optimal in the sense that for any r > %,
we have infinitely many positive solutions. The same result holds for the elliptic
inequality

—Au>Cu" in RV,
see [I3]. Berestycki et al. [3], established Liouville-type theorems for semilinear
elliptic inequalities of the form

u>0, —Au>h(z)u” inX,

where ¥ is a cone in R and h is a positive function.
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Recently, several Liouville-type theorems were established for various classes of
degenerate elliptic equations. Serrin and Zou [26] generalized the standard Liouville
theorem for p-harmonic functions on the whole space RY and on exterior domains.
In [I7, 18], Liouville-type theorems for some linear degenerate elliptic operators
such as X-elliptic operators, Kohn-Laplacian and Ornstein-Uhlenbeck operators
were proved. Dolcetta and Cutri [7] established a Liouville-type theorem for an
elliptic inequality involving the Grushin operator. More precisely, they considered
the problem

u>0, Geu>u" inRN x RNz (1.1)
where 6 > 1 and Gy is the Grushin operator defined by
Gou = (—Ax)u+ |2 (—=A)u, (z,y) € RN x RY2, (1.2)

They proved that if 1 < r < &, then the only solution of is the trivial
solution. Here, @) is the homogeneous dimension of the space, given by Q = Ny +
(0 4+ 1)N;. For other related results, we refer to [1, 22] 23] [28].

Recently, a lot of attention has been paid to the study of linear and nonlinear
integral operators, involving the fractional Laplacian. In [21I], using the moving
plane method, Ma and Chen established a Liouville-type result for the system of
equations

(=AW 2y = o,
(_A)#/ZU = upa
where p € (0,2), 1 < p,q < %—sz, and N > 2. Here, (—A)*/? is the fractional

Laplacian operator of order 11/2. Using the test function method [24], Dahmani et
al. [6] extended the result in [21] to various classes of systems involving fractional
Laplacian operators with different orders. Quaas and Xia [25] established Liouville-
type results for a class of fractional elliptic equations and systems in the half space.
For other related works, we refer to [8, 9} [0, [I4], 16], and the references therein.

This article is devoted to the study of nonexistence results of solutions for the
elliptic inequality

u>0, Gage (up(’”’y),uq(x’y)) > o (@Y (x,y) € RNt x Rz, (1.3)

where G g9, 0 < o, < 2, 0 > 0, is the fractional Grushin operator of mixed
orders «, 3, defined by

Ga,0(u,v) = (—20)Pu+ [z (—4,)" v,

where, (—AI)“/ 2 is the fractional Laplacian operator of order o with respect to
the variable 2 € R™t| and (—A,)%/? is the fractional Laplacian operator of order
[ with respect to the variable y € RN2. Here, p,q,7 : RM x RM2 — [1,00) are
supposed to be measurable functions satisfying certain conditions. Observe that
the standard Grushin operator defined by can be written in the form

Ggu = G2,279 (u, u)

Up to our knowledge, there are not many works dealing with Liouville-type prop-
erties involving elliptic inequalities with variable exponents non-linearity. In this
direction, we refer to the recent paper [I1].

Before stating and proving the main results of this work, let us present some
basic definitions and some lemmas that will be used later.
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The nonlocal operator (—A)®, 0 < s < 1, is defined for any function h in the
Schwartz class through the Fourier transform

(=A)*h(z) = F~ (g F(h)(©)) (@),

where F stands for the Fourier transform and F~! for its inverse. It can be also
defined via the Riesz potential

h(z) — h(Z) .

(=A)h(z) =cns PV o o — 3 O

where ¢y s is a normalisation constant and PV is the Cauchy principal value (see
[19, 27]).

Lemma 1.1 ([15]). Suppose that § € (0,2), 3+ 1> 0, and ¢ € C(RN), ¢ > 0.
Then the following point-wise inequality holds:

(—2)"2¢0 2 (2) < (B4 2)9 " (2)(—A) ().
Lemma 1.2 (e-Young’s inequality). Let 1 < p,q < 0o, and % + % =1. Then
ab <ea? + C(e)b?, (a,b>0,e>0),
where C(e) = (ep)~9/Pq~1.

For a measurable function p : RNt x RV2 — [1,00), we denote by LP(+)(RM x
R¥2) the Lebesgue space with variable exponent, defined by

Lp('v')(RNl « RN2)
= {u : RN x RM2 — R : 4 measurable, / [ulP@Y) de dy < 0o}
RN1 xRN2
We denote by Lfo(‘;")(RNl x RN2) the set defined by
LP('a')(RNl % RNz)

loc

= {u :RM x RM — R : u measurable, / |u\p(z’y) drdy < oo, K Compact}.
K
For more details on Lebesgue spaces with variable exponents, we refer to [2].

2. MAIN RESULTS

We consider the elliptic inequality under the assumptions:
0>0,0<a,B<2,
p,q,7 € LX(RN), N = Ny + Ny,
r(z,y) > max{p(z,y), q¢(x,y)} > 1,
A= inf(ac,y)e]Rl\rl «rN2 {7(z,y) — p(z,9)} > 0,
pe=inf, yerni xrne {7(2,y) — q(z,9)} > 0.
The definition of solutions we adopt for is the following.

Definition 2.1. We say that u is a weak solution of (1.3)), if u € Lfc()c) (RNt x RN2),
i€{p,q,r}, u>0,and

/ WPV (=Ag) P da dy + / o[ ut ) (= A,) P du dy
RN RN

RN
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for all o € CC(RY), ¢ > 0.
Given R > 0, we denote by Qg ¢ the subset of R x R™2 defined by

z? P
Qro = {(@,y) eRM xRV :1< 0 4 B <o,

We have the following Liouville-type theorem for the elliptic inequality ([1.3]).

Theorem 2.2. Suppose that

X —ar(z,y) [20—-B(6+1)]r(z,y)
lim (/ Rr@Ew=p=w) dxdy+/ R @v-a@=wn d:cdy) =0. (2.1)
QR0

R—o0 Qroe

Then inequality (1.3) has no nontrivial weak solution.

Proof. Suppose that u is a nontrivial weak solution of (1.3]). Let w be a real number
such that

7l L@y lIrllzoe @)
w > max{ 3 , m , 1}. (2.2)
By the weak formulation of , we have
/ wP@Y) (=AY 20 da dy + / |2 P0ut@Y) (— AP 2% da dy
RY RY (2.3)

> [ e dedy,
RN
for all p € C°(RY), ¢ > 0. By Lemma we have

/ WP (=0, da dy < w / WP G (= 0,) | da dy.
RN RN

Using the e-Young inequality (see Lemma with parameters s(z,y) = ;Eiz; and

s'(x,y) = %, for all € > 0, we obtain

/RN Up(m’y)¢w71|(*Az)a/2cp|d:cdy
. /RN WPy oI

< 5/ u" Y o da dy
RN

(—A.)*2p| da dy

+ | Oy )t I D (A 2 ) da dy,
R

where

er(z,y)\ @t (@, y) — p,y)
o) = () T (1) — )
p(z,y) r(z,y)
(r,y) € RM x RM2 and ¢ > 0. Observe that for all € > 0, we have Cy(-,-, &) €
L>(RY). In fact, under the considered assumptions, we have

1Pl oo (2N

Ci(r,y,e) <e x , (x,y) € RV xR,
Let C1(e) = [|C1(+; -, €) || oo ). Therefore,

e A e dw dy
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< 5/ u" @Y o da dy + Oy (¢) / w[wflfﬁ]sl(z’y)|(—Ax)a/2<p|s'(z’y) dz dy.
RN RN

Observe that thanks to (2.2)), we have
/ (p[‘”_l_ﬁ]s/(x’y)|(—Aw)a/2gp|s/(x’y) dx dy < 0.
RN
Indeed, we have
/ P TER S 0 (LAY 2| @) g dy
RN
w———r@y) )2, |z
= R COEIC) |(_Ax) <p| r@v)-r@y) drdy.
RN

On the other hand, from ({2.2)), we have

r(z,y) HTHLOO(RN)
r(z,y) —plz,y) — A

As consequence, we have the estimate

/RN up(“’y)(—Ax)“p@“’ dz dy

<w, (z,y) € RM xRN,

< ws/ u" @Y ¥ da dy (2.4)
RN
+ 1 (g)w/ (pw_"‘(wvg()?zy)()%y) |(—Aw)a/2@|% dx dy.
RN
Again, using Lemma [1.1] we obtain

[ JaPraten (<8, dway < o [

. |2 [20utEW) ot (= AP 2| da dy.

Using the e-Young inequality with parameters k(z,y) = ggizg and k' (z,y) =
r(z,y)

r(z,y)—q(z,y)’

[ JaPrate ) g ) 2 d dy

for all € > 0, we obtain

_ /N wI@ o7 w o W ]2 (= AP 20| da dy
R

< s/ ur(x,y)ww dx dy
RN
+ /N OQ(I,y,6)(,0[(07177“:&)]16’(””‘x|29k,(1’y)|(7Ay)ﬁ/2sp‘k/(m’y) dz dy,
R

where

er(x, e e r(x,y) —q(z,
o) = ()T () ) RO >0

As previously, under the considered assumptions, we have

Hq”Loc(RN)

CQ(xayvs) Sg s ’
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(z,y) € RN x RNz which implies that Cy(-,-,e) € L®(RY), for all ¢ > 0. Let
Ca(e) = ||Ca(:, -, €)|| Lo (mry. Therefore, we have
[l et 6, da dy

< 5/ u" Y o da: dy
RN

n 02(6)/ P I TEDIN (@0) | 208 @) | (LA )2 F ) g dy,
RN
On the other hand, we have

/RN P ITED I @) | 208 @) | (LA Y2 @) d dy

(1) 207 (2,y) r(z,y)
:/ 50“* EEmErem) ‘z|r($,y>fq?m,y) |(fAy)5/2¢|r(w,y)T—g(z‘y> dx dy.
RN
From ([2.2)), we have

T‘ oo
T'(l‘,y) S || ||L (RN) <w, (x,y) c RNl % RNQ;
r(z,y) —q(z,y) J

then

/RN 1=y W @) | 208 @) | (A 2K @) i dy < oo,

As consequence, we have the estimate

[ JaPrat (=8, dady

< wa/ u"(”’y)cp“’ dzx dy
RN

(2.5)
+ Cz(g)w/ @“_7-<x,1}(>i’3<)w,y> |2 ) |(_Ay)5/2¢ e ) dz dy.
RN
Now, combining 7 and , we obtain
(1- 2w€)/ u" @Y o da dy
RN
<o [ T | (-0, 2 TR dody
RN
+ 02(g)w/ o o |z| EexnErTeam |(_Ay)5/2<p|#’ggm,y> dz dy.
RN
Taking € = (4w) ™!, we obtain
/R WG drdy < C (Alg) + Blg) (2.6)

where

w— r(z,y)
A((p) = () r(z,y)—p(z,y)
RN

B(p) = /N TN D || T i |(— A, )P 2| T da dy.
R

r(z,y)
|(~80)* 2| T da dy,
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Let oo be the standard cutoff function; that is, ¢o € C§°(0,00) is a smooth
decreasing function such that
1 if0<o<1,
) ®o (J) =

0<@o <1, |gplo)] <
<wo <1, lpp(o)] < 0 ifo>2.

alQ

As a test function, we take

_ |£C‘2 |y‘2 RNt « RNV2
<)0(x’y) = ¥0 ﬁ + R2(9+1) ) (ZL’,y) € )

where R > 0 is a real number (large enough). Let Q be the subset of RVt x RNz
defined by

Q= {(z,w) e RM x RN : 1 < |2]* + |w|* < 2}.
Let
n(z,w) = |z + v, (z,w)e RN x RN,
Using the change of variables

_y
R2(6+1)°

w =
we obtain

UJ—S, A 9+1’Ll) « S, A 9+1’LU
Alp) = / [po ()] (RERT W (LA _ye2 0 ()| (BB 1)

% RN1+N2(9+1)7ocs'(Rz,R6+lw) dz dw

< C/ RN1+N2(0+1)7as'(Rz,R6+lw) dz dw
Q

—-C / RG-S d dy.
Qr
Therefore, we have the estimate
—ar(z,y)
Ap)<C | RGw=—rtw dady. (2.7)
Qr

Under the same change of variables, we obtain

Ble) < C/ RN N2 (04 1)+20- BO+ DK (R R w) g g0
Q

—C R vy drdy.
Qr
Therefore, we have the estimate
[20-B(O+D)]r(z,v)
B(p) < C R ew—a@y  drdy. (2.8)
QR

Combining (2.6]), (2.7) and (2.8)), we obtain

ravy), w (12 lyl?
/RN W) g (ﬁ R2(9+1)) da dy

—ar(z,y) [20—-B(60+1)]r(z,y)
< C( RGv=—rEw dx dy + R rG@v-a@v) dx dy) .
Qr Q

R
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Passing to the limit as R — oo in the above inequality, using the monotone con-
vergence theorem and (2.1]), we obtain

/ u" @) dy dy =0,
RN
which is a contradiction with the fact that « is a nontrivial solution. O
In the case of constant exponents, we have the following Liouville-type theorem.
Theorem 2.3. Let u be a non-negative weak solution of the elliptic inequality
(7Az)a/2up + |x‘29(7Ay)B/2uq > ", (x’ y) e RM x RNZ,
where 0 < a, 3 < 2,0 >0, and N = N1 + Ny > 2. Suppose that

. p q
1 < max{p, q <7’<Qm1n{ , }, 2.9
tpat Q-0 i2-0+Q-7 &)
where @ = Ny + No(0 4+ 1). Then u is trivial.
Proof. Following the proof of Theorem [2.2] and taking

(p(z,y), a(x,y),r(z,9) = (p.q¢,7), (2,y) € RM x RN2,

we obtain

ar
—-p

Ap) < ClQIRNM 0D
Using ([2.6)), we obtain

2 2
r(z,y), w |‘T| |y|
/RNu( Y) (ﬁ 26D dz dy

ar [260—-B(6+1)]r
< C(RN1+N2(9+1)—T_p i RN1+N2(9+1>+7).

B(p) < C|QRN N4+ B

(2.10)

r—q

Now, we impose the conditions

Ni+No(6+1) — ——— <0,
20 — B0+ 1)]r
N1+N2(9+1)+[7:8(_q)] <0,
which are equivalent to
. p q
r < @@ min , .
Q-ate-m+a—5
Therefore, under the condition ([2.9), passing to the limit as R — oo in (2.10)), we
obtain
/ u"dxdy =0,
RN
which proves that w is trivial. ([l

For the limit cases @ — 27 and 8 — 27, we obtain the following Liouville-type
theorem.

Corollary 2.4. Let u be a non-negative weak solution of the elliptic inequality
(—A)UP + |z (A )u? > u",  (z,y) € RN x RNz

where @ > 0 and N = N1+ Ny > 2. Suppose that

Qmin{p, a}

1 <max{p,q} <r< 02



EJDE-2016/146 LIOUVILLE-TYPE THEOREMS FOR ELLIPTIC INEQUALITIES 9

Then u is trivial.

The above corollary follows by taking @« = § = 2 in Theorem [2.3] The fol-
lowing Liouville-type result which was established by Dolcetta and Cutri [7] is an
immediate consequence of Corollary

Corollary 2.5. Let u be a non-negative weak solution of the elliptic inequality
(=A)u+ |z (A )u>u",  (z,y) € RV x RV,
where @ > 0 and N = N1+ Ny > 2. Suppose that
Q

1l<r<—.
r 0.2
Then w is trivial.
The above corollary follows by taking p = ¢ = 1 in Corollary

Remark 2.6. The obtained results in this paper can be extended to various classes
of systems of elliptic inequalities including the system

(—AL) 2uP@Y) 4|22 (= A,)P 2ud@ ) > yr(@y)
(=AL)2orE) 4 |x|2’\(—Ay)7/2v"(3”y) > @)
with appropriate functional parameters.
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