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SEMILINEAR ELLIPTIC PROBLEMS INVOLVING
HARDY-SOBOLEV-MAZ’YA POTENTIAL AND
HARDY-SOBOLEV CRITICAL EXPONENTS

RUI-TING JIANG, CHUN-LEI TANG

ABSTRACT. In this article, we study a class of semilinear elliptic equations
involving Hardy-Sobolev critical exponents and Hardy-Sobolev-Maz’ya poten-
tial in a bounded domain. We obtain the existence of positive solutions using
the Mountain Pass Lemma.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

The main purpose of this article is to investigate the existence of positive solution
to the following semilinear elliptic problem with Dirichlet boundary value conditions

2% (s)—2
—Au—p u2 fMJr)\f(x,u), in ©,
[yl lyl* (L1)
u >0, in €, '
u=0, on 01,

where f € C(Q x R,R), Q is a smooth bounded domain in RY = R¥ x RVN~* with
N >3and 2 <k <N, apointméRN is denoted as x = (y,2) € RF x RNk

and (0, )EQO<M<N—( for k > 2, u = 0 for k = 2. The so-called
Hardy-Sobolev critical exponents are denoted by 2*(s) = (N 28) where 0 < s < 2,
2* = 2%(0) = 2 are the Sobolev critical exponents. F(z,t) is a primitive function

of f(x,t) defined by F(x,t) fo x,8)ds. H}(Q) is the Sobolev space with norm

u? 1/2
Jull = ( [ (9l = gi)

which is equivalent to its general norm due to the Hardy inequality

2
ck/ U—deg/ \Vul?dz, Vue DY2(RY),
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2010 Mathematics Subject Classification. 35B09, 35B33, 35J75.

Key words and phrases. Hardy-Sobolev-Maz’ya potential; Hardy-Sobolev critical exponents;
positive solution; Mountain Pass Lemma; local Palais-Smale condition.

(©2016 Texas State University.

Submitted July 14, 2015. Published January 7, 2016.

1



2 R.-T. JIANG, C.-L. TANG EJDE-2016/12

where Cj, = (%)2 is the best constant and is not attained. Let S, be the best

Sobolev constant, namely

Jex (IVuf? = ppi)de

S = ueDM(RR{o 20)),uz0 [u|2*() 5\ 57y (1.2)
o (fan ol dx) ¢
When k& = N, problem (]1.1)) becomes
2" (s)—2
_AU_M|UiQ = ‘U| ‘ | u+)‘f(xau)7 m Qv
€T S
u>0, in €, (1.3)
uw=0, ondQ,
where 0 < p < o1 = %. There are many papers concerning the Dirichlet

problem with critical exponents (see [II, [4} 6] [8, [11]) after the work of Breizis and
Nirenberg [3]. When g = 0 and s = 0, problem becomes the well-known
Brezis-Nirenberg problem, and is studied extensively in [II]. When pu # 0, the
problem has its singularity at 0 and attracts much attention. Ding and Tang in
[5] studied the existence of positive solutions with N > 3, 0 < s < 2 and f(x,t)
satisfying the (AR) condition in the case A = 1. Kang in [7] showed the existence
of positive solutions replacing f(x,u) by |u|9~2u with ¢ > 2 for 0 < s < 2.

When 2 < k < N, the problem has stronger singularity. Bhakta and Sandeep [2]
studied the regularity, P.S. characterization and existence of solutions with A = 0.
Wang and Wang in [I2] showed that the existence of infinitely many solutions
replacing f(x,u) by v for N > 6 + s. In [13], Yang studied with Neumann
boundary condition and obtained the existence of positive solution by the Mountain
Pass Lemma. In order to estimate the mountain pass energy, the author use the
extremal function of S, ([2]), which is achieved when

9 N -2
N—k+(k—22—4u
In this article, we estimate the mountain pass energy for 0 < s < 2 through A large

enough instead of the extremal function, which makes the results more extensive
and interested. Here is our main result.

S =

Theorem 1.1. Suppose N > 3,2 <k < N and 0 < pu < ji. f € C(Q x RT,R)
satisfies

(A1) f(x,t) = 0 for t < 0 uniformly for x € Q. There exists a nonempty open
subset Qo C Q with (0,2°) € Qg, such that f(z,t) > 0 for almost everywhere
xz €Q and all t > 0, and f(xz,t) > 0 for almost x € Qg and all t > 0,
(x,t)

(A2) lim;_, g+ f(“:’t) =0 and limy_ 1 o % = 0 uniformly for x € Q.

Then there exists A > 0, such that problem (L.1) admits at least one positive
solution for all A > A,.

Remark 1.2. First, there are many functions satisfying our assumptions of The-
orem For instance, f(z,t) = t? with 1 < ¢ < 2*(s) — 1. Second, it is worth
noting that, when y = s = 0, problem reduces to the classical semilinear el-
liptic problem with critical exponents, [3] proved the existence of positive solution
for A > 0 large enough. In this paper, we obtain the similiar result as in [3] when
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2 <k < N and 0 < s < 2. Our results complete the existence of positive solutions
for elliptic problem with Hardy-Sobolev critical exponents.

2. PROOF OF THEOREM [L.1]

In this article, we use the following notation:
e The dual space of a Banach space E will be denoted by E’.
o LP(Q, |y|~®dx) denotes the weighted Sobolev space.
e — denotes the strong convergence, while — denotes the weak convergence.
e C,C; (1=0,1,2...) will denote various positive constants and their values can
vary from line to line.

To study the positive solutions of problem , we first consider the existence
of nontrivial solutions to the problem

+32%(s)—1
fAufu%:L+)\f(x,u+), in Q,
[yl lyl* (2.1)
u>0, inQ, ’
u=20, on 0f,

where ut = max{u,0}. The energy functional corresponding to (2.1 is
1 u? 1 (ut)? ()
Iu:f/ Vul|? — p—- |dx — / dac—)\/Fx,u"’da:, (2.2
=5 f, (V=) 56 o e (22)

for u € HY(Q). Clearly, I is well defined and is C' smooth thanks to the Hardy-
Sobolev-Maz’ya inequality [9]

|u\2*(5) 2*2<5) 71/ ) u2
d <S8 \V4 —u— )d 2.3
</RN o) <5t | (19 - ) (2:3)

where S, = S(p, N, k, s) is the best constant defined in (1.2]). By the existence
of the one to one correspondence between the critical points of I and the weak
solutions of problem ([2.1)), we know that if u is a weak solution of problem (2.1),
there holds

(u+)2*(s)71

<I’(u),v>:/Q<(VU,VU)—/A|Zq)2)d:U—/Q|y|sydx—)\/ﬂf(x,u+)vd:c:0,

for any v € Hg ().
Before proving Theorem it is necessary to prove the following lemmas.

Lemma 2.1. Assume that conditions (A1), (A2) hold. Then for 0 < p < @ and
A >0, we can deduce that

(1) there exist T, o > 0 such that I(u) > o when |Jul| =r,
(2) there exists uy € Hg(Q) such that ||u1]| > r and I(uy) < 0.

Proof. (1) From the continuity of embeddings
Hy () — LYQ)(1 < ¢ <27), Hy(Q) — L (Q, |y|~*dw),
there exist C; > 0 and C5 > 0 such that

2% (s) .
[ upras < cugue, [ e < el o), (2.4)
Q o |yl

It follows from (A2) that for € > 0, there exists C5 > 0, such that
|F(x,t)] < elt]” + Cslt|* ), (2.5)
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for all t € R* and z € Q. Combining (2.4) and (2.5)), one has

1 1 (ut)? () .
T(w) > Zul® = / dx—)\a/ qux—)\C/u2(s)da?
) > 3l - 55 [ 1 s [ 1

1 Cu \ y2*s
> Sl = o el = AeCs Jull* = AC |

*(s)
Therefore for a fixed A > 0, there exists o > 0 such that I(u) > a > 0 for all
|lu|]| = r, where > 0 small enough.
(2) Fix vg € C5°(2) \ {0} with vy > 0 in  and ||vg|| = 1. From (A1), one has
1 1 . +312*(s)
I(tvg) = =£||wo|? — ==t <S>/ de—/F(x,mo)dx
2 2%(s) o |yl Q

1 1 . +12%(s)
< *t2||’l)()||2 — = t2 (s) (UO ) - de,
2 2*(s) o |yl

then lim;_ 1 o I(tvg) — —o0. Thus we can find ¢’ > 0 such that I(¢t'vg) < 0 when
lt'vo|| > 7. Set uy = t'vg, the proof is complete. O

2%(s).

According to the Mountain Pass Lemma without (PS) condition (see [I0]), there
exists a sequence {u, } C H}(Q), such that
I(uy) = ex>a>0, I'(u,) —0in (HH(Q),
as n — 00, where

= inf I
ex = Inf max (v(t))

I'={y € C([0,1], Hy(2))[7(0) = 0,%(1) = w1 }.
Lemma 2.2. Suppose that (A1) holds, then limy_, 4. ¢y = 0.

Proof. If vy is the function given in the proof of Lemma[2.1] then one deduces that
I(tvg) > 0 for t > 0 small enough and I(tvg) — —oo as t — +o00. Thus there exists
tx > 0 such that I(txvo) = max;>o I(tvg). Hence

. +127(s)
t2]|voll® = ti (S)/ Mdac—l—)\/ [zt )t da.
Q Q

lyl®
By (A1), one has

. )27 (s)
Rlol > 87 [ L s,
S
a |yl
which implies that {¢,} is bounded. Therefore there exist a sequence {A\,} and
to > 0, such that A\, — 400 and ¢y, — tp as n — oco. Consequently, there is Cg > 0
such that ¢3 |lvo||* < Cs for all n € N, and thus

or(sy [ (vg)*
)\n/ f(@,ta, 08 ), v do + ty / ~dr < Cg, (2.6)
Q moJa o P
for all n € N. If ¢y > 0, by (A1), one obtains
. +127(s)
lim A, fx, ta, vi)tn, vf do + t?\ (5)/ %dm = +o00,
n—oo Qo " Qo |y|
then ()
lim )\n/ fx,ta, vi)tn, vg do + ti*(s)/ (v0)|dx = 400,
n—oo Q n Q y S
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which contradicts (2.6)). Thus we conclude that to = 0. Now, let us consider the
path 7, (t) = tuy for t € [0, 1], which belongs to I, then we get the following estimate

1
0 < ex < max I(7(t)) < I(tavg) < ft§\||v0\|2.
t€[0,1] 2

As A — +o0, from the above inequality, we get ¢y — 0. (]

Proof of Theorem[I.1. By Lemma there exists a sequence {u,} C Hg () such
that I(u,) — cx and I'(u,) — 0 as n — oo. According to Lemma [2.2] one deduces
that there exists A, > 0 such that

R =
2(N —s) Su

as A > A,. First, we prove that {u,} is bounded. Indeed, by (A2) and the
boundedness of €, for any € > 0, there exists M > 0, such that

|F(x, )| <et®, zeQ,t>M; |F(z,t)] <Cie), te(0,M];
[f(, 0t < et ™), e, t>M; |f(z,t)t] < Cae), te(0,M].
Thus, we have
|[F(a,6)] < Cae) +elt ), [F(x,0)t] < Cale) +eft|*', (2.7)
for any (x,t) € Q x RT. Then for ¢ € (2,2*(s)), one has

0<ey <

Fla,t) - % Fo )t < Flat) — % Flz, )t < Cy(e) + el ), (2.8)

for any (x,t) € Q x RT. Set I(z,t) := |y|~*[t|* &~ + \f(x,t), we claim that I(x, )
satisfies the (AR) condition. By (2.8, one easily gets
5L@¢r4m¢w:(?Z)—QwrﬂW“ﬂ+A@F@¢w—ﬂmwQ
£ _
< -1 s
< (g ~ D)Wl

_ § —s 2% (s)
= (e ~ DI 428170+ 0Ca).

Thus for a fixed A > 0 and ¢ > 0 sufficiently small, there exists M} > 0, such that
0 <¢&L(z,t) <l t)t, t> M;,

where L(z,t) = fg I(z, s)ds. Moreover, by (A2), we obtain

) eXCy(e) + Exelt| )

1 1
L) = gl 1)t < e (F(gc,t) ¢ f(x,t)t) = M,.

It follows from the inequalities above that
1 _
L(z,t) — gl(z,t)t < M,, forallzeQ)\{(0,2°} t>0. (2.9)

Then, one has

c+1+dmmmszm—§wwmmm

11 1 1 (ut)? )
2 G ol (¢ 5) |,
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— )\/ (F(a:,u:[) — %f(x,u:[)u:)dx
Q

11 1

> (3~ Dlll® = [ (Btosut) ~ ity
1 1

> (5 Dl i,

Thus, {u,} is bounded. Due to the continuity of embedding H}(Q2) — L? )(Q),
we have [, |u,|? ®)dz < C7 < co. Up to a subsequence, still denoted by {u,},
there exists up € H}(Q) satisfying
U, — ug, weakly in Hj(S),
U, — ug, strongly in LP(Q), 1 <p < 2%,
un(x) — uo(x), a.e. in Q, (2.10)
w7 g 97 weakly in (L2 )(Q, Jy| ~da))’,

as n — 00. By (A2), for any € > 0 there exists a(e) > 0 such that
1 x
|F(z,t)] < 2—5|t|2 ) 4 a(e) for (z,t) € 2 x RY.

Set 6 = > 0. When E C Q, meas E < §, one gets

{/EF( +)dz| </ (e, ut)|de

< d:v+—s/ un|? ®dx
[ ettt ez [

< a(e)meas E + —66’7 <e.
20,

Hence { Jo F(z,uf)dz,n e N } is equi-absolutely-continuous. It follows from Vi-
tali’s Convergence Theorem that

2a(s)

/ F(z,ul)dz — / F(z,uf)dx, (2.11)
Q Q
as n — 00. Applying the same method, one has

/f Nupdr — / f(z,ud)uodz, (2.12)

as n — 00. By (2.10)) and we have
+12* (s)—1
lim (I'(up),v) = / ((Vuo,Vv) — uuig)dx —/ (UO)ivdx
Q | Q

e lvl* (2.13)
- / f(z,uf)vdr =0,
Q

for all v € H} (). That is, (I'(up),v) = 0 for any v € H}(2). Then ug is a critical
point of I, thus ug is a solution of problem (2.1)). Now we verify that ug #Z 0. Let

v =g in (2.13)), we get
2 (s)
HMW—/ e R (2.14)
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Set w, = u, — ug, then we have

/|Vun|2da::/ |Vu0|2dx+/ Vwn2dz + o(1). (2.15)
Q Q Q
And from Brézis-Lieb’s lemma [3], it follows that
u? / w?
g = [ gy +/ —dx + o(1), (2.16)
/Q ly[? a ly? a ly?
+12*(s) 2% (s) 2% (s)
/de:/ %dzw/ &dvao( 1). (2.17)
o lyP o ly° o |y
By and (2.15)-(2.17), one has
1 1 (w+)2*(s)
I(u,) =1 ~Jwn|* - L dx = 1). 2.18
(1) = Iuo) + 5lnl? = s [ —de = exvon. 218)

Since (I’ (un), un) = 0o(1), combining with (2.12)) and (2.14)), one has

+2°(5)
)]
o ly°
We may assume that |jw,||*> — b and
+32%(s)
/ () ™ e
o lyP°

as n — oo. Clearly, b > 0. We now suppose that ug = 0. On the one hand, if b =0
together with (2.18]), we get ¢y = I(0) = 0, which contradicts with ¢y > 0. On the
other hand, if b # 0, we have from the definition of S,, that

- - WH* s
Janl? = [ (19wl u|Pyx s [ )T

N—s
then b > S,/~° | together with (2.18) we deduce

1 1 wit)? (s
cx + 0(1) = I(Uo) + 5”’[071”2 - 2*(8) /Q ( |y)|s dx + 0(].)
2-5 5=
- 2(N—S>SH +O(1),

which contradicts ¢\ < 2(N S)S2 5. Therefore ug # 0 and ug is a nontrivial
solution of problem . Then by (I’(ug), ug )=0 where u, = min{ug, 0}, one has
lug || = 0, which implies that ug > 0. From (2.13), we get [,(Vuo, Vv)dz > 0 for
any v € H}(Q), which means —Awug > 0 in Q. By the strong maximum principle, we
know ug is a positive solution of problem . Therefore Theorem holds. O
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