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EXISTENCE AND EXPONENTIAL STABILITY OF
ANTI-PERIODIC SOLUTIONS IN CELLULAR NEURAL
NETWORKS WITH TIME-VARYING DELAYS AND
IMPULSIVE EFFECTS

CHANGJIN XU

ABSTRACT. In this article we study a cellular neural network with impulsive
effects. By using differential inequality techniques, we obtain verifiable crite-
ria on the existence and exponential stability of anti-periodic solutions. An
example is included to illustrate the feasibility and of our main results.

1. INTRODUCTION

Because of the wide range of applications in neurobiology, image processing, evo-
lutionary theory, pattern recognition and optimization and so on, cellular neural
networks have attracted much attention in recent years [9]. It is well known that im-
pulsive differential equations are mathematical apparatus for simulation of process
and phenomena observed in control theory, physics, chemistry, population dynam-
ics, biotechnologies, industrial robotics, economics, etc. [3|, 18] B5]. Therefore many
results on the existence and stability of an equilibrium point of cellular neural net-
works with impulses have been reported (see [14} 16, [1I'7, 29} 39} 4T, [42] [44], 52]). In
applied sciences, the existence of anti-periodic solutions plays a key role in charac-
terizing the behavior of nonlinear differential equations [111 21}, 221 86]. For example,
high-order Hopfield neural networks can be analog voltage transmission, and voltage
transmission process can be described as an anti-periodic process [30], anti-periodic
trigonometric polynomials play an important role in interpolation problems [10],
and anti-periodic wavelets were investigated in [7], in neural networks, the global
stable anti-periodic solution can reveal the characteristic and stability of signal [37].
Recently, there are some papers that deal with the problem of existence and stabil-
ity of anti-periodic solutions (see [T} 2, 8 12 T3] 15} 19, 23], 24] 25| 26|, 28] 30, BT}, 32,
33, 34}, [38], [40L (50, [51]). In addition, we know that many evolutionary processes ex-
hibit impulsive effects which are usually subject to short time perturbations whose
durations may be neglected in comparison with durations of the processes [38].
This motivates us to consider the existence and stability of anti-periodic solutions
for cellular neural networks with impulses. To the best of our knowledge, very few
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authors have focused on the problems of anti-periodic solutions for such impulsive
cellular neural networks. In this paper, we consider the anti-periodic solution of
the following cellular neural network with delays and impulses

@(t) = —ci(t)a(t) + Z aij(t) fi(z;(t)) + Z bij () fi (x5 (t — 735(1))) + wi(t),

t # tr, (1.1)
zi(th) = (L+6i)zi(te), k=1,2,...,

where ¢ = 1,2,...,n,2,(t) represent the state vector of the ith unit at time ¢,
¢i, Gij, bij, fj9;, Ui, T;; are continuous functions on R, ¢; > 0, a;; are the connection
weights between ith unit and jth unit at time ¢, b;; is the connection weights
between ith unit and jth unit at time ¢t — 745, f; and g; are the activation function,
u; are external input to the ith unit, 7;; are the time varying delay and satisfy
0 < 7 <71, 7 is a positive constant, ¢ are the impulsive moments and satisfy
0<ty <ty <--- <t <...limp_.ty = 00, d;; characterize the impulsive at
jumps at time ¢ for ith unit.

The main purpose of this article is to give the sufficient conditions of existence
and exponential stability of anti-periodic solution of system . Some new suffi-
cient conditions for the existence, unique and exponential stability of anti-periodic
solutions of system are established. Our results not only can be applied di-
rectly to many concrete examples of cellular neural networks, but also extend, to a
certain extent, the results in some previously known ones. In addition, an example
is presented to illustrate the effectiveness of our main results.

For convenience, we introduce the following notation

af; =suplag(t)], b =suplbi;(t)], uf = sup lu(t)],
teER teER teER

¢ =minle(t)], 7= 53212,?’%”{%“)}'

We assume the following hypothesis:

(H1) For ¢,j = 1,2,...,n, a;;,bij,u;, fj,9; : R — R, ¢;, 75 : R — [0,+00) are
continuous functions, and there exist a constant 7" > 0 such that

Cz(t+T):CZ(t), le(t+T):T”(t), Ui(t+T):7ul(t),
aij(t +T)fj(u) = —a;;(¢) fi(—w), byt +T1)g;j(u) = —bs;(t)g;(—u),

for all t,u € R.
(H2) For each j € {1,2,...,n}, the activation function f; : R — R is continuous

and there exists an nonnegative constant L; such that

£50) =0, |f;(u) = f;(v)| < LYju— ol

for all u,v € R.

(H3) Tlo<t, <:(1 +0i) (1 = 1,2,...,n, k = 1,2,...) are periodic functions of
period T and §;, > —1.

(H4) For ¢ = 1,2,...,n, k = 1,2,..., there exist positive constants m and M
such that m < [[o<,, (1 +dix) < M.
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(H5) There exist constants n > 0, A > 0,4 =1,2,...,n, such that for all ¢ > 0,
M n
- fl.A
A—c + E[Z(a; +b;5-)Lj}e T < p<.
j=1
Let © = (21,%2,...,2,)7 € R", in which “T” denotes the transposition.
We define |z| = (|z1], |22, ., |za])? and |z = maxi<i<y, |2i]. Obviously,
the solution x(t) = (z1(t), z2(t), ..., 2, (t))T of (1.1) has components x;(t)
piece-wise continuous on (—7, +00), x(t) is differentiable on the open inter-
vals (tg—1,tx) and z(t]) exists.

Definition 1.1. Let u(t) : R — R be piece-wise continuous function having count-
able number of discontinuous {t;}|/> of the first kind. It is said to be T-anti-
periodic on R if

u(t +T) = —ult), tF#tx,
u((ty +T)7) = —u(tf), k=1,2,....
Definition 1.2. Let z*(t) = (2} (t), z3(t), . .. ,xfl(t))T be an anti-periodic solution
of (1.1) with initial value ¢* = (¢} (t), 3(t), ..., @5 ()T, If there exist constants
A >0 and M > 1 such that for every solution x(t) = (x1(t), x2(t),...,z, ()T of

(T.1)) with an initial value ¢ = (¢1(t), 02(t), ..., en ()T,
lzi(t) — x(t)] < Ml — p*|le™™, forallt>0,i=1,2,...,n,
where

lo=¢™l = sup  max lois) = ¢i(s)l-

Then z*(t) is said to be globally exponentially stable.

The rest of this article is organized as follows. In the next section, we give
some preliminary results. In Section 3, we derive the existence of T-anti-periodic
solution, which is globally exponential stable. In Section 4, we present an example
to illustrate the effectiveness of our main results.

2. PRELIMINARIES

In this section, we firstly establish a fundamental theorem that enable us to re-
duce the existence of solution of system to the corresponding problem for a de-
layed differential equation without impulses. Consider the following non-impulsive
delayed differential system

ilt) = )+ IT (1+6w) [Zau 1H( TT @+ )
0<tr <t 0<tp<t

n

+>mn( TT Q+smut— )] 2.1)

i=1 0<tp <t—mi;(t)
+ I 40w w@), t>0
0<trp<t

with initial condition y;(s) = p;(s), s € [-7,0], i =1,2,...,n
In this section, we present three important lemmas which are used to prove our
main results in Section 3.
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Lemma 2.1. Assume that (H3) holds. (i) If y = (y1,Y2,---,Yn) s a solution of

, then
p=( T a+dww TT 46w TT (1 +60)0)

0<tp<t 0<tp<t 0<t<t

is a solution of (2.1)).
(ii) If x = (1,22, ...,2,) is a solution of (L.1), then

y:( H (1+6ik)_1x1> H (1+5ik)_1372a---7 H (1+6ik)_1$n)

0<tp<t 0<trp<t 0<trp<t
s a solution of (2.1)).

The proof of the above lemma is similar to that in Li et al [20]. We omit it here.

Lemma 2.2. Let (H1)-(H4) hold. Suppose that y(t) = (y1(t),y2(t), ..., yn(t))T is
a solution of (2.1) with initial conditions

yi(s) = wi(s), ei(s)| <7y, s€[-7,0, i=1,2,...,n. (2.2)
Then
lys(t)] <, VE>0,i=1,2,...,n, (2.3)
where
+
u-
v > — — (2.4)
mci _M[Z] 1( b+)Lf}
- Mg + +y7.f
c;, > s {;(aij — bij)Lj].
=

Proof. For any given initial condition, hypotheses (H2) and (H4) guarantee the
existence and unique of y(t), the solution to (2.1]) in [—7,+00). By way of contra-
diction, we assume that (2.3]) does not hold. Then there must exist i € {1,2,...,n}
and 6y > 0 such that

lyi(60)| =, y;(0o)] <~ forallte (—7,0y), j=1,2,...,n (2.5)

By computing the upper left derivative of |y;(¢)|, together with the assumptions

£3). @4), @3), (H2) and (H4), we have

0 < D*(|ys(60)])

< —i(00)ly(00) | +| [T (1+6u)” [Zau Of;( TT (1 +650w5(60))

0<tx<6o 0<tr<bo

+ Xn: b i T (w0 — mi5(60)))]

0<tr<6p— Tij (90)

+ H (14 8ix) " ui(6o)

0<tr<0p

oo+ T 0+50 [Slewt|f( TT 0 +50m@)]

0<t, <60 j=1 0<tr <0

+i\bij(90)\‘fg‘( 11 (1+ 6;k)y; (0o —Tij(eo)))H
j=1

0<tg <l90—7'i_7' (60)
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+ I 0+ 6i)Hui(60)]

0<tr<6o
< —clyi00) + [ (1+06u) [Za;L;’ TT @ +60ly60)
0<tx<0o 0<tr <8
+ZbZLf [T a+amlso—m@)] + T (+ow e
0<tr<0o—Ti;(60) 0<t) <6
<-—cy+ [ a+ow)” [Za;Lj T G+
0<tr<bo 0<tr<0o
S T ] I 0
0<tr<00—T4i;(60) 0<t <60
M /< 1
- + a7 f +
S_[Cz‘ _m(;(aij_bij)[’j)]'}/‘i‘mui <0, (2.6)
]:

which is a contradiction and implies that (2.3]) holds. This completes the proof. [

Lemma 2.3. Suppose that (H1)-(H5) hold Let y*(t) = (y;(t),y5(t), ..., yi ()T
be the solution of with initial value ©* = (p (t)7 5(t ) s, and let
y(t) = (y1(t),y2(t), ..., yn(t)T be the solution of with initial value ¢ =
(01(t), pa(t), ..., on(t)T. Then there exist constants /\ >0 and M > 1 such that

lys (t) —yl (t)| < M|lp — cp*He_)‘t, forallt >0,i=1,2,...,n
Proof. Let u(t) = {ui(t)} = {i(t) — 47 (6)} = y(t) — 4 (). Then
uj(t)

K2

=ty + ([T 0+ ){Za” )46 T a+ammm)

0<t,<t 0<ty<t

~5i( T a+a0ym)] + zn:bij(t) G0 TT st - )

0<tp<t j=1 0<ty<t—7i;(t)
-5( TI a+anye—m@)]}, (2.7)
0<ty<t—Ti;(t)
where i = 1,2,...,n. Next, we define a Lyapunov functional
Vi(t) = |ui(t)eM, i=1,2,... n. (2.8)
It follows from (2.7)) and ( . ) that
D*(V;(t)) (2.9)

< D (flui(t)))e + Mui(t)|e™

< O =eDus®le + (T (1+5ik)_1){2|% Il ( TI 0 +mw)

0<t<t 0<tp<t

- fj( IT a+ 6jk)y;(t))‘

0<tp<t
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n

+ Z |bij(t)|’fj( IT G+ - Tij(t)))

0§tk<t*7‘ij (t)

_fj( 11 (1+6jk)y;(t_7ij(t)))‘}e)‘t

0<tp<t—T;j; (t)

<O enu®le + (T (+6w) 1)[2@5( [T (+dm)lus )

0<trp<t 0<t <t
+Zb;Lj( [T 00yt = g (0)l] e (2.10)
0§tk<t—TZ‘j(t)
where i = 1,2,...,n. Let M > 1 denote an arbitrary real number and set
lo=¢™ll = sup max fe;(s) = ¢j(s)| >0, J=12....;n

Then by , we have
Vi(t) = |ui(t)|e* < M|l — ¢*|| forall t € [~00,0], i=1,2,...,n.
Thus we can claim that
Vi(t) = |us(t)|eM < Mg — ¢*||, forallt>0,i=1,2,...,n. (2.11)
Otherwise, there must exist ¢ € {1,2,...,n} and ¢; > 0 such that
Vilts) = Mllp — ¢l, Vi(t) < Mllp— || forall t € [-r,ts), j=1,2,....n

(2.12)
Combining ([2.10) with (2.12)), we obtain
0< D (Vi(ts) — Ml = ¢"|)) = D (Vi(t:))
< (A= ¢ )us(ts) e

w(II (o )[Za;;L;‘( [T (480 hu)ler™

0<tp<t; 0<tp<t;

+Zb$L§( [T 6wyl — gl

0<tg <t;—Tij (tl)

= (= et

+( I a+ow- )[Za;q( 1 (600 (el

0<tr<t; 0<tr<t;

+Zb$Lf( [T o5 lults — myta)eX D rmse)]

OStk<7—O_Tij(ti)
S A= )Mo=

+( H (1+6)~ )[Za;’}l{( H (1+5jk))M||<P_<P*||

0<tp<t; 0<tp<t;

+Zb$L;‘ (T a+om)emle -]

0<tg <t;—Tij (t7)
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={o-a)+( 11 (1+5ik)1)[ia$L5( [T a+om)

0<tr<t; 0<trp<t;

e II a+ew)e| Imlle—
j=1 0<tp<t;—7ij(t;)

n

<{0-a)+ [t + ]l - o7l

Jj=1

Then

A—c; + % [Z(a;; +b;§)Lﬂe’\T > 0,
=1
which contradicts (H5), then Jholds. In view of (2.11)), we know that
Vi(t) = |ui(t)[eM < M|l — o*|,i =1,2,...,n.
Namely,
lyi(t) — ()] = |ui(t)] < M|l — ¢*|| forallt>0,i=1,2,...,n.
This completes the proof. ([

Remark 2.4. If y*(t) = (y5(t),y5(t),...,y:(t))T is a T-anti-periodic solution of
(2.1), it follows from Lemma and Definition that y*(t) is globally exponen-
tially stable.

3. MAIN RESULTS

In this section, we present our main result that there exists the exponentially
stable anti-periodic solution of (1.1)).

Theorem 3.1. Assume that (H1)—(H5) are satisfied. Then (1.1) has exactly one T -
anti-periodic solution x*(t). Moreover, this solution is globally exponentially stable.

Proof. Let v(t) = (vi(t),va(t),..., va(t))T be a solution of ([2.1)) with initial con-
ditions

vi(s) =i (s),|ei(s) <~v, s€(-1,0,i=12,...,n. (3.1)
Thus according to Lemma the solution v(t) is bounded and
lvi(t)] <y forallte R, i=1,2,...,n. (3.2)

From , we obtain
(1Pt + (p+ 1)T))

= (—1)?“{ —cit+p+ DT vt + (p+1)T)

+ I (1+5ik)*1[zaij(t+ (p+1)T)

0<tp <t+(p+1)T j=1
<h( T1 Q+wut+@+1D)
0<tp<t+(p+1)T
+ 3 bt + o+ DT I1 (1+8)v,(t+ (p+ )T

Jj=1 0<t) <t+(p+1)T—7i; (t+(p+1)T)
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— e+ o+ D) |

+ 11 (1+0i) tus(t + (p + 1)T)}
0<ty <t+(p+1)T

—¢i(t)(=1)P it + (p+ 1T)

+ I1 (1+5ik)71|:zaij(t)fj< 11 (1+5jk)(—1)p+1vj(f+(p+1)T)>

0<tp<t 0<tp<t

2 obh( TT a0 o+ 0+ DT = 7y(0)) |

0<tp<t—7;;(t)

+ H (14 6a) "M (), (3.3)

0<tp<t

where i = 1,2,...,n. Thus (—1)?"'v(t + (p + 1)T) are the solutions of (2.1) on R
for any natural number p. Then, from Lemma there exists a constant M > 1
such that

(=P ot + (p+ D)T) — (=1)%vi(t + pT)|

=A(t+pT) ) )
= Me _sup max [ils 1) + vi(s)] (3.4)

< 20 MEFPT) ppny,

where i = 1,2, ...,n. Thus, for any natural number ¢, we have
a
(=)0 (t+H(g+D)T) = vi(0)+ Y _[(—=1)*0i (t+(k+1)T) —(=1)*0; (t+kT)]. (3.5)
k=0
Hence

|(=1)9+ 0 (t + (¢ + 1)T)|
< il + Eq: UMt (o4 DT) — (DFw+ kDY, O
k=0

wherei = 1,2,...,n. From (3.4), it follows that (—1)9"1v; (t+(q+1)T) is a fun-
damental sequence on any compact set of R. Obviously, {(—1)%v(t+¢T)} converges
uniformly to a piece-wise continuous function y*(t) = (yi(t),v3(t),..., v ()T on
any compact set of R.
Now we show that y*(t) is T-anti-periodic solution of (2.1)). Firstly, y*(t) is
T-anti-periodic, since
y*(t+T)= lim (—1)%((t+ T + ¢T)

q—0

=— lim (=)t + (g +1)T) = —y*(t).
(g+1)—o0

(3.7)

In the sequel, we prove that y*(¢) is a solution of (2.1). Noting that the right-hand

side of ([2.1)) is piece-wise continuous, (3.3)) implies that {((—1)7 v (t+ (¢+1)T))"}
uniformly converges to a piece-wise continuous function on any compact subset of
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R. Thus, letting ¢ — oo, we can easily obtain

50 ==y + [T 0o [ Y asfi( [T a+amy0)
j=1

0<tp<t

+zn:bij(t)fj( 11 (1—|—5jk)yj(t—7'¢j(t)))} (3.8)

0<tp<t—T;;(t)

+ [ A +6w)  w(t), >0,

0<tp<t

where i = 1,2,...,n. Therefore, y*(t) is a solution of (2.1). Applying Lemma
Definition and Lemma we can easily check that z*(t) is globally exponen-
tially stable. The proof is complete. ([

Shi and Dong [38] investigated the following Hopfield neural networks with im-
pulses:

Ti(t) = —ci(t)z(t) + Zbij(t)fj(xj(t)) + Ii(t), t#tg, (3.9)

zi(t5) = U+ di)zi(te), k=1,2,...,

where i = 1,2,...,n. About the manning of the parameters, one can see [38]. By
some analytical technique and by upper left derivative of the Lyapunov functional
with ¢ # t; and t = ¢, Shi and Dong [38] obtained some sufficient conditions
which ensure the existence and the global exponential stability of anti-periodic
solution of system . In this paper, we consider a more general neural networks
with delays and impulses. Moreover, the research technique is different from that
of [38]. By transforming the neural networks with impulses into an equivalent
form without impulses and constructing the Lyapunov functional, we obtain the
sufficient conditions which ensure the existence and global exponential stability of
anti-periodic solution of the model. From this viewpoint, we say that the results
obtained in this paper complement the previous results in [3§].

In [13, 22] 23] [30] 33| 34, 36, 47, 48|, [51], authors considered the anti-periodic
solution of neural networks without impulses. In [3T], 37, [45] 46}, [49], authors inves-
tigated the global exponential stability of anti-periodic solution of neural networks
with impulses by upper left derivative of the Lyapunov functional with ¢ # t; and
t = t. In [2I], author studied the existence and global exponential stability anti-
periodic solution of neural networks with impulses by the method of coincidence
degree theory and Lyapunov functions. In this paper, we firstly transform the neu-
ral networks with impulses into an equivalent neural networks without impulses,
then consider the existence and global exponential stability of anti-periodic solution
of the equivalent model by constructing a suitable Lyapunov functional. To the best
of our knowledge, there are very few papers that deal with this aspect. Moreover,
all the results in [13] 22| 23, B0}, 311, B3}, 341, 36}, 37, [45] [46], [47, 48}, [49] [51] and the ref-
erences therein cannot applicable to system to obtain the existence and global
exponential stability of anti-periodic solutions. Therefore the results obtained in
this paper are essentially new and complement the previous publications.
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4. AN EXAMPLE

In this section, we illustrate the results obtained in previous sections. Let n = 2,
consider the cellular neural networks with time-varying delays and impulsive effects

&1 (t) = —ci(t)zi (1) + Z a1 (t) fi(z;(t))

+ > b () fi((t— (1) +ua (), t# b

2
Za(t) = —ca(t)za(t) + Za2j () fi(x;(t)) (4.1)
2
+ > o (8) f (i (t — ;1) +ualt),  t# b,

which is equivalent to

71(t) = —c1(B)ya(t) + H (1+61)7" [Zaij(t)fy‘< H (1+ 5jk)yj(t)>

0<tp<t 0<tp<t

emon( T 0+ dme—n0)]
j=1

0<tp<t—T1; (t)

+ I +6wm) tu), t>0

0<t,<t
in(t) = —exOp0) + [ +6) [ S au®f( [T 0+6m50)
0<t, <t j=1 0<tr <t
#3000 ( TT (U 8ws(t = mas(0)] (4.2)
Jj=1 <t <t—T2;(t)

+ I @+ 60)ua(t), >0,

0<tp<t

where f;(u) = $(ju+ 1| — Ju—1[) (j =1,2), us(t) = 0.1sint, us(t) = 0.2cost and

{cl(t) cz(t)} _ {34— |cost| 3+ |sint|}
ui(t) usa(t) 2sint 3sint
an(t) a12(t) . l|SiIlt| l‘COSI&‘
Lm(t) aQQ(t)} = [£|cost| z|sint|]’
{bu(t) blg(t):| B P|sint }%COSH]
bo1(t) baa(t)| — |g|cost| z[sint|]’

Tll(t) le(t) _ 005|smt| 005‘Slnt|
(t) T22(t)| ~ ]0.04|cost| 0.04|cost]



EJDE-2016/02 EXISTENCE AND EXPONENTIAL STABILITY 11

Then L] = 1,¢7 = ¢ =2, af; = 0.2, af; = 0.25, bj, = 0.25, b, = 0.2, 7 = 0.05.
Let n=0.6, A\=0.5, m=1and M = 2. Then

2

Ao+ [Z(a;;+b;§)Lﬂe” < 0.5-3+0.9x2xe"*0% = —0.6544 < —0.6 < 0,
m L

which implies that system satisfies all the conditions in Theorem Thus

we can conclude that has exactly one m-anti-periodic solution. Moreover, this

solution is globally exponentially stable. The results are verified by the numerical

simulations in Figure

10

I
0f Y
K
= -5
<
—10}
151
-20 . . . .
0 10 20 30 40 50

FIGURE 1. Time response of state variables x1(t) (red) and x2(t) (blue).

Conclusion. In this paper, we investigated the asymptotical behavior of a cellu-
lar neural networks with time-varying delays and impulsive effects. Applying the
fundamental theorem, we reduce the existence of solution of system to the
corresponding problem for a delayed differential equation without impulses and
derive a series of new sufficient conditions to guarantee the existence and global
exponential stability of an anti-periodic solution for the cellular neural networks
with time-varying delays and impulsive effects. The obtained conditions are easily
to check in practice. Finally, an example is given to illustrative the feasibility and
effectiveness. To the best of our knowledge, there are only few papers that focus on
the anti-periodic solution problem of cellular neural networks with impulsive effects
by reducing the impulsive cellular neural networks to the cellular neural networks
without impulse. Thus our work is new and an excellent complement of previously
known results.
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