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ON THE HIGH-ORDER TOPOLOGICAL ASYMPTOTIC
EXPANSION FOR SHAPE FUNCTIONS

MAATOUG HASSINE, KHALIFA KHELIFI

ABSTRACT. This article concerns the topological sensitivity analysis for the
Laplace operator with respect to the presence of a Dirichlet geometry pertur-
bation. Two main results are presented in this work. In the first result we
discuss the influence of the considered geometry perturbation on the Laplace
solution. In the second result we study the high-order topological derivatives.
We derive a high-order topological asymptotic expansion for a large class of
shape functions.

1. INTRODUCTION

The topological sensitivity analysis consists in studying the variation of a shape
functional with respect to the presence of a small geometry perturbation at an
arbitrary point of the domain; see [T}, [7, @), 15, 16l 17, 19, 21, 24]. To present
the basic idea, we consider an open and bounded domain Q C R? and a shape
function j(Q) = J(ugq) to be minimized, where ugq is the solution to a given partial
differential equation defined in Q. For € > 0, let Q, . = Q\ @, be the perturbed
domain obtained by removing a small part w, . = z+ew from the domain €2, where
z € Q and w C R3 is a given fixed and bounded domain containing the origin. The
topological sensitivity analysis leads to an asymptotic expansion of the function j
in the form

3(Qz) = 5(Q2) + f(£)d5(2) + o(f(e)),
where f(€) is a scalar positive function approaching zero as € approaches zero. The
function §j is called the topological gradient. It gives us the best locations in €2
of the geometry perturbations for which the shape function j decrease most, i.e.
the topological gradient §j is as negative as possible. In fact, if §j(z) < 0, we have
J(Qz.e) < j(2) for small e.

The topological gradient 65 has been used as a descent direction to solve various
problems; fluid flow optimal shape design [1l 2] [6], structural mechanics [14], [15],
geometry inverse problems [5] [7, 20], image processing [8], and many other appli-
cations.

The majority of the optimization algorithms dealing with the topological deriv-
ative are based on the first-order asymptotic expansion. This provides interesting
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optimization results in some particular configurations like the case when the un-
known domain is small and not close to the boundary 0f2, one can consult detection
of small cavities in Stokes flow in BenAbda et al [1].

Classically, the topological gradient §;j described by the leading term of the
first-order asymptotic expansion, dealing only with infinitesimal geometry pertur-
bations. However, for practical applications, we need to detect domains of finite
size. Therefore, as a natural extension of the topological derivative concept we
consider high-order terms in the asymptotic expansion. In this context, Novotny et
al. [IT], 12, 10] was derived a second-order topological asymptotic for the Laplace
operator. The obtained results are limited to the two dimensional case.

In this work, we consider the three dimensional case and we derive a high-
order topological asymptotic expansion for the Laplace operator with respect to
the presence of Dirichlet geometric perturbations. The proposed approach is based
on two main steps.

In the first one, we derive a high-order asymptotic expansion for the solution of
the perturbed Laplace equation with respect to . This question has been investi-
gated by Ammari and Kang [3] in the inhomogeneities case where the perturbed
solution is computed in the entire domain €2 using continuity condition on the
boundary Ow, .. In this work, we deal with more singular geometric perturbation.
The solution of the perturbed Laplace equation is computed in £, . = Q\ @, ; with
Dirichlet condition on dw, .. As we will show in Section 3, this type of perturba-
tions leads to an asymptotic behavior with respect to € different from that obtained
in [3].

In the second step, we derive a high-order topological asymptotic expansion for
the Laplace operator. More precisely, we derive an asymptotic expansion of a given
shape functional j in the form

N

§(e0) = 5@ + 32 ()55 (2) + o u(e)),

k=1
where,

e fi, 1 <k < N are positive scalar functions satisfying fr11(¢) = o(fx(g))
and lim._,o fx(g) = 0.
e 6%j denotes the k-th topological derivative of the shape function j.

The topological asymptotic expansion has been derived for various operators
and has been applied for many applications; one can see [I6] for the Laplace equa-
tion, [I7, [19] for the Stokes system, [I5] [19] for the elasticity problem, [23] [24] for
the Helmhotz equation, etc. In all theses works, the optimization algorithms are
based on the first-order topological derivative which is only valid for small geometry
perturbation size. The use of higher-order terms in the topological asymptotic ex-
pansion of the shape function may certainly be decisive in improving the topological
optimization algorithms without restrictions on the perturbations sizes. The high-
order topological derivative are essential when the first-order topological derivative
04 vanishes at some critical points inside €.

The present work can be considered as a generalization of the topological gradient
notion. The obtained results are valid for a large class of shape functions. The
mathematic analysis is general and can be easily adapted to other partial differential
equations.
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This article is organized as follows. The formulation of the problem is presented
in Section 2. In Section 3, we discuss the influence of the geometry perturbation on
the Laplace equation solution. We derive an asymptotic expansion for the perturbed
solution with respect to . The Section 4 is devoted to the high-order topological
derivatives. A high-order topological asymptotic expansion is derived for a large
class of shape functions. Two particular examples of shape functions are considered
in Section 5. Some concluding remarks are presented in Section 6.

2. FORMULATION OF THE PROBLEM

Let © be a bounded domain of R? with smooth boundary Q. We consider the
case in which ) contains a small geometry perturbation w, . that is centered at
z €  and has the form w, . = z + cw, where w C R? is a given fixed and bounded
regular domain containing the origin.

Consider now a shape function

J( \W,E) = Jo(ue),
where J; is defined on H!(Q\ @, 7) and u. is the solution to Laplace problem in the
perturbed domain Q, . = Q\ &, with homogeneous Dirichlet condition on dw, .

—Au, =0 1in Q.

Vu, -n=®, onl,,

us = &g on Ty, (2.1)

ue =0 onOw,,,

where ®,, € H’l/z(Fn) and &, € Hl/z(Fd) are two given data, with I';, and I'y are

two parts of the boundary 9 satisfying 00 =T,, UTy and 'y NT,, = 0.
Note that for € = 0, we have Qg =  and ug is the solution to
—Aug =0 1in ),
Vug-n=%®, onl,, (2.2)
Uug = ‘I’d on Fd.
Using the weak formulation of (2.1)), one can deduce that u. is the unique solution
to the variational problem find u. € H'(€2, ) such that
ae(ug,w) =l (w), Yw €V,
(ue, w) = I (w) (2.3)
u. =®; only

where the function space V., the bilinear form a., and the linear form [, are defined
by:

V. = {u IS Hl(QZ)E); u=0 on quawz,e},

ac(v,w) = / Vv -Vwdz, Yv,we),,
QZE

I (w) :/ ®,wds, Yw € V..
r

In the absence of any perturbation (i.e. € = 0), the weak formulation of problem
(2.2)) consists in finding ug € H*(£) such that
ap(ug, w) = lg(w), Yw €V
ug = P4 on Iy
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As we have mentioned in the introduction, the aim of this work is to derive a high-
order topological asymptotic expansion for the shape function j with respect to the
presence of the geometry perturbation w, . in the domain 2. It consists in studying
the variation j(€, ) —7(€) with respect to ¢ and establishing an asymptotic formula
of the form

N
§(Qe0) = 3(2) = D fr(€)"i(2) + o(fn (e))-
k=1

To derive the expected formula, we will proceed in two steps. Firstly, we will give
a topological sensitivity analysis for the Laplace operator in Section 3. It consists
in studying the asymptotic behavior of the solution u. with respect to . Secondly,
we will study the variation of a shape function j with respect to the presence of a
geometry perturbation w, . in . The general case, which is valid for a large class
of shape functions, will be discussed in Section 4. In Section 5, we will present the
asymptotic formulas for two shape functionals examples.

3. SENSITIVITY ANALYSIS FOR THE LAPLACE OPERATOR

In this section, we give a sensitivity analysis for the Laplace operator with respect
to the presence of a geometry perturbation w, . in the domain 2. More precisely, we
derive an asymptotic expansion for the solution u. with respect to e. Our procedure
is based on the successive approximations of the variation u. — ug. We start our
analysis by the following estimate.

Lemma 3.1. Let w, . = z+ew be a topological perturbation inside the domain §).
If w, . C K is not close to the boundary 0NY, then the variation u. — ug admits the
estimate

ue(z) —uo(z) = Wo((x — 2)/¢) + O(e) in .,

where the function x — Wy((x —2)/e) is the unique solution to the Laplace exterior
problem

~AWy =0 nR3\ @,

Wo—0 atoo (3.1)

Wo = —up(z) on ow.
Proof. The existence of the function Wy is most easily established using a single
layer potential [13]

Woly) = | Gly—1t)q(t)ds(t), VyeR\G,
ow
where G is the fundamental solution of the Laplace equation in R3,

1
G = Tl

The function go € H~Y/ 2(0w) is the solution to the boundary integral equation
G(y —t) qo(t)ds(t) = —uo(z),Vy € Ow.
ow
Posing Ro ¢ (x) = ue(x) — up(z) — Wo((x — 2)/€). One can easily remark that R .
is solution to the system

—ARO,E =0 in Qz,£7
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VRy. -n=-VWy((x—2)/e)-n only,,
Ry =—-Wo((z —2)/e) onTyg,

Roe = —(uo —uo(z)) on dw. .

Since the perturbation w, . is not close to the boundary 02, the function z +—
Wo((z— z)/¢) is regular in the neighborhood of I'g and T',,. It satisfies the following
asymptotic behavior: for all z € €2, ,

Wo((z —z)/e)=¢ g G(x — z —et) qo(t)ds(t)

=eG(z—2) /a qo(t)ds(t) + O(e).

Similarly, the smoothness of uy near z leads to u(x) — up(2) = O(¢) on Ow, .. By
elliptic variational inequality, one can deduce the estimate

R075 = 0(5) in Qz75.

Consequently, the solution u. of the Laplace equation in the perturbed domain
admits the following asymptotic expansion

ue(z) = up(z) + Wo((x — 2)/e) + Oe) in Q, ..
(]

This result was proved in [Il, Proposition 3.1] for the Stokes system. It has been
used to describe the variation of the velocity field with respect to the presence of a
small obstacle.

We are now ready to present the main result of this section. We will derive a
high-order asymptotic expansion of u. with respect to €. The obtained result is
described by the following theorem.

Theorem 3.2. Let w,. = z + cw be a topological perturbation inside the domain
Q. Ifw, . CQ is not close to the boundary 0N, then the Laplace equation solution
ue in the perturbed domain 1, . admits the following asymptotic expansion

N
ue(z) =y M U(x) + Wil(x = 2)/e))] + OV in Qe
k=0

where

o Uy, 0 <k < N are smooth functions defined in €, obtained as the solutions
to a sequence of interior Laplace problems.

o Wi, 0 <k < N are smooth functions defined in R> \ w, obtained as the
solutions to a sequence of exterior Laplace problems.

Proof. The sequences of functions (Uy)o<k<n and (W)o<g<n are constructed us-
ing an iterative process with Uy = ug and W, is the solution to ‘ As we will
show later, for all 1 < k < N:
e The term Uy will be defined as the solution of the Laplace equation in 2 with
boundaries conditions depending on the function z — W;((z —2)/e), 0 <1 < k—1.
e The term W}, will be defined as the solution of the Laplace equation in R3\ @
with a boundary condition depending on the functions U, 0 <1 < k.
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Using a single layer potential [I3], the functions Wy, 0 < k < N can be written
on the following general form

Wi(y) = ) Gy —t) q(t)ds(t), Vye R\,

where gy, is the solution to a boundary integral equation defined on Ow.

To present our construction process, we start our analysis by studying the vari-
ation of the function x — Wy ((z — 2)/e) with respect to . For each z € R®\ w; ¢
we have

Wi((z —2)/e) = | G((z —2)/e = 1) qr(t)ds(t)

ow

=c g G((x — z) —et) qi(t)ds(t).

Using the fact that the perturbation w, . is not close to the boundary 0f2, one
can remark that for all ¢ € Ow and for all z € 2, ., the function ¢, .+ : € —
Ys—z1(€) = e G((x — z) — et) is smooth with respect to ¢ and satisfies

N
Ep
Po—zt(e) = > Hso;plz H(0) + O(eNHY,

p=1

where <p§3p_)z7t(0) is the p-th derivative of ¢,_,; at ¢ = 0. It depends on the p-th
derivative of the function G at the point z — z.

Consequently, the function x — Wy ((x — z)/e) admits the asymptotic expansion

Wi((x — 2)/e) = ZepW (x —2) + 0N, (3.2)

where W,Sp ) is the smooth function defined in R3\ {z} by
1
W=z == [ 0 0nds0, veeR N\ 63
We are now ready to present the main steps of our construction procedure.

First order term: It is described by the function x — Uy (z) + Wi((z — 2)/e),
x € ), . which is constructed as follows:

e The term U; depends on Wy and solves the interior problem
—AU; =0 in Q,
VU, - VW(l)( —z)'n only, (3.4)
U, = W(l)(x —z) onTy,

with Wo is defined by (3.3 in the particular case k = 0 and p = 1. One
can easily check that

Wi (z - 2) = Gz — 2) /8 qo(t)ds(t),

where qq is the density associated to W.
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e The term W; depends on Uy and U;, and solves the following exterior
problem

—~AW; =0 inR3\ @,
Wy —0 atoo (3.5)
Wy = —Ui(z) — DUp(%)(y) on Ow.
Higher-order terms: Let us assume that we have already calculated the first k—1

terms. The k-th order term is described by the function x — Uy (x)+ Wi ((x—2)/e),
x € €, . which is defined as follows:

e The term Uy depends on W;, 0 < j < k— 1 and solves the interior problem

—AUk =0 in Q,
k
VU, -n=— ZVW,E’?p(x —z)-n onT,,
p*l (36)
ZW”) on I'y,

with W *) is defined by (B3).
e The term W, depends on U;, 0 < j < k and solves the exterior problem
~AW, =0 inR*\ @,
Wk — 0 at oo
(3.7
Wi = —Ui(z Z — DU _p(2)(y?)  on O,

where DPUj_p(2) is the p—th derivative of the harmonic function Uj_, at
the point z € Q and y? = (y,...,y) € (R3)P.
To prove the desired estimate, we introduce the function Ry . defined in €2, . by
Rye(z) = Up(x) + Wo((z — 2)/e) + e (Ur(z) + Wi((x — 2)/e)) +
N(Un () + Wi ((z = 2)/2) = ue(2).
It is easy to see that Ry . is harmonic in 2, . and satisfies the following boundary

conditions:
On Ow, :

N
Ryc(x) = Ug(x) + Wol(z — 2)/2) + Y _ " [Uk(@) + Wi((z — 2)/e)]
k=1

N (3.8)

=3 ML) Z [Z —DPUj—p(2)((( — 2)/2)")].

k=0 k=0 pO

Using the multi-linearity of DPUj_,(z), it follows

N k
> [30 DU (Ao = /)] = ZZ

k=1 p=0 kOpO
N

—(2)((z = 2)")

ek Z D”Uk V((z — 2)P).
k=0  p=
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Then, one can deduce

N
Ry (x Zak[ Z D”Uk V(= 2)P)].

k=0
Due to Taylor’s Theorem and the fact that ||z — z|| = O(e) on dw, ., we obtain
Ryc(z) = O(ENTY) on dw, ..
On Fdi

Ry .( Z FWi((x — 2)/e) —

T
< 1M
(O}
ol
-
=
S
3
—~
8
X

- Zeka((x —z2)/e) = Y M spw< (@ - 2)].

The last equality can be rewritten as

N-1 N—k
Ry.o(z) = e"Wn((x — 2)/e) + FWi((x —2)/e) — Z EPW(p (z —2)].
k=0 p=1

Then, using the asymptotic expansion (3.2)) we obtain
RNﬁ(x) = O(EN+1) on Fd.
On I',;: using the same analysis, one can derive

VRye 1= O(eNH) onT,.

4. HIGH-ORDER TOPOLOGICAL ASYMPTOTIC EXPANSION

This section is focused on high-order topological derivatives. It consists in study-
ing the variation of a shape function j with respect to the topology perturbation
of the domain. The topology perturbation is described by the hole w, . created at
an arbitrary point z € € and having the form w,. = z 4+ cw. We derive a high-
order topological asymptotic expansion for a large class of shape functions. More
precisely, the obtained results are valid for all shape function j having the form

j(Qz,e) = JE(UE)v
with J. is a scalar function defined on H'(f2, .) and satisfying the assumptions:

(A1) The function Jj is differentiable with respect to wu.
(A2) There exist real numbers §'J(z),... (5NJ(z) such that for all £ > 0,

J(us) — J()(’LL()) DJ()('LLO — 'LLO =+ Z {-jk(sk )
In the last equality, the solution u,. is extended by zero inside the domain w, .. Its

extension will be denoted by u. throughout the rest of the paper.
Under the considered assumptions, the variation of the shape function j reads

§(Q0) = 5(Q) = ao(uo — ue,vo) + > e¥6*T(2) + o(eV),
k=1
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where vy € V) is the solution to the adjoint problem
ag(w,vg) = —DJy(ug)(w), Yw € V. (4.1)

Next, we will derive an asymptotic expansion of the term ag(up — ue, vo) which can
be written as

ap(up — ue,vg) = / (Vug — Vue) - Vupdz
Q

= Vug - Vugdz —|—/ (Vug — Vu,) - Vugdz.

Wz e Qz,s

Using Green formula, it follows that
ap(up — Ue, Vo) = / Vug - Vugdx + / V(ug — ug) - nvgds. (4.2)
Wy e Ow; <

By Theorem [3.2] we have

/ V(ug — ue) - nvgds = — Z VU (z) - n(z) vo(z)ds
0w e

a"-)z e

— Ek T xr—Zz)/€ =N U S €N+1.
kzzo /8v Wi((z — 2)/2)) - nvods + OV +)

Consequently, the term ag(ug — ue, vg) can be decomposed as

ao(uo - U’E)UO)
N

= Vug - Vugdx — Z ek V. Wi((x — 2)/e)) - nvods
Wz,e k=0 awz,e (43)

*Z /&UMVUk n(z)vo(x)ds + O(eN ).

In the next section, we will derive an estimate for each term on the right-hand-side
of the equality (4.3).

4.1. Preliminary estimates. The following lemma gives an estimate for the first
term.

Lemma 4.1. The first term on the right-hand-side of the equality (4.3) admits the
asymptotic expansion

N
Vuo-Vvodx:ZE TLE=3(2) 4 O(eN T,

uo,vo
Wz.e k=3
where the functions z — T (2), 0 <k < N are defined in Q by
k
1 _ _
Tuito ) = 2 i1 [T () VT ()0 )y,
p=0 «

with y* = (y,...,y) € (R®* and VP w(z) denotes the k-th derivative of the func-
tion w at the point z.
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Proof. The proof of this lemma is based on the well known Taylor-Young formula.
Since ug and vy are sufficiently regular in w, ., we have

N-1 k
Vug(z + ey) = Vug(2 +Z V() () + O(=")

~ ek
Veole o) = Vo) + 3 Vg () () + O,
k=1 "
Using the change of variable x = z + €y, we derive

/ Vug - Vugdx

e / Vuo(z + ey) - Voo (z + ey)dy

N-1 & N-1 ,
—= [ ¥ EV(H”“O(Z)(Q]C)HZ P (2) () dy + O )
Y T k=0

Using the Cauchy product formula, we obtain the desired result

O

Lemma 4.2. The second term on the right-hand-side of the equality (4.3) admits
the asymptotic expansion

Z ~/8w ViWi((x — 2)/¢)) - nuvgds = — Zek'f‘;]zol )+ 0N,

where the functions z — TQ’k ,(2), 0 <k < N are defined in Q by

T2 (2) Zp, [ Vsl )P0 s

Proof. Using the change of variable x = z + ey, we obtain

/a V. Wi((z—2)/e))-n(z)ve(z)ds = € g VyWi(y)-n(y) vo(z+ey)ds(y). (4.4)

Using the fact that vy is smooth in a neighborhood of z, one can derive

N—-1 p
o0l o) = wo(=) + Y-~ V(=) (3?) + O()

p=1

N-—1 &_p
=Y VP ) + 0.
p=0 *"
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It leads to the asymptotic expansion of the term (4.4]),

/a V. Wi((x — 2)/e)) - n(x)vo(x)ds

N-1 p+1 N
= , VyWily) - n(y) [V Pvo(2) (y?)]ds(y) + OENH).
p=0 p: Ow
Consequently,

/a VWi (z — 2)/¢€)) -nvods

N-1 4
T | VW) ) TP () sty + O
k=0  p=0 p: Ow
3 kk_l ! (» N+1
=22 [, Vel @) nIV () ()]s (6) + O

O

Lemma 4.3. The third term on the right-hand-side of the equality (4.3|) admits the
following expansion

Ek/ VU(x) - n(x)ve(z)ds = — ZskTgfo 2(2) + O(eNTY).
Ow; <
where the functions z — T[}o”’fo (2), 0 <k <N are defined in Q by
k
T, <z>

e 3y pL B R e )

p=0qg= 0
Proof. Using the change of variable x = z + €y, we obtain
/ VUi(x) - n(x)vo(x)ds = e | VU(2+ey) - n(z +ey)vo(z +ey)ds(y). (4.5)
Ow, e Ow
From the fact that vy is smooth in a neighborhood of z, one can derive

Then, it follows that

/ VUi (z) - n(x)vo(x)ds
Ow; e
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za/d Z .V(q“)Uk( Z .V(”)Uo (y*)]ds(y) + OV T).

qu

Using the Cauchy product formula, one can check the following asymptotic expan-

sion of the term (4.5),
/ VU(x) - n(x)ve(x)ds
Ow; ¢

N-2 P 1

— 5p+2
Z Z 1(p — o)
= = dr—a)

. /6 [VIHDUL(2) (y )] - n(y) VP Do (2) (57~ N)]ds(y) + O H).

Consequently,

Z /&U”VUk n(z) vo(z)ds
N N-2

Z €k+p+2 Z

=1 p=0

8 /a VDU (2) (y)] - n(y) VP~ Do (2) (5P~ 9)]ds(y) + OV )

N k-3 p

gp AP B0 B e

k=3 quO

- /a VDU pa(2)(y")] - n(y) VP00 (2) (5P~ )]ds(y) + O ).
O

4.2. Asymptotic expansion. We are now ready to present the main results of
this section. Based on the previous estimates, we derive a high-order topological
asymptotic expansion for all shape function satisfying the assumptions (A1) and

(A2).
Theorem 4.4. Let w, . = z + cw be a small topological perturbation in Q) and j a

shape function of the form j(Q,.) = Je(ue). If Je satisfies the assumptions (Al)
and (A2), then j admits the asymptotic expansion

N
§(00) = 3(9) = 3 F6bj(2) + ofe™),
k=1

where 6] is the k-th topological derivative defined in Q by

5ti(z) = d Tmy () +0°J(2) ifk=1,2
TEE3(2) + T (2) + T3 (2) + 6% J(2) if3<k <N.

Proof. Using the fact that j satisfies assumptions (Al) and (A2), we have

Jg(ua) — J()(UO) DJQ(U() — UO + ZEkék )
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Using (4.1)), we derive
DJO(UO)(Us — ug) = ap(uo — Ue, Vo),
Using the decomposition (4.3)) and accordmg to Lemmas H - and . we derive

kT1,k 3 k12,k 1
D.Jo(uo)(ue — uo) E e 00" (2 E e T, (

k3,k— 3 N+1
+ Z T (2) + 0.
By combining the above equalities we obtaln the desired result. 0

5. SHAPE FUNCTION EXAMPLES

We now discuss the assumptions (Al) and (A2). We present two examples
of shape functions satisfying the considered assumptions and we calculate their
variations §'.J, 2J, ..., and 6V J.

5.1. First example. We consider the linear function
Je(u) = /Q gudr, Yue HY(Q,.), (5.1)
with g € H'(Q) is a given function.
Proposition 5.1. The function J. satisfies the assumptions (A1) and (A2) with
DJy(w) = / gwdz, Yw € Vy, and for any 1 <k <N, 6*J(z)=0 in Q.
Then the assocszated shape function

j(Qz,E) = / guedx
Q

z,€

admits the high-order asymptotic expansion
N
J(900) = 5(@) = 30 55(2) 4 0(=),
k=1

where 6] is the k-th topological derivative of j defined in 0 by

k .
#5(z) = { o ) yh=12 (52)
Tk’ () + Ty () + T30 (2) 3 <k <N.

Proof. The function Jy is differentiable and we have
DJy(w) = / gwdzr, Yw € V.
The variation of j is given by !
J(Q,0) —3(Q) = /Q gue dr — /quo dx = DJy(up)(ue — up).
Hence the function J. satisfies ythe assumptions (Al) and (A2) with

DJy(w) = / gwdr Yw €V,
Q
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6%J(2) =0 foreach1 <k < N and all z € Q.
The asymptotic expansion of j follows immediately from Theorem O

5.2. Second example. We consider the semi-norm function associated to the H?!
Sobolev space

Jo(u) = / |Vu — VUy|?dz, Yue HY(Q,.) (5.3)

Z,

with Uy € H'(Q) is a given desired (objective) state, smooth in a neighborhood of
2.

Proposition 5.2. The function J. satisfies the assumptions (A1) and (A2) with

DJy(w) = 2/ V(ug — Uy) - Vwdz, Yw € Vy,
Q

where
570y = | T () iflk=1.2
T L) + TEEP () + T2 () + T 2 (2) f3<k<N.

Proof. The function Jy is differentiable and we have
Do) (w) = / Vuo — VU] - Vwdz,
Q
and

J(Q ) —3(Q) = / |Vu, — VUy|*dx —/ |Vug — VU, |2 dx
Qz,s Q

= DJ()(U())(UE — 'LLO) +/ |VU0‘2d£C

7/ |VUd|2dx+/ |Vug — Vu|*de.

Thanks to the regularity of uy and Uy in w, ., one obtains

/ |Vuo|2dx—zekz}fuf 2+ 0N,

z,e

/ VU4 *dx = ZskTUlde;’( )+ 0N,
Wz,e k=3

By the Green formula, it follows that
/ |Vug — Vu|*de = —/ V(ug — ue) - nugds.
Qe Owz,e

Applying the technique developed in Section [d] one can derive

N
/ Vug — VuePde =Y " " TEN 1 (2) + Zakzj”jo () + O(eNT).
Sz,s

k=1

By combining the above equalities we obtain the desired result. ([
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Concluding remarks. Two main results are presented in this paper.

The first result is devoted to a high-order asymptotic expansion for the Laplace
equation solution with respect to the presence of a Dirichlet geometry perturbation.
This question has been investigated by Ammari and Kang [3] in the inhomogeneities
case. Here, we extend this result for a more singular case described by a Dirichlet
perturbation.

The second result deals with the high-order topological derivatives. A high-order
topological asymptotic expansion is derived for a large class of shape functions. The
use of higher-order terms in the topological asymptotic expansion of the shape func-
tion may certainly be decisive in improving the topological optimization algorithms
without restrictions on the perturbations sizes. The high-order topological deriv-
ative are essential when the first-order topological derivative §;j vanishes at some
critical points inside ).

The present work can be considered as a generalization of the topological gradient
notion. The mathematic analysis is general and can be easily adapted to other
partial differential equations.
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