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MULTIPLE SOLUTIONS FOR QUASILINEAR ELLIPTIC
EQUATIONS WITH SIGN-CHANGING POTENTIAL

RUIMENG WANG, KUN WANG, KAIMIN TENG

ABSTRACT. In this article, we study the quasilinear elliptic equation
—Apu— (Apud)u+ V(@)lulP~%u = gz,u), = ERY,
where the potential V(z) and the nonlinearity g(z,u) are allowed to be sign-

changing. Under some suitable assumptions on V' and g, we obtain the multi-
plicity of solutions by using minimax methods.

1. INTRODUCTION

In this article, we are concerned with the multiplicity of nontrivial solutions for
the quasilinear elliptic equation

— Apu— (ApuP)u + V(@) |ulP~%u = g(z,u), xRN, (1.1)

where Apu := div(|Vu[P~2Vu) is the p-Laplacian operator with 2 <p < N, N > 3,
V € C(RN) and g € C(RY x R) satisfy superlinear growth at infinity.

In recent years, there has been increasingly interest in the study of the quasilinear
Schrédinger equation

— Au— A@W)u+V(z)u = g(x,u), =RV, (1.2)

Such equations are related to the existence of solitary wave solutions for quasilinear
Schrédinger equations

0ph = =Dy + W(x)¢ — g, [0 )0 — kA1) (1P, (1.3)

where ¢ : R x RN — C, W(x) is a given potential, & is a real constant and
p, g are real functions. Quasilinear Schrodinger equations of the type with
k > 0 arise in various branches of mathematical physics and have been derived as
models of several physical phenomena, such as superfluid film equations in plasma
physics [I1] and the fluid mechanics in condensed matter theory [5l [12] [19] 23] [17]
and so on. The related Schrodinger equations for k = 0 have been extensively
studied (see e.g. [4, 10, 9] and their references therein) in the last few decades. For
k > 0, the existence of a positive ground state solution has been proved in [I8] by
using a constrained minimization argument, which gives a solution of (1.2)) with
an unknown Lagrange multiplier A in front of nonlinear term. In [I4], the authors
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establish the existence of ground states of soliton type solutions by a minimization
argument. In [I5], by a change of variables the quasilinear problem was transformed
to a semilinear one and Orlicz space framework was used as the working space, and
they were able to prove the existence of positive solutions of by the mountain-
pass theorem. The same method of change of variables was used recently also in [§],
but the usual Sobolev space H'(R") framework was used as the working space and
they studied different class of nonlinearities. In [16], it was established the existence
of both one-sign and nodal ground states of soliton type solutions by the Nehari
method. In [27], where the potential V(z) and g is allowed to be sign-changing, g
is of superlinear growth at infinity in u, the author obtain the existence of infinitely
many nontrivial solutions by using dual approach and symmetric mountain pass
theorem.

Recently, there has been a lot of results on existence and multiplicity for problem
. The existence of nontrivial weak solutions of has been proved in [21] by
using minimax methods and method of Changes of variable, where V is a positive
continuous potential bounded away from zero. In [2], the authors use variational
method together with the Lusternick-Schnirelmann category theory to get the ex-
istence and multiplicity of nontrivial weak solutions, where V is also a positive
continuous potential bounded away from zero. In [I], the authors established the
multiplicity of positive weak solutions through using minimax methods, where the
potential V' is of form V(z) = AA(x) + 1 and A(z) is a nonnegative continuous
function. The other related results can be seen in [3] and the references therein.

In the above mentioned paper, the potential V is always assumed to be positive
or vanish at infinity except [27]. In the present paper we shall consider problem
with non-constant and sign-changing potential. We will investigate the existence
of at least two solutions and the existence of infinitely many nontrivial solutions
of through using the Ekeland’s variational principle, variant mountain pass
theorem and symmetric mountain pass theorem. Our main results improve the
corresponding theorems in [27] in some sense.

For stating our main result, we make the following assumptions on the potential
function V(x)

(A1) V € C(RY) and inf,cpn V(z) > —o0, and there exists a constant dy > 0
such that

lim meas({z € RY : [z —y| < dy, V(z) < M}) =0, VM >0.

ly|—o0

Inspired by [13} 27], we can find a constant V > 0 such that V(z) = V(z) +Vp > 1
for all z € RN and let g(z,u) = g(z,u) + Vo|u[P~2u, for all (z,u) € RY x R. Then
it is easy to show the following Lemma.

Lemma 1.1. Equation (1.1) is equivalent to the problem
— Apu — (Apu?)u + V(2)|ulP~%u = g(z,u), xRN, (1.4)

In what follows, we impose some assumptions on g and its primitive G(z,t) =
f[f g(x, s)ds as follows:

(A2) g € C(RY x R,R) and there exist constant C' > 0 and 2p < ¢ < 2p* such
that

9(z, w)| < C(lulP~ + u?™h),  ¥(z,u) € RV x R;
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(A3) limjy|—eo G(z,u)/|ul*’ = 400 uniformly in z € RY, and there exists ro > 0,
7 < p and Cy such that inf G(z,u) > Colu|™ > 0, for all (z,u) € RY x R,
lul = o3

(Ad) G(z,u) = ﬁuy(x, u) — G(z,u) > 0, There exist C; and o > % such that

(é(x,u))o < C’1|u|p“é(x,u) for all (z,u) € RY x R, |u| > ro;

(A5) There exist g > 2p and Cy > 0 such that pG(x,u) < ug(x,u) + Ca|ulP, for
all (z,u) € RN x R;

(A6) There exist u > 2p and r; > 0 such that uG(z,u) < ug(z,u), for all
(z,u) € RN x R with |u| > r1;

(A7) limy,—o G‘(uml’pu) = 0 uniformly in = € RY;

(A8) g(z, —u) = —g(x,u) for all (z,u) € RN x R.
Remark 1.2. It follows from (A3) and (A4) that

Glz,u) > Cl,l(Gf;;“))a — o (1.5)

uniformly for x € RY as |u| — oo.

Now, we state our main results.

Theorem 1.3. Suppose that conditions (A1)-(A4) are satisfied. Then (|1.1)) pos-
sesses at least two solutions.

Theorem 1.4. Suppose that conditions (A1)—(A3), (A5) are satisfied. Then (1.1)
possesses at least two solutions.

From (A2) and (A6), it is easy to verified that (A5) holds. Thus we have the
following corollary.

Corollary 1.5. Suppose that conditions (A1)—(A3), (A6) are satisfied. Then (1.1)
possesses at least two solutions.

If we add the hypothesis (A8), we can obtain the infinitely many solutions for

problem (1.1).

Theorem 1.6. Assume that (A1)—(A4), (A8) are satisfied. Then (1.1) possesses
infinitely many nontrivial solutions.

Theorem 1.7. Assume that (A1)-(A3), (A5), (A7), (A8) are satisfied. Then
possesses infinitely many nontrivial solutions.

Corollary 1.8. Assume that (A1)-(A3), (A6)—(A8) are satisfied. Then (1.1) pos-
sesses infinitely many nontrivial solutions.
Remark 1.9. If we use the following assumption instead of (A2):
(A2)) g € C(RY x R,R) and there exist constant C3 > 0, p < r < 2p and
2p < q < 2p* such that
[9(z,w)| < Cs(Jul"™" + [u|*™"), V(z,u) € RV x R.

Then the assumption (A7) is not needed. Thus we can get the similar results as
Theorem [L3HL7l Here we omit their statements.
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2. VARIATIONAL SETTING AND PRELIMINARY RESULTS

As usual, for 1 < s < +o00, we let
fulle = ([ _lu@) e ue L @),
RN

We denote C, C; (i =0,1,2,---) as the various positive constants througilout this
paper. Throughout this section, we make the following assumption on V instead
of (Al):
(A1) V € C(RYN,R), and inf,cgn V(z) > 0, and there exists a constant dg > 0
such that
lim meas({z € RY : |z —y| < dy, V(z) < M}) =0, VM >0.

ly|—o0
Let
B o= {uc W (RN R): / V(@) |ulPda < oo},
RN
which is endowed with the norm

ullp = (/RN(\W\P —|—V(a:)|u|p)da:)

Under assumption (A1’), the embedding E — L*(RY) is continuous for s €
[p,p*), and E — L (RY) is compact for s € [p,p*), i.e., there are constants
as > 0 such that

1/p

lulls < asl|ul|lg, Yu€ E, s€[p,p¥).

Furthermore, under assumption (A1), we have the following compactness embed-
ding lemma due to [7 [0 [26].

Lemma 2.1. Under assumption (A1’), the embedding from E into L*(RY) is com-
pact for p < s < p*.

The energy functional J : E — R formally can be given by

1 2 1 —
J(u) = f/ |VulPde + / |Vu|P|ulPdz + f/ V(z)|ulPdz
D Jry RN P Jry

p—1

p

- G(z,u)dz
RN

1 1 — _
= f/ (1 + 22~ HuP) | VulPdz + f/ V(z)|ufPdz — / G(z,u)dz.
P JrWN P JrN RN
Since the integral fRN |Vu|Plu|Pdz may be infinity, J is not well defined in general

in E. To overcome this difficulty, we apply an argument developed by [I5]. We
make the change of variables by v = f~!(u), where f is defined by

P 1
PO = i rmp

t € [0,00),

and
f(=t) = —f(t), t € (—00,0].

Some properties of the function f are listed as follows.

Lemma 2.2. Concerning the function f(t) and its derivative satisfy the following
properties:
(1) f is uniquely defined, C? and invertible;
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(2) 1/ )] <1 for all t € R;
@) [f (O] < [¢] for all t € R;

(4) th>—>1 ast— 0;

(5) L\/?—uz>0 as t — 400;

(6) @ <tf'(t) < f(t) for allt > 0;

(7) L8O <4/ (6) £(£) < F2(t) for all t € R;

(8) |f(t)| <235 |t|* for allt € R;

(9) there exists a positive constant Cy such that

Calt],  t[ <1,
Cult]>, [t > 1

1£(®)] 2{

(10)

2 sf2(t), 0<s<1,
d (St)<{52f2(t), >

1D [fOF O < ==

2 p

Proof. We only prove properties (10). Since the function (f2)” > 0, in [0, +0c0),
and therefore item f? is strictly convex,
P = 5)0+ 1) < (1— 5)£2(0) + s£2(t) = s£2(0).

In order to prove f2(st) < s?f%(t), when s > 1. We notice that, since f” < 0 in
[0,400), we have that f’ is non-increasing in this interval. For any ¢ > 0 fixed
we consider the function h(s) := f(st) — sf(t) defined for s > 1. We have that
W(s):=tf'(st)— f(t) <tf'(t)— f(t) <0, by (fs). Since h(1) = 0 we consider that
h(s) <0 for any s > 1; that is, f(st) < sf(t) for any t > 0 and s > 1. Thus the
proof is complete. |

By the change of variables, from J(u) we can define the following functional

10) =5 [ (9o +V@ls@P)e - [ G fe)ds, (@1

which is well defined on the space E. From (A2), we have

G(x,u) < C(|u? + |ul?), for all (z,u) € RN x R.
By standard arguments, it is easy to show that I € C*(E,R), and

(I'(v),w) = /]RN [VolP~ Vvadx—F/RN V(x)|f() P72 f(v) f (v)wdz s

- / 9z, f(©)) f' ()wdz,
RN

for any w € E. Moreover, the critical points of I are the weak solutions of the
following equation

—Ap0 + V(@) f ()P f(0) ' (v) = G(x, f(0)) ' (v).
We also observe that if v is a critical point of the functional I, then u = f(v) is a
critical point of the functional J, i.e. u = f(v) is a solution of problem ([1.4]).
Next, we present the relationship between the norm ||ul|g in E and [, (|Vul? +

V(@) f (u)P)da.
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Proposition 2.3. There exist two constants Cs > 0 and p > 0 such that
[ (vul? + V@)l P)de = Callully, ¥ ue {ue E: uls < p).
R

Proof. Suppose by contradiction, there exists a sequence {u, } C F verifying u,, #
0, for all n € N and ||u, ||z — 0, such that

/RN (|Vun|p —&—V(m)iv(un”p)dx — 0. (2.3)

||un||%‘ HUHHI}JE

Set v, = up/||un||E, then |lv,||g = 1, passing to a subsequence, by Lemma [2.1] we
may assume that v, — v in E, v, — v in L*(R"Y) for s € [p,p*), v, — v a.e RV,
Therefore, (2.3) implies that

_ p _
/ |V, |Pdz — 0, V(x)de -0, V(@)|on|Pde — 1. (2.4)
RN RN [[un s RN

Similar to the idea in [25], we assert that for each ¢ > 0, there exists C5 > 0
independent of n such that meas(Q,) < ¢, where Q,, := {z € RY : |u,(2)| > C¢}.
Otherwise, there is an €9 > 0 and a subsequence {u,, } of {u,} such that for any
positive integer k,

meas({z € RY : |u,, (z)] > k}) > o > 0.
Set Q,,, = {z € RN : |u,, (x)| > k}. By (3) and (9) of Lemma we have

linelly = [ V@lun, o> [ Vi@)lfun,)de

> / V()| f (un, ) [Pdz > C(;kgam

T

which implies a contradiction. Hence the assertion is true.
On the one hand, by the absolutely continuity of Lebesgue integral, there exists
§ > 0 such that when A C RY with meas (A) < d, we have

vV p 1
/AV(I)|vn(x)\ dz < >

Hence, we can find a constant C7 > 0 such that meas (Q,) < 6. Thus we infer
that

_ 1
/ V() on ()| do < L. (2.5)
Qn p
On the other hand, when |u,(z)| < Cg, by (9) and (10) of Lemma[2.2] we have
|un [P |f (un) P

/ V(z)|v,|Pdx = / V(z) sdz < C’7/ V(z)——5—dz — 0.
RN\Q, RN\Q, ||Un||E RN\Q, HUnHE

(2.6)
Combining (2.5) and (2.6, we have
_ — — 1
V@lon@l = [ V@l@P+ [ V@@l < >+ o),

Q’Il

RN

which implies that 1 < %, a contradiction. The proof is complete. O
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Proposition 2.4. For any sequence {u,} C E satisfying
[ (090 + V@)l ) < G,
there exists a constant Cg > 0 such that
[ 19 + V@) )e = o, Y €.

Proof. We argue by conradiction, so there exists a subsequence {uy, } of {u,} such

that
P _ p

The rest of the proof is similar to Proposition[2.3] we can deduce the conclusion. [

At the end of this section, we recall the variant mountain pass theorem and
symmetric mountain pass theorem which are used to prove our main result.

Theorem 2.5 ([22]). Let E be a real Banach space with its dual space E*, and
suppose that I € C*(E,R) satisfies

max{(0),I(e)} < p<n< Hiﬂipl(“)’

for some p >0 and e € E with |le|| > p. Let ¢ > n be characterized by

c= ;ren; Jnax, I(y(7)),

where ' = {y € C([0,1], E) : v(0) = 0,7(1) = e} is the set of continuous paths
joining 0 and e, then there exists a sequence {u,} C E such that

I(up) —c>n and (14 |lup])| I (un)||g= — 0, asmn — oc. (2.7)

A sequence {v,} C F is said to be a Cerami sequence (simply (C).) if I(v,) — ¢
and (1 + ||vp|lg)!’(vy) — 0, I is said to satisfy the (C). condition if any (C).
sequence has a convergent subsequence.

Theorem 2.6 ([20]). Let E be an infinite dimensional Banach space, E=Y @ Z,
where Y s finite dimensional. If ¢ € CY(E,R) satisfies (C).-condition for all
c>0, and

(1) ¢(0) =0, p(—u) = p(u) for allu € E;

(2) there exist constants p, o such that ¢|0B, N Z > «;

(3) for any finite dimensional subspace E C E, there is R = R(E) > 0 such
that ¢(u) <0 on E \ Bg.

Then @ possesses an unbounded sequence of critical values.

3. (C). CONDITION

In this section, we will prove the bondedness of (C). sequence and then show
that bounded (C). sequence is strongly convergence in E.

Lemma 3.1. Any bounded (C). sequence of I possesses a convergence subsequence

in E.
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Proof. Assume that {v,} C F is a bounded sequence satisfying
I(v,) = ¢ and (14 ||vn|lg)! (v,) — 0. (3.1)

Going if necessary to a subsequence, we can assume that v,, = v in E. By Lemma
v, — v in L*(RY) for all p < s < p* and v, — v a.e. on RV. First, we claim
that there exists C1g > 0 such that

L, 9 =0l + V@ (1025w (w0)
— @2 F @) (0) ) (0 — v)da
> [ (Vo = 9o ) = o)+ @) (17w 2 ) ) 5
RN
~ @2 @) (0)) (v — v)da
> CIOHUH - UHI;J'

Indeed, we may assume that v, # v. Set

vn—v )P (n) () — ()P f () f(0)

Wy = ————
e ol [vn —v[P~

We argue by contradiction and assume that
/ |Vwy,|P + V(2)hy (z)whdz — 0.
RN
Since
d - - 22 f(e)P
el p—2 ! — p—2| £/ 2 _1—
G (FOP00®) = O 21 OF -1 - s

so, |f(t)[P~2f(t)f'(t) is strictly increasing and for each C1; > 0 there is 6; > 0 such
that

>0,

d -
(IF@P 20 @) > 61 as il < O,
From this, we can see that h,(x) is positive. Hence
/ |Vw,|Pdz — 0, / V(z)hn(x)wPdz — 0, / V(z)|w,|Pde — 1.
RN RN RN

By a similar argument as Proposition 2.3} we can conclude a contradiction.
On the other hand, by (2), (3), (8) and (11) of Lemma[2.6] (A2) and the definition
of the f'(t), we have

(9, (0a)) £/ (o) = G, F(0) £ () ) (00 — v)d]

|
RN
< ([, W@+ [ ot @) @)l vlda
< [ (8@ 1w @)l fon — olda
RN
+ [ G + )1 @) — olds

< /RN Clz(\f(vn)lp—llf/(vnﬂ + |f(’Un)‘q—1|f/(1)n)|) |Un, — v|da
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+ [ Callf@p s el + 1w

(o)}
< [ Cnisears T+ 20 [ (u) |7

SR /()
+ [ Ca(rr + gl s o —vide

< [ (Il + £ + P+ ), — vlds
RN

>|vn —v|dx

)|Un —vldz

< [ Crn(fenl™ ol o ol o = olde
RN

< Cua((lonlz™ + 0I5~ om = vllp) + Caz ((oallg® + 0ll5T Mlon = vll3)
=o(1).
Therefore, by and the above inequality, we have
o(1) = <Il(Un) — I’(v),vn — )
= [ [ = o + V@ (w2 )
P2 @) (0)) (0 = v) | de

- [ (@ 1) (00) = 3o S0 0)) 00— )
RN
> Cuzllon — vl +o(1),
which implies that ||v, —v||g — 0 as n — co. The proof is complete. O

Lemma 3.2. Suppose that (A1’), (A2)-(A4) are satisfied. Then any (C). sequence
of I is bounded in E.

Proof. Let {v,} C E be such that

I(v,) = ¢ and (14 ||vn|lg)! (v,) — 0. (3.3)
Thus, there is a constant Ci4 > 0 such that
1
I(Un) - 27<Il(vn)vvn> S C114- (34)
p

Firstly, we prove that there exists Ci5 > 0 independent of n such that

/RN (|V1;n|p +V($)|f(vn)|p)dx < (Cis. (3.5)

Suppose by contradiction that

lonll? = /RN (IV0ul? + V@)l f () )dw — 00 a5 n— oo,

Setting f(vyn) := f(vn)/l|vnllo, then ||f(v,)||lg < 1. Passing to a subsequence, we

may assume that f(v,) — w in E, f(v,) — w in L*(RY), p < s < p*, and
f(v,) — w a.e. RV, It follows from (3.3) that

i [ GGt @)

dx >
n—oo Jgnv  |lvallf -

1
- (3.6)
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Let ¢n = f(va)/f'(va). by (B), we have

1
> Y2 <
Cra > I('Un) % <I (Un)7 Qon>
1

- 2p RN
. _
+ [ gt fe e = [ Gl fon))de

VoI @lPde+ oo [ V@I n)Pda

which implies

Cuu> | Gz, fon))dz. (3.7)

RN

Set
h(r) := inf{é(x, f(wn) :z € RN |f(v,)| >} r>0.

By (L.5), h(r) — oo as r — co. For 0 < a < b, let Q,(a,b) = {r € RN :a <
|f(vn(z))| < b}. Hence, it follows from (3.7) that

Ciy > /Qn(ovr) G(J), f(’Un)) + \/Qn(r’+oo) G(JZ, f(Un))

> / Gl f(0n)) + h(r) meas(S (1, +00)),
Q,,(0,r)

which implies that meas({2,(r, +00)) — 0 as r — oo uniformly in n. Thus, for any

s € [p,2p*), by (8) of Lemma Holder inequality and Sobolev embedding, we
have

/ fs(un)dx
Qp (7'7+OO)
2p* —s

= </5n(r,+oo) = (Un)dx) w (meas(Qn(r7 +oo))> 2
< Cle_

= loalld
Cir b ST
75( |an|p) (meas(ﬂn(r, +oo)))

||UnH0 Qy, (r,400)

2p* —s
*

< C’17||11n||a% (meas(Qn(r, —|—oo))) RN 0,

2p* —s
*

( /Q o) A% f2(vn)\p) % (meas(Qn(r, +OO))> o 35)

*

<

as r — oo uniformly in n.
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If w =0, then f(v,) = {5:?‘2 — 0in L¥(RN), p < s < p*. Forany 0 < € < ﬁ,

there exist large r1, Ny € N such that

Gl foD 7 s
/Qnm,m oy 1 )

Cislf(vn)[” + Crolf(vn)l? 7\ 1p
“oon Foap el

< (Crs + Cror?™) / Flon)Pda

Q,(0,m1)

< (Cis + C197“(117p)/ |f(v,)|Pdz < e,
RN

for all n > Ny. Set o' = —%5. Since o > ﬁ—fp, so pa’ € (p,2p*). Hence, it follows

from (A4) and (3.7) that

G, f@a] 70 Vs
/Qn(n,+o<>) | f(vn)[P 1#(vn)d

<(f Capra) ([ fwora)”
< C;({U</gn(rl’+oo)&(I,f(vn)dm)l/a(/sn( |J?(Un)|p"/dx>1/

~ , 1/0’
< O )P da) <,
Qp (r1,+00)

for all n. Combining (3.9)) with (3.10)), we have

Gle: £(1)) Gla, f(on) 5 |
el 4 S | F ) [P < 26 < -,
/R” foully (/ﬂn<o,m>+/nn<m,+oo)) | f(vn) [P o)l dz < <

for all n > Ny, which contradicts (3.6)).

If w # 0, then meas(Q) > 0, where Q := {x € RY : w # 0}. For z € Q,
|f(vn)| — 00 as n — oo. Hence  C Q,(rg, 00) for large n € N, where r¢ is given
in (A3). By (A3), we have

é(xv f(vn))
|f(vn)]?P
Hence, using Fatou’s lemma, we have
/ G(z, f(vn))
RN |f(vn)‘2p
It follows from (3.3)) and (3.11]) that
0= lim ctoll) lim I(vn)

n=oo flonllg n=oo fluallg

;(1 /RN(WWP+V(x)|f<vn)|p>dx—/w é(ar,f(vn»dx)

im
n=oc [lunllg \p

([ T
_"1_’00 (p /Qn(O,m) |f(vn)‘p |f(vn)|pdx

’

(3.10)

’

r1,4+00)

— 400 as n — o00.

— 400 as n — oo. (3.11)
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[ Gl g, pa)
Qp, (ro,+00)

|f(on)IP
< Hlmsup(Cn + Caarf ) [ Fln)pa
B /szm,m) (Wlf (v)|Pdz
< Cyy — lim inf /RN Wlf(vn)f(vn)lpdx — e

which is a contradiction. Thus, there exists Ci5 > 0 such that
[ (Vo + V@) (@) < C.
RN

Hence, from Proposition we have that {v,} is bounded in E. ([l

Lemma 3.3. Suppose that (A1’), (A2), (A3), (A5) are satisfied. Then any (C).
sequence of I is bounded.

Proof. Let {v,} C E be such that
I(v,) — ¢ and (1 + ||vn]lg)I'(v,) — O. (3.12)

Thus, there is a constant Cos > 0 such that
L
I(Un) - ;<I (Un)vvn> < C25~ (313)
Firstly, we prove that there exists Cog > 0 independent of n such that
/ (IVenl? + V(@) £ (wa) ") da < Cas.
RN

Suppose by contradiction, we assume that

lonll? = /RN (IV0ul? + V@)l f () )dw — 008 n— oo,

2P f(vn) P
L+ 2P f(vn)|P

) = V[ foa) - @+ 277 f(0a)P)/P] = Vwa 1+ !
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By (A5) and p > 2p we can obtain

Cos > I(vn) — ! <I/(Un) }f,((vn))>
:;/ (IVonl? + V(@)|f(vn)[P)d / (@, f(vn)
- ANW7V2V 33>M

1

m
+;AN@@J@mﬁmmﬁggym

1

m

- p—2 , f(vn)
L[ (e ﬂ%ﬁ@wﬂwﬂm
21| f(vy,)] )}|V1}n|pd$

i

p\ T T (o) (3.14)
1

u

)V (@) f (va)[)da

+= [ [a@ fen)f(en) = nGla. f(v0))] da
RN
1 2 Pdr 1_,* 0. IP)dz
> [ G2t [ (= V@) )P
1 p
- | s

> (

Py P 1 P
) [ (Ve + P@IsaP)ds = [ p@ra

> ( HMW**/If%WM

1
p
1
p

Setting f(vy) = F(n)/l|vnllo, we have ||f(vn)\|E < 1. Passing to a subsequence,
we may assume that f(v,) — w in E, f(v,) — w in L*(RY), p < s < p*, and
flvn) — wae RN,

From ((3.14)),

Cas 1 2 1 ~
>(=—=)—— f(vp)|Pde.
ATy S

Hence, we obtain
1/ ~ 1 2
— flo)Pde > (= — =)+ o(1).
=] B rde > = Do)

Then f(v,) — w and w # 0, so | f(v,)| — 00 as n — oo.
Also by (A3), we have

— +00.

G(z, f(vn))
| f(vn) [P
So

e fv)
L o =+ (3.15)
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From (3.12) and (3.15) it follows that

0= tim S _ g Tl0n)
n—oo ||u[g n—oo [luglg
. 1 1 — —
=t (0 (VP + V@l P - [ GG f))
n=o |lunllg \p Jrnv RN (3.16)
: 1 é((E, f(vn)) ry .
= lim (- — _ f Un Pdg
B (o~ fo TR )
o G(z, f(vn))
< (! fhmlnf/ —————|f vp)|[Pde = —o0.
27 n—oo Jun |f(vn)‘2p | ( ) ( )|
Which is a contradiction. Thus, there exists Cag > 0 such that
[ (90l + V@)l w)P)do < Cas
R
Hence, from Proposition we obtain that {v,} is bounded in E. (Il

Since (A2) and (A6) imply (A5), we have the following corollary.
Corollary 3.4. Suppose that (A1’), (A2), (A3), (A6) are satisfied. Then any (C).

sequence of I is bounded.

4. PROOF OF MAIN RESULTS
Proof of Theorems [1.3| and [1.4]

Lemma 4.1. The functional I is bounded from below on a meighborhood of the
origin. That is, there exist Cog € R and p > 0, such that

I(u) > Caos, Yu€eB,={ueFE:|u| <p}
Proof. If the conclusion is not true, there exists {u,} C E, satisfying
1
nll <=, I(un —00.
fuall < L0 1) = —oc

So u, — 0in E, and

1) =2 [ (90l e Vs - [ G sua
Obviously,
1 : Pydx —
5,/]RN [VunlP + V()| f(un)[?)dz — 0.

From (A2), and (3) and (8) of Lemma[2.2] we have

Gl flun))de < Con [ (1£)l + 1))

RN
<Ca [ (Junl + unl )z =0,
]RN
Hence, I(u,) — 0, contradicts with I(u,) — —o0, as n — +00. O

Lemma 4.2. There exists ¥ € E, such that 1(t9) < 0, for t small enough.
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Proof. Let ¥ € Cg°(RY,[0,1])\{0}, and K = suppd. From (A3), we have
é(xvu) > CBO|U|T >0,
for all (z,u) € RN xR, |u| > 7. By (A2), for a.e. z € RN and 0 < |u| < 1, there
exists M > 0 such that
e OOl ™).

|u|| <M
|ulp |ul? -

which implies that

We can use the equality G(z,u) = fol G(z, tu)udt, for a.e. x € RN and 0 < |u| <1,
to obtain

G(r,u) > ——|uf?
Then
G(z,u) > ——ul|? + Cspul™ (4.1)
So from ,
1(19)
tP 1
== [ |vopar+ p/ V(@)|f (#9)Pda —/ G, f(t9))dz
(4.2)
< 7/ (Vo + V()9 dx+—/ F(19) \sz_cm/ \F ()| dx
RN
<

5/ (|V19|p+V(x)\19|p+M|19|p)d:c—031/ |f(t9)|"dz.
RN RN

Since f(t)/t is decreasing and 0 < ¢ < ¢, for t > 0. We obtain f(td) > f(¢)9.
By (9) of Lemma we obtain f(td) > Ctd, for 0 <t < 1. Hence
P
I(t9) < t—/ (VI[P + V(2)[9P + M[9P)dz — ngtT/ |97 de,
P JrN RN
and since 7 < p, we obtain I(tJ) < 0, for ¢ sufficiently small and the Lemma is
proved. ([l

Thus, we obtain that
co = inf{I(u) :u € B,} <0,
which p > 0 is given in Lemma Then we can apply the Ekeland’s variational

principle and [24, corollary 2.5], there exists a sequence {u,} C B, such that
Cs3 < I(up) < Cs3 + % Hence

1 _
I(u) > I(u,) — EHw—unHE, Yw € B,,.

Then, following the idea in [24], we can show that {u,} is a bounded Cerami
sequence of I. Therefore, Lemma [3.1] implies that there exists a function uy € E
such that I'(up) = 0 and I(ug) = ¢ < 0.

Next, we show that there exists a second solution for problem

Lemma 4.3. If the conditions (A1)-(A3), (A7) are satisfied, there exist two con-
stants p1 > 0, a > 0, such that

Iu)>a>0, YueS, ={ueE:|ul|lg=p}
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Proof. From (A2) and (A7), it follows that
|G(z,u)| < elul? + Cclul?, V(z,u) € RN xR.

Thus, by Proposition we take u € F with ||ul| < p, where p is given in Propo-
sition 23] we can deduce that

1 — _
Iw) =3 [ (vl + V@l s@las = [ G fu)ds
C
> = llullf = Cellully; - Cellullg (43)
C
> S2{ull ~ Calull

and since ¢ > 2p, there exists a, p; > 0 such that I(u) > a > 0 for ||u|lg =p1. O

Lemma 4.4. There ezist a v € E with ||v||g > p1, such that I(v) <0, which p; is
defined in Lemmal[{.3

Proof. Let ug € E and ug > 0. From (A3), (9) of Lemma [2.2] and Fatou’s Lemma,
we have

G(x,
g 00— i ([ (Sl + V@) o - [ GET0 gy
\VUOV’ V()|tuo P
< tllvngo (/ T+ /RN ptp dz
(!F,f(tuo)) (f(tug))® .,
L s iy o)
_uolly Gz, f(tuo)) (f(tuo))*
= [ S g (0
[[uo||% G, f(tug)) (f(tuo))® _
= D c - /RN htn—l»logf (F(tuo)?  (tuo)? (u)*dw = —oo.
Thus, this lemma is proved by taking v = tug with ¢t > 0 large enough. O

Based on Lemmas [£.3] and [£.4] Theorem [2.5] implies that there is a sequence
{un} C E such that

I(up) — ¢ and (1 + |un|g)I’'(un) — 0.

From Lemma and it shows that this sequence {u,,} has a convergent sub-
sequence in E. Thus, there exists u; € E such that I’(u;) = 0 and I(u1) = ¢; > 0.
Consequently, the proof of Theorem [1.3]is complete.

By the similar arguments as the proof of Theorem|[I.3] Theorem[I.4]and Corollary
[1.5 can be proved.

Proof of Theorems and Let {e;}ieny € E is a total orthonormal basis
of F and {e}}jen € £, so that

E =span{e; : i =1,2,---}, E*:span{e;f:jzl,Q,-n}7

1 =
(eeny =4 "7
0, @#J;
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So we define X; = Re;,
Vi =@ Xj, Zp =83 ,X;, kel

and Y} is finite-dimensional. Similar to [24, Lemma 3.8], we have the following
lemma.

Lemma 4.5. Under assumption (A1), forp <s < p*,

Br(s) == sup  |jv]|s = 0, k — oc.
VEZy,||v||=1

Lemma 4.6. Suppose that (A1’), (A2) are satisfied. Then there exist constants
p>0,a>05uchthatl‘s nz > .
» N Zm

Proof. For any v € Z,, with |[v||g = p < 1, by (3) and (8) of Lemma [2.2] and
proposition 2:3] we have

10) =5 [ (9 + V@lf@p)a = [ Gl f0)da

> S olly ~ Cas [ (S@P +17 (@) (4.4

C
> Sl — Can [ (ol +Jol#)da
p RN
By Lemma we can choose an integer m > 1 such that

Caollv]l}; < 7IIUH Csollv]|

[SSNIASY

Car
< — R ||v||E, Yo € Z,,.

Combining the above 1nequahty with ( .7 we have

C'37 C'37 C'37 g2 Oz a=2p
I(v) > — vl — || 15 = " =l = vl 5>

since ¢ > 2p. Thls completes the proof. (I

o Y s — ) >0,

Lemma 4.7. Suppose that (A1’), (A2), (A3) are satisfied. Then for any finite
dimensional subspace E C E, there is R = R(F) > 0 such that

I(v) <0, Vo€ E\Bg.

Proof. For any finite dimensional subspace E C E| there exists a m € N such
that £ C E,,. Suppose by contradiction, we assume that there exists a sequence
{vn} C E such that ||v,||g — oo and I(v,) > 0. Hence

L P4V Pydx Gz, f(v x
= Vel £ V@l @lae > [ G fo))ie (145)

Set w,, = . Then, up to a subsequence, we can assume that w, — w in F,

”UHHE
w, — w in L*(RY) for all p < s < p*, and w, — w a.e.on RY. Set Q; := {z €
RN :w(x) # 0} and Qg := {z € RN : w(z) = 0}. If meas(Q;) > 0, by (A3), (5) of
Lemma [2.2] and Fatou’s lemma, we have
_ _ 2
/ G(z, f(:,]”))dx _ / G(z, f(”zn)) |f (vn)] lwp [Pd2 — 4-00. (4.6)
o, vl o, [fwa)lP JonlP

On the other hand, by (A2) and (A3), there exists Cyp > 0 such that
G(z,t) > —Cylt|P, for all (z,t) € RN x R.
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Hence

G P
/ G(L(gn))dx > —040/ de > 7041/ |wp,|Pda.
o llvallg 2 llvnll 2
Hence, by the fact that w, — w in LP(RY), we obtain
liminf/ Gle Jon)) 4, 5 g,
n=oo Jo,  vallg
Combining this with (4.6]), we have
/ G(z, f(va))
v lonllE
which implies a contradiction with (4.5). Hence, meas(21) = 0, i.e. w(z) =0 a.e.

on RV, By the fact that all norms are equivalent in E, there exists Cys > 0 such
that

dzr = 40,

[v][f > Cazlvlly, Vv e E.

Hence
0= lim ||wn||§ Z lim 042”7,0"”% = 042,
n—oo n—oo
this results in a contradiction. The proof is complete. (I

Proof of theorem[I.3 Let X = E, Y =Y, and Z = Z,,. Obviously, I(0) = 0

and (A8) imply that I is even. By Lemma Lemma and Lemma all
conditions of Theorem are satisfied. Thus, problem (2.1) possesses infinitely

many nontrivial solutions {v,} such that I(v,) — oo as n — oo. Namely, problem
(1.1)) also possesses infinitely many nontrivial solutions {u, } such that J(u,) — oo
as n — 0o. ]

By the similar arguments as Theorem [I.6] we can give the proof of Theorem [I.7]
and Corollary
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