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EVOLUTIONARY p(z)-LAPLACIAN EQUATION FREE FROM
THE LIMITATION OF THE BOUNDARY VALUE

HUASHUI ZHAN, JIE WEN

ABSTRACT. In this article we consider the evolutionary p(z)-Laplacian equa-
tion

ug = div(p®|VulP@®~2Vw),  (z,t) € Q x (0,T),
where p(z) = dist(z, 0Q). If the diffusion coefficient degenerates on the bound-
ary, then and the solution may be free from any limitations of the boundary
condition.

1. INTRODUCTION

Consider the usual evolutionary p-Laplacian equation
up = div(|VulP~2Vu), (z,t) € Qr = Q x (0,7), (1.1)

where Q C R¥ is a bounded domain with appropriately smooth boundary. The
equation arises in the fields of mechanics, physics and biology [4} 7], 16}, 17, 20} 33].
In the theory of non-Newtonian fluids, the quantity p is the characteristic of the
medium. The media with p > 2 is called dilatant fluids, those with p = 2 are
Newtonian fluids, and those with p < 2 are called pseudoplastics. Note that if p = 2,
equation is known as the classical heat conduction equation, and the solution
of equation has infinite propagation speed of disturbance. This property seems
unreasonable. So, when p # 2, equation can be better to reflect the actual
physical situation of the heat conduction. In particular, when p > 2 the solution of
equation has finite propagation speed of disturbance, see [7]. Much attention was
dedicated to its well-posedness [3], [9] 111, 12}, 15 18] 22| 23], 24| [25] [26], 27 28], [29] [30]
and the references therein.
Yin-Wang [21] considered

uy = div(p®|VuP~2Vu), (2,t) € Qr, (1.2)

where p(z) = dist(z, 99Q) is the distance function from the boundary. An obvious
character of the equation is that, the diffusion coefficient p®(x) depends on the
distance to the boundary. Since p®(z) vanishes on the boundary 9, it seems that
there is no heat flux across the boundary. However, Yin-Wang showed that the fact
might not coincide with what we image. In fact, the exponent o which characterizes
the vanishing ratio of the diffusion coefficient, does determine the behavior of the
heat transfer near the boundary.
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If p(x) is only a measurable function, a new kind of fluids of prominent techno-
logical interest has recently emerged: the so-called electrorheological fluids. This
model includes parabolic equations which are nonlinear with respect to the gradient
of the thought solution, and with variable exponents of nonlinearity [1I, [14]

uy = div(|VulP ™ 2Vu),  (z,t) € Qr. (1.3)

A natural functional space used to study the well-posedness of the solutions of
equation is WP (Q). In what follows, we denote
pT = esssupqg p(x),p” = essinfg p(x).
In particular, we assume that

1<p” <px), Vxeq,

and quote some new function spaces with variable exponents [5 [§]:
LP@(Q) = {u : u is a measurable real-valued function, /Q lu(z)[P@dz < oo},

which is equipped with the Luxemburg’s norm

| o) () = inf{A > 0 ; /Qy“(;”\p(”dx <1},
and is a separable, uniformly convex Banach space.

WhPE(Q) = {u € LP@(Q) : |Vu| € LF(Q)},
which is endowed with the norm

ulwroe = [ul e @) + VUl poe ), Yu € WHPE(Q),

Wol’p(x)(Q) is the closure of C§°(Q) in WP, Let us recall some properties of
these function spaces, see [0} [§].

Lemma 1.1. (i) The spaces (Lp(‘”)(Q), | - |Lp(r)(Q))7 (T/Vl’p(“”)(Q)7 | - |W1,p<z)(9)) and

Wg’p(x)((l) are reflexive Banach spaces.
1

(1) p(x)-Holder’s inequality. Let qi(x) and q2(x) be real functions with @ T

ﬁ =1 and q,(z) > 1. Then, the conjugate space of L) (Q) is L2 (Q). And

for any v € L) (Q) and v € L=®)(Q), we have
|/Q wvdz|< 2|ul oy @ () [V] Laz ) (@) -
(i1i) We have
If [ul Loy () = 1, then /Q luP@ da = 1;
If lul oo (Q) > 1, then [ul?, ., < /Q WP Dde < [ufl’:
(@) < 1. then ulf < [ " < Julf .

() If p1(x) < pa(x), then Lpl(’”)(Q) D LPZ(””)(Q).
(v) If p1(z) < pa(x), then WP @) (Q) — Whr2(=)(Q).
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(vi) p(x)-Poincaré inequality: if p(x) € C(Q), then there is a constant C > 0
such that

[l o) () < OVl oo 0y, Y € Wy PP ().
This implies that |Vu|pp@) () and |uly 1,0 () are equivalent norms of Wol’p(x)(Q).
Zhikov [34] showed that
Wy P(Q) # {v € Wo ™ (Q) | vlon = 0} = WH)(Q).

This fact provides us a good idea which may be used to study the well-posedness of

evolutionary p-Laplacian equation [3] [, [1T], 15} 18] 12} 22 23] 24 25|, 26, 27 28], 29,

[30]. However, if p(z) satisfies the so-called logarithmic Hélder continuity condition

1p(x) — p(w)] < w(lz — ). Ve,y € Qr, |z —y| < = (1.4)

§a
with

1
limsupw(s)In (=) = C < oo,
s—0t S

then (see [35])
W,y P (@) = wire)(Q).

Using this fact, Antontsev-Shmarev [2] established existence and uniqueness results
for (1.3]). Later, many researchers have been interested in studying (1.3)), see [2} [13]
10, BT, 19].

In this article, we consider the equation
up = div(p®|Vu|P®72Vu), (x,t) € Qr, (1.5)

with o > 0.
If we want to consider its initial boundary value problem, usually we need the
initial value condition

ultmo = ug(xz), x €. (1.6)

Note that equation (|1.5]) is degenerate on the boundary. Can we impose the general
homogeneous boundary value condition as follows?

ulr; =0, (z,t) € T'r =0 x (0, 7). (1.7)

In this study, we introduce the Fichera-Oleinik theory to study how to propose the
boundary condition of equation (1.5) with p~ > 1.

Definition 1.2. A function u(x,t) is said to be a solution of (1.5) with initial
condition (T.6)), if u € L®(Qr), us € L*(Qr), p*|Vu|P®) € L' (Qr) and
// (—ugy + p®|Vu|P@ =2V - Vo) da dt = 0, (1.8)
Qr

for any function ¢ € C§°(Qr).

Definition 1.3. A function u(z,t) is said to be a solution of equation (1.5)) with the
initial-boundary conditions (|1.6))-(1.7)), if u satisfies Deﬁnition and the boundary
condition ([1.7)) is satisfied in the sense of the trace.

We summarize our main result as follows.
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Theorem 1.4. Suppose p~ > 1, ug € L®(Q), and p*|Vuel?" € L}(Q). If a <
p~ —1, then there exists a unique solution of equation (1.5|) with the initial-boundary
conditions (1.6)-(1.7). While, if o > p* — 1, then there exists a unique solution of

(1.5) with the initial value (|1.6)).

Theorem implies that, the solution of (1.5 is free from any limitations of
the boundary condition provided that o > p™ —1. When p* —1 > a > p~ — 1, the
problem of the well-posedness of equation (|L.5) remains open.

2. FICHERA-OLEINIK THEORY AND ITS APPLICATIONS

If for any real vector & = (&1,&2,- -+ ,&n) and any point = € €,

a"&.Es >0, (2.1)
the second-order equation of the form
L(u) = a"™(2)ug, o, + 0" (2)uy, + c(z)u = f(x), (2.2)

is called the second-order equation with nonnegative characteristic form in 2. Ob-
viously, it contains elliptic equation, parabolic equation, first-order equation (the
case a"%¢.£; = 0), ultra parabolic equation, Brown motion equation, and Tricomi
equation on the half-plane and so on.

Consider the first-boundary value problem of equation (2.2) in €2, Fichera once
dealt with this problem in [6]. Suppose that on Q@ = QU ", all the points z and
all £ € R™ satisfy the condition (2.1)), and a™* € C%(Q),b" € C1(Q2),c € C°(Q). Let
{ns} be the unit inner normal vector of 9. The Fichera function is defined as

b(z) = (b" — az’)n,. (2.3)
We denote
YW ={reX:a" nn, =0},
S ={zeX’: (b, —a}®)n, >0},
Sy ={zex’: (b, —al’)n, <0},
Yo={xex’: (b — ay’)n, = 0},
Y3 = T\x%

r

The first boundary value problem of equation (2.2) is quoted as follows, in Q =
QU >, to find a function u such that

L(u) = f(z),z € Q, (2.4)
u(z) = g(x),z € Xg U X3, (2.5)

where f is a given function in €2, and ¢ is a given function on 35 U ¥3. Clearly,

if is an elliptic equation, then — is the usual Dirichlet problem. For
the cylindrical region, — consists of the mixed problem, also known as
parabolic equations with the initial boundary values.

Consider the evolutionary p(z)-Laplacian equation

up = div(p®|VulP®=2Vu), (z,t) € Qr. (2.6)
Since

div(p®|Vu|P®~2Vu)
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= ap® Y VulP® 2Ty - Vp + p¥|VulP ™ ~2Vp - Vu
+ Pa‘vu‘p(z)_4[(p(x) - 2)Urirju:riuzj + ‘VU|2“zizi]v
we rewrite (2.6 as

: o

y 0“u
=a"(x,t) ——— i (x, t , 2.7
b @ (.’L‘, )8%8% +ﬁ (l‘ )8.’51 ( )
where
a'(x,t) = p®|VulP @265 + (p(x) — 2)| V| ug,ug, ],
Bi = ap® [VulP @2 p,, + p® VPP p, .
Then
al = ap™ pa, [VulP OS5 Vul? + (p(2) — 2)ta, s

+ %Vl "4 [, | Vul? log [Vul + (p(2) = 2)te, Usyo; + Pa, Ua, U,
+ (p(z) — 2)p*|VulP @ Cu, ug, [ps, [Vul? log |Vu| + (p(2) — 4) ey s, ]
+ (p(iE) - 2)|vu‘p(z)74(u$ﬂju% + uxz‘uicjxj)'

If we compare (2.7) with (2.5, according to Fichera-Oleinik theory, the initial
value condition is necessary. As for the boundary condition of equation (2.6)), let
us discuss it as follows.

Case 1: When a > 1, by plgg = 0, then (3; — ozgg)nz =0,z € 09,
YUY =0.
Case 2: When a < 1, by the fact of that p,;, = n;, it has
(8" — ol )i
= ap® M VulPOH p, [Vl = oy, (655 Vul® + (p(2) = 2)ug,ug,)lni - (2.8)
= —(p(z) — 2)ap°‘_1(|Vu|p(””)_4umiuzj)nmj.

In this case, it is difficult to know that the Fichera function (3' — a;jj)ni is negative

or not, except the dimension of spatial variable, N = 1. When o < 1 and p(z) <
pt < 2, [2.9) is transformed into

(B —az)n = —(p(x) — 2)ap® Hug|P® 2 = 400 > 0. (2.9)
When a < 1 and p(z) > p~ > 2, is transformed into
(B — az)n = —(p(x) — 2)ap® Hue P2 = —00 < 0. (2.10)
If « =1 and p* < 2, then we have
(6= a2 = —(p(@) — ap™ Yua P2 = —(p(z) —Da > 0. (211)
If a =1and p~ > 2, then we get
(8 = az)n = —(p(x) = 2)ap® " |ug ') 72 = —(p(x) — 2)ar < 0. (2.12)

In a word, if p™ < 2 and N = 1, we may conjecture that Yo UX3 =0. If p~ > 2
and N = 1, we may conjecture that Yo U X3 = 9Q2. While, N > 1, the partial
boundary Y, U X3 C 9Q may be very complicated.

Certainly, equation is a degenerate parabolic equation, it only has a weak
solution generally, so the above linearization is informal. We just give some ideas to
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the partial boundary condition to assure the well-posedness of the weak solutions.
Whether these ideas are true or not remains to be verified.
3. EXISTENCE OF SOLUTIONS
In this section, we consider the initial value problem of equation .
Theorem 3.1. Ifp~ > 1, and
up € L®(Q),  p%Vuel?" € LY(Q), (3.1)

then there exists a weak solution of (1.5) with initial condition (1.6). Moreover, if
a>1 and ug € C§° (), then uy € L=(Qr).

If ug € C§°(€2), we consider the regularized problem

p(z

Uet — div(p®(|Vue? + €)= Vu) = 0, (2,t) € Qr, (3.2)
ue(z,t) =0, (z,t) € 02 x (0,T), (3.3)
ue(x,0) = up(x), x €. (3.4)

where p. = p+¢, € > 0. Just as we had done on the usual evolutionary p-Laplacian
equation, we are able to prove that the above problem has a unique weak solution
ue, which satisfies

ue € L®(Qr), ue € LA(Qr), ue € L®(0,T; WeP™ (). (3.5)

Lemma 3.2. Ifug € C5°(R2), then the solution u. of initial boundary-value problem
(13.2)-(3.4) is weakly star convergent and strongly convergent to u € L] (Qr), and

loc

the limit function u is the solution of equation (1.5) with the initial condition (1.6)).
Here, if p” <2 and 1l <r <p * = J\J,v_p?;, as usual, while p~ > 2 and r = 2.

Proof. By the maximum principle, there is a constant ¢ depending on [Jugl| L (q)
but independent on &, such that

l[uellLe(@r) < e (3.6)
Multiplying (3.2]) by w., integrating it over Qr, we have
1 pla)—
5/ “zd“/ / P2 (|Vuel? + )5 [Vue P du dt < c. (3.7)
Q Qr

If we denote Q) = {x € Q: d(x) > A} for any given A > 0, by that p(z) > A when
x € Q), then

T ()
/ / [Vue P dedt < // /J(X(|Vu€|2—i—€)p(22 2\Vu€|2dxdt<c()\). (3.8)
0 Qx Qr
Multiplying (3.2]) by ., integrating it over Qr, we have

// (ter)? da dt = // div(p2|Vue P2V, - ugy da dt. (3.9)
T Qr

Since

. L [IVuEole
(|Vue|® + €) = ZVUE-VUStzf—/ 2 2ds,
2t Jy
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J[ oo + 2
Qr
p(z)
__// P2 (IVue|? +¢) 2
T

L g [IVus@nlte
=—§// p?a/ s" ds du dt.
Qr 0

By (-9)-(310), we have

g fVueEn?E
// (uat)Qda:dt—l—// p?%/ s 2 dsdrxdt<c
T T 0

it follows that

) - ugt) da dt

Vgt do dt (3.10)

and
// (ue)*drdt < c+ c/ P2 | Ve o @ da < c. (3.11)
Qr Q
Differentiating (3.2]) with ¢, and denoting w = u¢¢, we obtain
ow p—d
o = (P9 (@) = 2(IVuel* +)7 v tia wra,

@ 2 p(z)—2
+(p+e)*([Vue|” +) 2 waa,
—4
+ (p(x) - Q)V[(p + E)Q] : Vu€(|vu5|2 + E)Z)Tuwkka

FV[(p+9)](|Vue? + )55 - Y

+(p+2)°(p(x) — 2)(p(x) — ><|Vus|2 +€) 5 U U i, W Ui,

z)—4

+ (040 (p(@) — (Ve + )T (tp ey W, + iy Uy,

+ Ugy Ug;z; Way, ) .
‘We can rewrite it as
ow 0w

E = amm + fi(fl:,t7w)wx“

where
aij = (p+€)*(Vue > + )5 (35 + (p(x) = 2)(IVue? + €)Mty ).
filz,t,w) = (p(@) = 2)V[(p+€)°] - Ve ([Vue 2 +6) "7 ug,
+ (Ve +6) "7 [(p + €)%,
+(p+ ) (p(e) — 2)(p(2) — V([ Vuel® + &) Tt g, iy
(

p(z)—4
+(p+e)%(p(z) - 2) |vu€|2 +e) 2 (uﬂfkuxkxi + Uy Uz, 2y,
+ uwiufkfk)'

Clearly, w satisfies
w(z,t) =0, (z,t) € 00 x [0,T],

w(z,0) = div((p + €)% (|Vaug|? + &) 2

), xeq.

If we denote
p(z)—2

aO:(\Vus|2+5) 2,




8 H. ZHAN, J. WEN EJDE-2016/143

then
min{p(z) — 1, 1}aolé]? < a;;&:& < max{p(x) — 1, 1Yao €.
By the maximum principle, we have
sup [uer| < sup | div((p+ &) (|Vuol2 + €)™ Vao| < ¢, (3.12)
Qx(0,T) Q
because ug(x) € C§°(Q), > 1.

B . . . i i
y (3.6]),(3.8) and (3.11]), we know that thelg exist a subsequence (still denoted
as ug) of ue, a n—dimensional vector function ¢ = ({1, -, (), such that

Ue — *U, in LOO(QT)’
Us — u, in LI-OC(QT),

Vu. = Vu in L™ (Qr),

loc
p(z)—2
2

— (x)
PpE(|Vue]? + ¢) ~ ¢ in LT (Qr).

Here, if p~ > 2, r =2, whilep~™ <2, 1<r<p*= ]\],Vf;, as usual.

Since for any function ¢ € C§°(Qr),

// (~uepr + p2 (Ve + )5 Vu, - Vi) dardt = 0, (3.13)
T
if e — 0, then

ou —

(z=¢+ ¢ -Vp)dadt =0. (3.14)

. Ot
As in [32], we can prove that
N
// p%|Vu|P@ 2Ty - Vo dr dt = / ¢ -Vodzdt (3.15)
Qr Qr

for any function ¢ € C§°(Qr), then u is the solution of equation (|1.5) with the
initial condition (1.6)). Thus, we have completed the proof. ([l

If uo only satisfies (3.1]), we choose uc o € C§°(€2), then ||uc o

L>(Q) and
a +
1021 Vucol? 1)

"
are uniformly bounded, and u. o converge to ug in VVlif (€2). We consider the
regularized problem

p(xz)—2

et — div(p®(|Vue|?> +€)~ 2 Vu.) =0, (z,t) € Qr, (3.16)
ue(z,t) =0, (x,t) € 90 x (0,T), (3.17)
Ue(2,0) = ue o(x), z€Q, (3.18)

where p. = p+¢, € > 0. For any u. o € C§°(Q2), p?|Vu€’0\p+ € LY(Q), the above
problem has a unique weak solution, and hence for any ¢ € C§°(Qr), u. satisfies

//Q (uerp + p2|Vu [P D=2V, - Vo) d dt = 0. (3.19)
T

As in the proof of Lemma [3:2] except that the uniformly bounded estimate of u.,
we can prove the following lemma.
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Lemma 3.3. pr > 1 uo satisfies (3 . Then the solution u. of initial boundary
value problem (3.16| is convergent to u weakly star, and strongly convergent
tou € L (Qr), and u is the solution of equation (L.5)) with the initial condition

(1.6).
Clearly, Theorem [3.1]is a direct corollary of Lemmas [3.2] and [3.3]

4. UNIQUENESS OF THE SOLUTION

Lemma 4.1. If o < p~ — 1, let u(x,t) be the solution of (L.5) with the initial
condition (1.6)). Then there exists a constant v > 1, such that

// |Vu|"dzdt < c. (4.1)

Proof. Since p,a_l < 1land p~ —« > 1, there exists a constant § € ( —*—,1) such

that p~ — % > 1. Because of 8 < 1 and p~ — 5 > 1, there exists v € (1,p~ — %)
such that 8y < 1. Then we find

// |Vu|” dz dt
= // |Vu|” dwdt—i—// |Vu|” dzx dt
{(z,t)€QT;pP|Vu|<1} {(z,t)€QT;pf|Vu|>1}
<// B"’dxdt—i—// PV P dg dt
// ﬂwmw// (14 |Vulf ) dedt <

Thus, if @« < p~ — 1, u(x,t) is the solution of equation (1.5)) with the initial
condition (|1.6)), then we can define the trace of u on the boundary of .

Theorem 4.2. If a < p~ — 1, let u and v be two weak solutions of (1.5) with dif-
ferent initial values u(x,0) and v(x,0) respectively, and with the same homogeneous
boundary condition

u(z,t) =v(z,t) =0, (z,t) €N x(0,T). (4.2)

O

Then
/ |u(z,t) — v(z,t)|dx < / lup — voldz, ¥Vt e0,T).
Q Q

Proof. From the definition of the weak solution, p®|Vu[P(®), p®|Vv|P(®) € LY(Qr),
and for all ¢ € CgO(QT) we have

// =) gpar — // (| VulP@ =2y — |VoP@~2Vy) - Vi da dt.
Qr Qr

(4.3)
For any given positive integer n, let g,(s) be an odd function. When s > 0, it is

defined as
1, s> 1/n,
gn(s):{ 2.2,1-n2s?

n°s“e s<1/n.
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Choosing g, (u — v) as the test function in (4.3)), we have

// gnu—v 8 )dccdt

T (4.4)
+ // P (|Vu|P®=2vy — |Vu|P®=2V0) - V(u — v)g, (u — v) = 0.
T
Thus we further have
- d
[ antu= )2 = L= ol
// P (|Vu|P@=2vy — |Vo|P@=2V0) - V(u — v)g, (u — v) dz dt > 0,
T
Let n — oo in ([{.4). Then %|ju — v[|; < 0. This implies
/ (ulz, 8) — v(z, 8)|dz < / luo — voldz, Vi € [0,T).
Q Q
In addition, if ug(z) = vo(x), by the arbitrariness of ¢,
u(z,t) =v(z,t) ae. in (z,t) € Qr;
then the solution of (1.5)) with the homogeneous boundary value is unique. O

Theorem 4.3. Suppose that ug € L>®() and p®|Vue?™ € L*(Q). Ifa > pt — 1,
then for any t € [0,T), we have

/Q (e, £) — o(a, 6)]2dz < /Q [u(z,0) — v(z, 0)]2da. (4.5)

In other words, the solution of equation (1.5) is free from any limitations of the
boundary condition.

Proof. Denote Q. = {z € Q: dist(xz,08) > e} as before, and let £, € C5°(§2,) such
that & = 1 on Qa., 0 < & < 1 and |V&| < ¢/e. From the definition of the weak
solution, we have

//Q ¢%dmdt

. (4.6)
f// P ([P @2V — Vo2V Ve dzdt, Ve € C5°(Qr).

For any fixed s € [0,7'), after an approximate procedure, we may choose x[o,s(u —
v)&: as a test function in the above equality, where x[o 4] is the characteristic func-
tion on [0, s]. Thus we have

// ¢a(uat du dt- = // (Va2 Vu — [VolPD-2V0) Ve da dt,

s
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and
[ lue.s) = ol o)Peeds
Q
= [ fu(z.0) = o )Pt
Q
— 2/ Ep(|VulP @2V — |[VoP@=2V0)V (u — v) da dt
@ (4.7)
- 2// (u — v)p(|Vul|P®) =2V — |Vo|P@ =2V Ve, da dt
< [ fu(w.0) = o 0)Pgcds
Q
- 2// (u — 0)p*(|Vu|P®=2Vu — |Vo|P@=2V0) Ve, do dt.
Qs
Since
| -2 // (u — v)p® (|Vu|P®)=2Vu — |Vu|P®)=2V0) Ve, da dt|
Qs
=2 // Ju = v|p (| Va4 Vo7 Ve, | da dt
(4.8)

< C/ / p(x (|vu|p(m) + ‘VUFD(I)) + ipalvfevn(z)] de dt
Q. \925 px p(z)

plz) -1
p(w)
90) () () 1 ap@)
<c P (|VulP®) + |Vo|P®)) + ——e*P0)] dz dt,
0 JO N\ P(I) p(z)

by a > pT —1 and a — p(x) > —1, using (4.8)) yields

lim | — 2 // (u —v)p*(|VuP® 2V — |VuP®2V0)VE dodt| = 0. (4.9)
Qs

e—0
Let ¢ — 0. By (4.7)-(4.9), the stability (4.5 is obviously true. The proof is
complete. |

By Theorem Theorem [£.2] and Theorem we arrive at Theorem
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