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EXISTENCE AND NONEXISTENCE OF NONTRIVIAL
SOLUTIONS FOR CHOQUARD TYPE EQUATIONS

TAO WANG

ABSTRACT. In this article, we consider the nonlocal problem

q(y)|u(y)|? _
~sutu=a@)( [ %dy)w 24, RV,

where N > 3, a € (0, N), N]'j,'a <p< ]]\\’,"_'g and g¢(x) is a given potential.
Under suitable assumptions on g(x), we prove the existence and nonexistence
of nontrivial solutions.

1. INTRODUCTION

In this article, we are concerned with the equation

—Au+u= q(x)(/RN Wdy) lulP~2u, xcRY, (1.1)

where N >3, a € (0, N), 282 < p < 2 g(z) > 0 and ¢(z) is continuous in R¥.
It is well known that when N = 3, « = 2, p = 2 and ¢ = 1, Equation (1.1))

becomes the classical stationary Choquard equation
1
|

— Au+u = (|u]® * |?)u, in R3. (1.2)
It appeared at least as early as in 1954, in a work by Pekar describing the quantum
mechanics of a polaron at rest[26]. In 1976, Choquard used to describe an
electron trapped in its own hole, in a certain approximation to Hartree-Fock theory
of one component plasma [IT]. In 1996, Penrose proposed as a model of self-
gravitating matter, in a program in which quantum state reduction is understood
as a gravitational phenomenon [20], see also [10} 13} 25] for more details.

In 1977, using symmetric rearrangement inequalities, Lieb [I1] showed the ex-
istence and uniqueness of the minimizer of up to translations. Later, Lions
[T4] proved the existence of a sequence of radially symmetric solutions to by
dual variational methods. Further results for related problems can be founded in
[T, [6, [15], 19, 24] 27], 28] and references therein. In recent years, the existence and
properties of solutions for the generalized Choquard type equation withg=1
have been considered by many authors. In 2010, Ma and Zhao [I8] proved the
positive solutions for the generalized Choquard equation with ¢ = 1 must be
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radially symmetric and monotone decreasing about some point under appropriate
assumptions on p,a, N, see also [Bl 8]. They also showed the positive solutions of
is uniquely determined, up to translations. Moroz and Van Schaftingen [21]
obtained the existence, regularity, positivity and radial symmetry of ground state
solution of with ¢ = 1 for the optimal range of parameters. They also derived
the sharp decay asymptotic of the ground state solution, see also [22]. Alves and
Yang [2] studied the multiplicity and concentration behaviour of positive solutions
for quasilinear Choquard equation

Qy)F(u(y))

— P Apu+ V(x)|ulP 2 = e’“N(
! RV T =yl

dy) Q) f(u), nRY, (1.3)
where A, is the p-Laplacian operator, 1 < p < N, V and @ are two continuous real
functions on RY, F(s) is the primate function of f(s) and ¢ is a positive parameter,
see [3, [T, 23] for more related problems.

Motivated by the above work, in this article, we consider with the nonlinear
potential ¢ on the right side of the equation. To be precise, using variational
method, we investigate the existence and nonexistence of nontrivial solutions to
where nonlinear potential ¢ is radial or non-radial. To deduce our statements,
we need the following assumptions:

(H1) limy|—oc q(%) = oo, Where go > 0 is a positive number;

(H3) ¢ is bounded in RY and there exists Ry > 0 such that ming p<|zj<ar ¢(T) >

max|, <p q(x) for all R > Ry;

(H4) ¢ is radial in RY and ¢(r) < C(1+r!) with 0 < < W, where

C > 0 is a positive constant.
We remark (H1)—(H4) were introduced by Ding and Ni [9] with some modifications.
Recall here that u € H'(R") is said to be a ground state solution to (L.I), if u
solves and minimizes the energy functional associated with among all
possible nontrivial solutions. Now we are ready to state our main results.

Theorem 1.1. Let N > 3, o € (0,N), p € [2, ¥£2) and ¢ satisfies (H1). Then
the following statements are true:
(1) If limy oo q(z) = infyepn q(z), then has a ground state solution in
HY(RY).
(i) If lim)y) oo q() = sup,egpn q(x) and q is not constant, then has no
ground state solution in H*(RY).

Note that if « < N — 4, then assumptions of Theorem can not be satisfied.

Theorem 1.2. Let N > 3, a € (0,N), p € (82, 8£2). Then the following
statements are true:

(i) If q satisfies (H2) and ¢ Z 0. Then (1.1) has a ground state solution in
HY(RY).
(ii) Suppose q satisfies (H3) and q is not constant. Then (1.1} has no ground
state solution in H'(RN).
Theorem 1.3. Let N > 3, a € (0,N), p € (852, N2, If ¢ satisfies (H4) and
q #0, then (1)) has a nonnegative radial solution in H}(R™) defined in section 2.
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Remark 1.4. If the nontrivial radial solution v obtained in Theorem tends
to zero exponentially fast at infinity, then according to the proof of symmetric
criticality principle (see Theorem 1.28 in[29]), we conclude u is a solution of
in HY(RY).

Theorem 1.5. Let N >3, a € (O,N), p € (%i?, %fg‘) Suppose that q satisfies
(H4) and q(r) — +o00 as r — oo. Then for large k, has two nontrivial weak
solutions in H}(By) defined in section 2, one of which is radial while the other is
not.

The remainder of this article is organized as follows. In section 2, we introduce
some notation and give some important compactness lemmas, which play a key
role for the the existence results. In sections 3 and 4, we prove our main results.
Throughout the paper, we write C' > 0 for different positive constant.

2. PRELIMINARY RESULTS

We shall use the following notation:
e Let NV and k be positive integers and Bgr(0) be an open ball of radius R centered
at the origin in RV,
e HY(RY) is the usual Sobolev space with the standard norm

full = ([ (9 + fuyaz)

H(RY) is the set of all radial functions in H!(RY).
o Let C2°(By(0)) be the set of infinitely differential functions with compact support
in By(0) and H}(By) be the closure of C2°(Bj(0)) in the norm defined by

9 9 1/2
g = ( f, (90l + u)ir)
k

H; .(Bg) is the set of all radial functions in H(By). We can identify v € H(By,)
with its extension to R"V obtained by setting u = 0 in RN\ By.
o Let Q C RY be a domain. For 1 < s < oo, L¥(Q) denotes the Lebesgue space

with the norm "
wlpsq) = u|®dx
laeiey = ([ ful*ao)

If @ =RY, we write |u|z: = |u[p:(q).

e The dual space of H'(R") is denoted by H~(RY).

e Let (-,-) be the duality pairing between H!(RY) and H~}(RY).

From this, the energy functional I : H'(RY) — R associated with is defined

by
1 @) ()P
I(u) = = ||ul? .
(W) =gl - o [ [ AR g

Suppose ¢ is bounded in RN . Then the functional is well defined by Hardy-
Littlewood-Sobolev inequality (see[I2]), which states that if &+e < p < Nta

=)
and u € L%(RN) then

)|p‘u( )| dedy < C(N t 2 p P
— o wdy < C(N,a,s,t)|qlpe[u”|Le [uP] L0
RN JRN |9C |

= C(N7a7 Svt)|q|%°° |u s

Lsp

(2.1)

ulh ., < oo.
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N-2 — 2. This also implies that
I is C' functional whose derivative is given by

<I’(U),U>:/]RN(Vqu—l-uv)d:c—/R /RN |x)|ilzyt|(N¥Z u(z)v(z) dedy

for all v € H(RY). It is easy to see the critical points of I are solutions to (1.1
in the weak sense. We consider the Nehari manifold

N = {u e H' (RY)\{0} : (I'(u),u) = 0}

and ¢ = infyen I(u).
In what follows, we consider the limit problem when ¢ satisfies (H1)
2
5ol u(y)[” -2 N
—Aquu:/ = 2 dy)|ulP"u, xeRY. 2.2
(] )l (2.2

The associated energy functional is

2 Qw‘u |p‘u( )|
= dx d

and the correspondlng Nehari manifold is

Noo = {u € H'(RMN\{0} : (I (u),u) = 0}.
We define ¢ = infyepn Ioo(u).
For convenience, we introduce

(@)["u(y)[” _®
D(u 7/RN/1RN |x— Y=o dz dy, J(u)iDl/P(u)'

The existence of ground state solution for has been investigated in [2I], The-
orem 1].

Lemma 2.1 (2I]). Let N > 3, a € (0,N), p € (832, 2E9). Then there exists
a ground state solution w € H'(RN) such that w satisfies [2.2) weakly in RN and

Coo = Too(w).

In the sequel, we shall establish a compactness lemma which plays an important
role in our existence results. To achieve this, we need some basic lemmas.

Lemma 2.2 ([21]). Let Q C RY be a domain, s € [1,00) and (uy)n>1 be a bounded
sequence in L"(Q). If u, — u almost everywhere on Q as n — oo, then for every

el,r],

lim / it = un — uf* — Jul*|"* =0
n—oo Q

Lemma 2.3 ([30]). Let Q C RY be a domain, s € (1,00) and (uy)n>1 be a bounded
sequence in L*(Q). If u, — u almost everywhere on Q as n — oo, then u, — u
weakly in L*(Q).

According to Lemmas and we obtain the following three lemmas, whose
proofs are similar as that of [16], Proposition A.1] and [I7, Lemma 2.15] with some
necessary modifications. For the sake of completeness, we prove them here. In ad-
dition, we remark that we can identify u € L*(Q) with its extension to RY obtained
by setting u = 0 in RV \2, which ensures that we can use Hardy-Littlewood-Sobolev
inequality to handle with the nonlocal problem.
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Lemma 2.4. Let N >3, a€ (0,N), p € (N]@O‘, %fg‘) and suppose q is bounded in
2N
RN, If (un)n>1 is a bounded sequence in L~Fa (RY), and u, — u almost everywhere

on RN asn — oo, then

lim (D(uy,) — D(up — w)) = D(u).

n—oo
Proof. The proof can be split into three steps.

Step 1. For every n, we have

D(uy,) — D(u, — u)
/ [ AN = b= NP~ =D g,
RN JRN |z —y|N—e
P _ |y —ulp _ulp
v [ AP b =),
RN JRN |z — y| Ve
=: 1 +2Is.
Step 2. By Lemmas and the following statements are true, as n — oo,
q(Jun|” — [un — ul?) = gluf?  strongly in L™+ (RY), (2.3)
P _ | —ulp P
[l ke, b
RN |z —y|N = Ry |z —yN (2.4)
strongly in L™ (RM),
q|un —ulP =0 weakly in L%(RN). (2.5)
Step 3. By . ) and (| , we obtain
|1 —

< / ) / (o) o)~ um — 0l ) ~ (o)) (i ()

~ fun — u|p<x>>) /|x — 4N de dy|

(2.6)
q(z)q P(luy, P —u, —ulP(x) — |u(zx)|?
A A P e G
RN JRN |z —yl
< Clylre~ lglunl” = qlun —ul” = gluf"|  _ox ||un|p—\
p_ —aul? — alyl?
+ Clales lalunl” = glun = ul” = qlul®| axul” 2n, =0,
as n — oo. By (2.1), . and (12.5)), we conclude that
Un (Y)|P — |un — ulP(y) — [u(y)|?)|u, — ulP(z
e[ [ Dlea P -] )~ e =)
RN JRN lz -yl
P P
P[] [ A =)
RN JRN |33_ y|N e
as n — 0o. Then the proof is complete. ([
Lemma 2.5. Let N >3, a € (0,N), p € [2, ¥%) and suppose q is bounded in RY.

If (un)n>1 is a bounded sequence in L~va (RN), and u,, — u almost everywhere on
RY asn — oo, then

lim (D (wn) — D' (uy, —u)) =D (u) in H-H(RY).

n—oo
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Proof. The outline of the proof is as follows.
Step 1. By Lemmas and for any v € H*(RY), we have

q|un|p_2un—q|un—u|p_2(un—u) — q|u|p_2u strongly in L<N+il)v<2*1> (RN). (2.7)

Step 2. It is easy to check that
(D' (), v) — (D' (un - U)7v>

Y)[n ()7 |un ()P~ un (2)v(2)
=2p /RN /]RN dx dy

"T - y|N—a (28)
Y)lun — ulP (y)lup — wfP~2(2) (un — ) (z)v(z)
/RN /]RN |z —y| N ey
=: 2pK.

K= /RN /]RN |un( )|P o |u" - u|p(y))(|un(m)|p_2un($)v<.%‘)

~ lun —m“%mat—uxmwmn/m—mN*Wx@

[ ] (a@a)an)P = e = @) = (@) — w20 (2)
RN ]RN

|z —y|N " dx dy

+ [ L (@), = @) )20 @)
—wn—uw*m»wn—ux@vu»)ﬂx—mNﬂHMdy
=: K1+ Ky + Ks.

Step 3. By direct calculations, from (2.1f), (2.3) and (2.7) we deduce that for n
large enough,

m—iwu>|

-1/ J/ D) (i )P — bt — P () — [u(o) ) (1 2) P2 () (2)
RN ]RN

~ Jun =l 2(@) (1 — w)(@)0(2))) /|2 — |V~ dw dy

// WP (i () P11 () 0(2)
RN RN
[t —mp%mwn—wuwm»—wwWF%wUwnﬂx—mNﬂdmm

< Clg|=lglunl” = qlun — ul’ — qlul?| on ||unP"?u,

LN+a

_ _ P2 _
fn = (= 0)] e o]

+ O|Q|L°°|u|pm |‘Q|un|p72un - Q|un - u|p72(un - u)
L N+a

_ p—2 _
aluPu| e o] = o(D)]jl]

Here and in the following part, we point out that o(1) — 0 as n — co.
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N,
Since u € L~+¥4 (RN), for any € > 0, there exists R, > 0 such that

lu| 2np
L N+a (RN\Bg, (0))

Fix R; > 0. Then there exists Re > 0 large enough such that

| W)q(”'”(y)'p'“T{_“g'jj- (@) an = W)@0l) g,

RN\BR1+R2 (0) /BRl (0)
< CRy* Vo]l < eflvl| (2.9)

Note that |u, —u/P — 0 in LN“‘ (RM). For n large enough, we deduce from (2.1,

1
and (2.9) that -

|K2
<| [ (@@ )P~ o = ) = [a @)~ up~(0)
RN JRN
X (un — u)(z)v(x )/\x —y|N " da dy|
e )al)u) " lin = ()t — ) )0
Lo s

|z —y|N—e

q(2)q(y)[u(y) P lun — u[P~>(@) (un — ) (2)v(z) -
" /RN\BR1+R2 (0) /BR1 (0) ! dy|

lx —y|N -

. [l o ) =)
Byt (0) J B, (0) |~y
= o(D)]v]l-
Similarly, K3 = o(1)||v|| for n large enough. This completes the proof. O
Lemma 2.6. Let N >3, a € (0,N), p € [2, %""32“) and suppose q is bounded in RY.

If (un)n>1 is a sequence such that u, — u weakly in H*(RY), then (D'(u,),v) —
(D' (u),v) for all v € HY(RY).

Proof. Since u,, — u weakly in H*(RY), (uy,)n>1 is bounded in H'(RY). Going if
necessary to a subsequence, we assume u, — u a.e. on RY. For any v € HY(RY),
it is easy to verify that

[ [P 2upv — |uP~2uv  strongly in L%(RN). (2.10)

Step 1. A direct calculation yields

)| u Py (2) P20, (2)v (2

o yis

(W) [Pu(z)[P~*u(z)v(z)
/]RN /]RN Ix—le‘“ e dy)
=: 2pT.

/ [ 4l — ) k) o,
RN JRN

lx —y|N—e

- / Ul (e @)~ ()0 (x) — @) Pu@po(e)

lx —y|N =
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=T+ T (2.11)
Step 2. Since v € LI%IZX(]RN)7 for any € > 0, there exists R; > 0 such that
[v| 2np < e. Fix Ry > 0. Then there exists Ry > 0 large enough such

LNFe (RN\Bg, (0))
that
Y o)) () 1 i () aot)
Br, (0) JRN\Bg, 1 r, (0) lx —y|N -
<CRy* VN <e (2.12)
2N
Note that |u, [P — |ulP in L) (RY). Letting n — oo and then € — 0, we conclude
from (1), [2.11) and @212) that
|1
S [ el OO ) 4,
Br,(0) Y Br,+R,(0) |z =yl

a(@)q(y) ([un@)P — [u(@)[P) [un ()P~ 2, ()0 ()
+ | /BRl (0) /]RN\BRlJrR (0) |z — y|N—o dx dy’

q(;)q(y)(lun(y)Ip—IU(y)Ip)lun(x)lp’zun(fﬂ)v(x) v dul —

|z —y|N e
On the other hand, it follows from (2.10) that 75 — 0 as n — oo. This completes
the proof. 0

Now, we are ready to prove the compactness lemma, following exactly the same
lines as the proof of |29, Proposition 8.4].

Definition 2.7. We say that (u,),>1 C HY(RY) is (PS)¢ sequence of I, if (uy)n>1
satisfies

I(uy) — C, I'(u,) — 0. (2.13)

Lemma 2.8. Let N > 3, o € (0,N) and 2 < p < 5t%. Suppose q satis-
fies (H1) and (up)p>1 C HY(RYN) is a (PS)c sequence of I. Then, replacing
(un)n>1 if mecessary by a subsequence, there exists a solution vg € H'(RN) of
@I, {vi,v2, o} € HYRY) of solutions of (2.2), and k sequences (y2)n>1,
1 < j <k satisfying

. . " . .
|y¥l|—>007 |y¥l_y%|—)00, j?é]/7n—>007

k
lun = vo =D v =y =0,
j=1
k
lunl® = > llvgI?,
=0
k
I(vo) + Zloo(vj) =C.

j=1

Proof. The proof can be split into three steps.
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Step 1. Since I(u,) — C and I'(u,) — 0, then for n large enough, we have

1

— 1 1 2 2

=G 35) [ 0Vl + )
1 1

— (5 - 5l

which yields that ||u,|| is bounded.

Step 2. We assume that u,, — vg in HI(RN) and u, — vy a.e. on RY. Then we
claim that I’(vg) = 0 and u} := u, — vy such that

lunll* = lunll* = llvoll* + o(1),
Lo(ul) = C — I(vy),
I' (ut) -0 in HY(RY).
Indeed, applying Lemma we have I’(vg) = 0. Since lim||—o ¢(2) = ¢oo and
ul — 0 in ng;a (RY), then we derive from that for n large enough,
Ioo(up) = I(up) 4 o(1). (2.14)
On the other hand, ||u}||* = ||un||* —||vo[* +0(1). Then it follows from Lemma

and (2.14]) that
Io(ul) = I'(uy) — I(vg) + 0(1) = C — I(vg) + o(1).
Since I’ (u,) — 0 in H~Y(RY), it follows from Lemma that for n large enough,
I’ (ub) =I'(ul) + o(1
(uh) = 1/ut) + ol o1
=I'"(un) = I'(vo) + o(1) = o(1).

Therefore, the claim holds.
Step 3. Let

 := limsup ( sup / |u;|2dx>
n—oo tyeRN JBi(y)

If § = 0, by Lemma 1.21 in [29], we have ul — 0 in L%(RN). Moreover,
I' (ul) — 0, then it follows from ) that, for n large enough,

2 |k () |P|ulk p
b 2 = (I (ul), ) /RN/RNQ' WPl @ 5 — o),

lx —y|N -

and then we complete our proof. If § > 0, then there exists a sequence (y;.)n>1
such that [ ., [ubl? > 3. Let v} := ul(-+yl). Then v} — vy weakly in
HY(RY) and v} — v; a.e. on RY. Applying the compactness of the embedding
H}(B1(0)) < L?(B1(0)) and I5,00) [vi|? > 3, we have fBl(O) lv1|? > § and v # 0.
Because ul, — 0 a.e. on HY(RY), so (y}),>1 must be unbounded.

Suppose |yL| — oo as n — oo. We claim I’ (v;) = 0 and u2 := ul —v1(- — y})
such that

lunl® = Nunll? = llvoll* = [lvs]* + o(1),

Io(u?) — C — I(vg) — Ino(v1),
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Il (u2) — 0in HHRY).
Indeed, since v} — vy weakly in H'(RY), we have
[unl® = lun (- + yn) = vill* = Jugl* = [los||* + o(1).

Applying Lemma and similar arguments as Step 2, we prove the claim. In the
sequel, we iterate the above procedure, and then construct sequences (v;) and (y,)
such that |yJ| — oo and |y, — yl| — oo for i # j, n — oo. Since I(u,) — C and
I« (vj) > ¢ for every nontrivial critical point v; of I, then the iteration must
terminate at some finite number of steps, which completes the whole proof. O

3. NON-RADIAL CASE

In this section, we first give some properties of the Nehari manifold A and the
relationship between ¢ and co. Some of similar results can be found in [21I] and
[16]. Here we give the complete proof.

Lemma 3.1. Let N >3, a € (O,N) and2 <p < %tg‘ If q(x) satisfies (H1), then
the following statements are true:

(1) N is nonempty. Moreover, for every u € HY(RN) with D(u) > 0, there
exists a unique t,, € (0,00) such that t,u € N and

ty = (I&lg)zl‘z (3.1)

Furthermore, I(t,u) = sup;sq I(tu) = (5 — ﬁ)Jﬁ (u).

(ii) ¢ =infuen I(u) = infyep(mn)\{0} SUPs>o L (tu).
(iii) ¢> 0.

(iv) N is a C2-submanifold of H*(RY).

(v) ¢ < oo

Proof. (i) First, it follows from (H1) that there exists R > 0 large enough such that
q(z) > 3¢oo for |z| > R, and then we can find v € H'(R") such that D(u) > 0. In
addition, for ¢ > 0, we have

d / p—1 (@) ["luy) P
%I(tu) (I'(tu),u) = t||ul* —t2 /RN /RN |x—y|N - dx dy.

Then there exists a unique ¢, such that (I'(t,u), u) = 0, which yields that t,u € N.
Since the map ¢ — I(tw) is increasing for 0 < t < t,, and decreasing for t > t,, we
have I(t,u) = sup,~ I (tu). Furthermore, it follows from direct calculation that

= ul|?\ ==
1) =5 () ™ 1~ 5 (57

2 2p/ \DVr(u)
1 1 p

= (- — — Jﬁ .
(2 2]9) (u)

(i) Define M = {u € HY(RY) : D(u) > 0}. For u € M, t,u € N and
then I(t,u) > infyen I(u), which concludes infyepqsupysol(tu) > inf,en I(u).
If u e HY(RY)\M and u # 0, we have sup,., [(tu) = co. In the contrary, if
u € N, then t, = 1 and hence I(u) > inf,epn sup,soI(tu) which implies that
I(u) > inf, ¢ g1 (myy sup,~o I (tu). This yields a conclusion.
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(iii) Let A > 0. For any u € N, it follows from (i) above that I(2ru) < I(u),

[l

and then I(u) > inf,esI(v), where S = {v € HYRY) : |v|| = A\}. Assume

A= (m)ﬁ According to and Sobolev embedding theorem, for any
vES, we flave
10) 2 Ll = S gl sy 1 o,
2 2p LNFa [ N+a
> 310l = &l ol (32)
1 A*720q)2
2 2
where C only depends on p, N and «. This yields ¢ > 0.
(iv) Denote G : HY(RY) — R by G(u) = |lu|*> — D(u). Applying the same
method as Appendix B in [16], we derive G is of class C? and its derivative is given
by

=2%( ) >0,

=20y - [ [ SO oot

|z —y[N
for all u, v in HY(RY). Since N'= G~1(0) and
G'(w)u = 2||ul® - 2pD(u) # 0
for all w € N, then we imply 0 is a regular value of G. This, combined with (ii)
yields that A is a submanifold of class C? of H'(R™) and u ¢ ker G'(u) for u € N.
(v) By Lemma we assume w is a ground state solution of (2.2)) and (z,,)p>1 is
the unbounded sequence such that |x,,| — 0o, as n — co. Then for every w(- —x,,),
according to (i) above, there exists ¢, such that t,w(- — z,) € N with
Lo (IIw(ar - wn)HQ)zp%z
" A\D(w(z — x,)) '
Since w € N4, by dominated convergence theorem, we have t,, — 1, and then
c= ulgﬁ/[(u) < I(thw(z — x4))
1 1
= Stallw(e — 2a)|* — %|tn|2pD(w(x ) (3.3)
= I (W) = Coo-
This completes the proof. ([

Next we show that the energy functional satisfies the Mountain-Pass geometry.

Lemma 3.2. Let N >3, a€ (0,N) and2 <p< %tg Suppose q satisfies (H1).

Then the functional I satisfies the following conditions.

(i) There exists r > 0 such that I(u) >0 > 0 for all ||u| = r.
(ii) There exists e € H*(RYN) such that e > 0, |e| > r and I(e) < 0.

Proof. (1)By (2.1)), we have
1 C
1) 2 3l = Slaffeluf g, o

¢
2p

P
2Np
L N+a

1
> S lull®* = o-lalze lull*-



12 T. WANG EJDE-2016/03

where C' only depends on p, NV and «. Since p > 2, we can choose r,6 > 0 such
that I(u) > 6 > 0 for all ||u|| = r.

(ii) Note that 1(0) = 0. In addition, we can find some u € H'(R") such that
D(u) > 0. Then it follows from p > 2 that

1 1
lim I(tu) = , ligl <2252||u||2 - 2thp]D(u)) = —00.

t——+o0

Hence, there exists tg > 0 such that ||tou|| > r and I(tou) < 0. Take e = |toul.
Then the proof is complete. O

Define

= inf I
o = Jeh gy 00

where T' = {y € C([0,1], HY(RY)) : v(0) = 0,7(1) = e}. In following lemma, we
will show the relationship between ¢ and ¢; (see [9, Proposition 2,14]).

Lemma 3.3. Let N >3, a€ (0,N) and2 <p< %t‘; Suppose q satisfies (H1).
Then ¢ = ¢;.

Proof. According to Lemma i), there exists a small ball in H!(RY) containing
the origin such that I(u) > 0 for all u in this component. By Lemma i), we
have

(I'(e),e) = 2I(e) + (% —1)D(e) < 0.

Thus every v € I" has to cross N and ¢ < c;.

On the other hand, for any @ € N, let [ = {t@ : t > 0} be a half-line and I(|a]) =
I(u) = max,e; I(u) due to Lemma [3.1fi). Similarly, we denote h = {te : t > 0}.
Let V' be the set {a|u|+be : a > 0,b > 0}, let V be the 2-dimensional subsequence
of HY(RY) spanned by |i| and e. Note that D(|a|) # 0 and D(e) # 0. Then for
any v € VT\{0}, we have D(v) > 0. Hence there exists a circle S on V with radius
R large enough such that I < 0 on S(\V™'. Suppose that [ and h intersect S at
v and vy, respectively. Thus we can find a path 4 € I through v and v; such that
I(|a|) = maxyes I(u). Therefore, ¢ > ¢;. This completes the proof. d

Proposition 3.4. Let N >3, a € (0,N) and 2 < p < 5E%. Suppose q satisfies

(H1). If ¢ < ¢oo holds, then I has a critical point u € HY(RYN) such that I(u) = c.

Proof. By Lemma the energy functional I satisfies the mountain pass geom-
etry. Due to Lemma [3.3| and the mountain pass theorem, there exists a sequence
(un)n>1 C HY(RY) such that I(u,) — ¢ and I'(u,) — 0. Since ¢ < ¢y, Lemma
2.8 completes the proof. O

Now, we are in a position to prove our main existence result.

Proof of Theorem[I-]. First we prove (i). The proof can be split into two cases.
Case 1. ¢ = ¢o. By scaling, the conclusion follows from Lemma [2.1

Case 2. q Z oo For any u € HY(RY)\{0}, it is easy to check I(u) < I (u). Due
to Lemma we have c,, can be attained by a w € H'(RY). By Lemma (i),
there exists t,, > 0 such that t,w € N. Hence

e < I(tyw) < loo(tww) < Ioo(w) = Coo.

Therefore, Proposition yields our conclusion.
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Next we prove (ii). By way of contradiction, we assume ¢ can be achieved by
n € HY(RY). It follows from that Lemma i) that there exists ¢, > 0 such that
tyn € Noo. Therefore,

Cc= 1(77) = I(tnn) > Iw(tnn) 2 Coos

a contradiction to Lemma v). This completes the proof. O

Proof of Theorem[1.4 Set
¢ =inf{|lull*: v e H'(RY), D(u) = 1}. (3.5)

According to the proof of Lemma i), it suffices to prove whether ¢ can be
attained by some u € H*(RY) or not.

First we prove (i). Without loss of generality, there exists a nonnegative min-
imizing sequence (u,),>1 such that ||u,||? — ¢ and D(u,) = 1. Then going if
necessary to a subsequence, there exists ug € H*(RY) such that u, — uy weakly
in HY(RY) and u,, — ug a.e. on RY. It is easy to see ug is nonnegative, ||uo||?> < &
and D(ug) < 1.

Since lim|;| o g(x) = 0, then for any ¢ > 0, we can find some R > 0 such that
for any |x| > R, we have |¢(z)| < e. By Lemma we derive |u, [P — |ug|? weakly

in L%(RN). In addition, u, — ug in Llfj’j“ (RN). Then by Hardy-Littlewood-
Sobolev inequality (2.1)), we have

[D(n) — Dluo)|
. [ d e, ,
RN\BRg(0)

|z —y|N—e

_/ / a(x)q(y)|uo(y)[”[uo (z)[” dx dy|
RN\ BR (0) o=yl e

(3.6)
Y)|un ()P (Jun ()P — |uo(2)[P)
T /BR (0) /]RN |z — y|N= de dy|
Y) ([unW)IP — |uo(y)[P) |luo () [”
T /BR (0) /RN |z — y[N = de dy|

Hence D(ug) = 1. Let u, = ey ug. Then according to the proof of Lemma i),
we conclude I (u,) = ¢ and (I'(uy), ux) = 0. Therefore, the Lagrange multiplier rule
yields that u, is a ground state solution of .

Now we prove (ii). Assume for contradiction, ¢ is attained by some u € H'(RY)
such that D(u) = 1 and |u|> = ¢ Let R > 0 and ug(z) = u(z — zg), where
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rr = (3R,0,- ). Clearly, ||uRH2 = ¢, and it is easy to check that

p p
D(ur) / / y)|ur(z 13[\ LUR( y)l dz dy
BR(ZER) BR(wR) |x - |

P P
> min ¢(z) min / / gl |LILV )l dx dy
z€BRr(zR) yeBR(wR) Br(0) J Br(0) |33—Z/| ¢

p P
> min ¢(zr) min / / 2l |1jv ol dzdy (3.7)
2R<[z|<4R 2r<lyi<an! BR(O) Br(0) |$ —y|N-e

) [Plu(y)|?
> max q(z) TN, dedy
|z|<R Iy\<R BR(O) Br(0) |x—y|
P
/ / NP1t 4, gy 4 h(R).
Br(0) J Br(0) |~’C*y|

Here

(@)[Pluly)”
h(R) / / [max ¢(z) max ¢ q(x)q |uida:d >0.
Y A S (v) — a(@)a(y)] = yio y

Since ¢ is not constant, we have h # 0 in RY. In addition, h is nondecreasing
in R and bounded in RY due to the fact that ¢ € L>=(R"). We assume h(oc) =
limp_. h(R). Then there exist By > Ry such that h(R) > 1h(co) for all R > R;.
On the other hand, since ]D)( ) =1, we can find Ry > Ry such that

P P 1
/ / fut 13/‘ Lu( il dxdy >1— —h(c0),
Br(0) J Br(0) |3«"— Yl 2

for all R > Ry. Take R = max{Ry, Ro}. Then D(ug) > 1. Let g = (D(iR))Q”uR
Then D(ig) = 1. But ||@g||?> < & which contradicts the definition of & This
completes the proof. O

4. RADIAL CASE

It is known to us that if ¢ is radial and bounded in R, by standard variational
methods and the symmetric criticality principle (see [29, Theorem 1.28]), we can
find a nontrivial radial solution to in H*(R™). But in this section, we consider
the case that ¢ is radial and ¢ may be unbounded in RY. Applying a similar idea as
that of [9], we obtain a nontrivial nonnegative radial solution for in H}(RY).
First, we give the Radial lemma that will play a key role in the proof of Theorem
Throughout this section, we denote the norm of H}(RY) (or Hg . (Bx)) by

. |H71(RN (or || - HH1 (Bi)s respectively).
Lemma 4.1 ([]). Let N > 2. Then for any radial function v € H'(RY),
lu(r)| < Clluljr =, forr>1,
where C' only depends on N.

Proof of Theorem[I.3 First, we define
My = sup  D(u).

=1
”u”H},(RN)

It follows from Lemma[{.1]and (H4) that M, < oo. Without loss of generality, we
assume there exists a nonnegative minimizing sequence (u,)n>1 C H}(RY) such
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that [|un|[g1@y) = 1 and D(u,) — My as n — oo. Then going if necessary to a
subsequence, u, — ug weakly in Hl(RN) and u, — ug a.e. on RY. Obviously, ug
is nonnegative, radial and |luo| g1 (m~y < 1. Applying Lemma and (H4) again,
we obtain (quf),>1 is uniformly bounded in L%(RN), and then for any € > 0,

there exists R > 0 such that |qguf| o~ < €. Here R is independent of
LN+a (RN\BRg(0))

2Np
n. Since u, — ug strongly in Lf;? (RM), by , some standard argument yields
that D(uy,) — D(ug) = M.

Next we show |[ug|| 1 gy = 1. If not, we can find a9 € H}(RY) such that
ol 1 (mvy = 1 and Gp = Aug with A > 1. This implies D(tg) > Moo, a contra-

diction to the definition of M,,. Let u, = (M1 )ﬁuo. According to Lagrange

oo

multiplier rule, we conclude u, is a nonnegative radial solution of (L.1]) in H}!(RY).
This completes the proof. (I

Theorem [I.5] can be treated as a by-product of Theorem [I.3] Now we give a
simple proof. Let

- g(@)q(y)lu@)Pluy)P
Dk(u)_/Bk(O) /Bkm) drdy

lx —y|N -

Proof of Theorem[I-5. This proof can be split into two steps.
Step 1. Define

My, = sup Dp(u), M= sup Dy (u)

el g | (5,)=1 lull g gy =1

Fix k. Without loss of generality, we assume there exists an nonnegative minimizing
sequence (vf)n>1 C Hj,(By) such that ||U7]§||H&T(Bk):1 and Dy (vf) — My, as
n — oo. Then going if necessary to a subsequence, v¥ — w;, weakly in H&,T(Bk)
and v¥ — wuy a.e. on RY as n — oo. Obviously, u;, is nonnegative, radial and

2Np
lukllms () < 1. Since vf — uy strongly in L3T" (RY), by (2.1)), some standard

loc
arguments can imply that Dy (vF) — Dy (ux) as n — oo. Hence Dy(ug) = My ..
Similar to the proof of Theorem we have [lug|[g1 (B,) = 1. Therefore, My,

2p—2

is attained by ug € H&,r (Bk). Let wy = (#}M) ug. It follows from Lagrange

multiplier rule and symmetric criticality principle (see [29, Theorem 1.28]) that wy,
is a nontrivial nonnegative radial solution of the equation

—Au+u= q(x)(/ Mdy)u}"1 in Bg(0),

B(0) |7 —y[N e (41
w>0 in By(0), 1)
u=0 on 0By.

Similarly, M}, is also attained by u} € Hg(By) and w} = (1\%6)21’#*211,*C

Step 2. Since My, , is increasing with &, according to Theorem

<1)2p%2<” | (I)Tl—z<<l)Tl—2
= w Y
Moo - FILH (R Mk,r - Ml,r ’

that is to say, (wg)g>1 is uniformly bounded in H}'(RY).
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On the other hand, we choose ug € H'(R") such that ug has compact support

in B1(0) and |lug|| = 1. Then for large k, there exists x;, € R such that B;(x) C

By,

(0). Without loss of generality, we assume || — oo as k — oco. Hence

_ p _ p
M, > / / q(y)uo(y wkl)vli\a%(x z)l” dy
B (0) J B4 (0) |$* Yl

_ p — P
Bi(xy) Y Bi(zk) |:L’ - |

NE
> min ¢(z) min / / [uo (y)| |1§\(])( z)[P dz dy.
z€B1 (1) y€B1(xk) B1(0) J B1 (0 |1- _ | @

This implies that My — oo as k — oo. Then for k large enough, (4.1) has two
different weak solutions wyj and wj. One is radial and the other is not. This
completes the proof. O
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