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ROBIN BOUNDARY VALUE PROBLEMS FOR ELLIPTIC
OPERATIONAL DIFFERENTIAL EQUATIONS WITH
VARIABLE COEFFICIENTS

RABAH HAOUA, AHMED MEDEGHRI

ABSTRACT. In this article we give some new results on abstract second-order
differential equations of elliptic type with variable operator coefficients and
general Robin boundary conditions, in the framework of Hélder spaces. We
assume that the family of variable coefficients verify the well known Labbas-
Terreni assumption used in the sum theory. We use Dunford calculus, inter-
polation spaces and the semigroup theory to obtain existence, uniqueness and
maximal regularity results for the solution of the problem.

1. INTRODUCTION

In a complex Banach space E, we consider the second-order differential equation

u(2) + Aw)u(e) - wu(e) = f(2), @ €0, 1, (1.1)
together with the general boundary conditions of Robin’s type
u'(0) — Hu(0) = do, u(l) = u. (1.2)

Here w is a positive real number, f € C?([0,1]; E), 0 < 6 < 1, dy and u; are given
elements in E, (A(x))ze[o,1] is a family of closed linear operators whose domains
D(A(x)) are not necessarily dense in E and H is a closed linear operator with
D(H) C E. Set for z € [0,1]

Ay(z) =Ax) —wl, w>0.
For f € C?([0,1]; E), we search for a strict solution u of problem (T.1)), (1.2)); that

Vo € [0,1] u(z) € D(A(z)), wue C?([0,1];E)
z - A(z)u(z) € C(0, 1 E),  u(0) € D(H).

Our purpose is to establish existence, uniqueness and maximal regularity of the
strict solution of this problem improving the results in [5] and completing the one
in [7]. The method is essentially based on Dunford calculus, interpolation spaces,
the semigroup theory and some techniques as in [7}/14].
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Throughout this work we suppose that the family (A(z))eo,1] satisfies the fol-
lowing hypotheses:

(H1) There exist wy > 0 and C > 0 such that for all z € [0,1] and all z > 0,
(Ayy(z) — 2I)7t € L(E) and
1(Awo () = 2D L)
this estimate holds in some sector
Iy, ro = {7z € C\{0} : |arg(z)| < O} U{z € C:|z] <o},

where 6y and r( are small positive numbers.

< - 1.3
~ 142 (1.3)

Remark 1.1. It is well known that assumption (|1.3) implies the same properties
for A, (z), w > wp.

On the other hand, it is well known that the square roots
QUJ(‘T) = _(_Aw(x))l/zv VS [07 1]7 w > wo,

are well defined and generate analytic semigroups not strongly continuous at zero,
(see Balakrishnan [2] for dense domains and Martinez-Sanz [16] for non dense do-
mains).

(H2) There exist C, a, 1 > 0 such that for all z,7 € [0,1] and rall w > wy:

Q@) (@ula) — D) (Qul®) ™~ Qulr) sy < T2

|z +wl#
with @ + 4 — 2 > 0. This hypothesis is known as the Labbas-Terreni
assumption.

Remark 1.2. From (1.4) one can prove that there exist C, a, p > 0 such that for
all z,7 € [0,1] and all w > wy,

19w (2)(Qu(2) = 21)™H(Qu(2) ™ = Qu(T) ™)l L(m) <
with a4+ p —2 > 0.
(H3) There exists C' > 0 such that for all z € [0,1] and all w > wp: Qu(z) — H

is closable, (Q,(z) — H) is boundedly invertible and
(Qu (@) = H) Ml < C(1L+ Vo) (1.5)

see Cheggag et al [5] for the autonomous case.
(H4) For all z € [0,1] and all w > wy,

(Qw(x) - H)il((D(Qw(x))a E)l—@,oo) C D(Qw(x)) n D(H)v
Qu(2)(Qu(z) — H) " ((D(Qu(2)), E)1-6.00) € (D(Qu(2)), E)1-,00-
Recall that for all = € [0, 1],
Do) (0:+0¢) = {6 € B 5up |1 Qu(+)(Qu(s) — 21) 0l < +oc}

= (D(Qu(@)), E)1-6,00-

(1.4)

Clz —T1]¢

|z 4+ w|®

(1.6)

See Grisvard [9].
(H5) For all z € [0,1] and all w > wy,

Qw<x)_1(Qw(m) - H)_l = (Qu(z) - H)_le(x)_l~ (1.7)
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(H6) There exists C' > 0 such that for all z,7 € [0,1] and all w > wy,
1(Qu(x) = H) ™ = (Qu(r) = H) Y|z < Cla =1l (1.8)

with some [ > 2.
Note that, from Remark there exists a second sector

Mo, +5.r, = {z € C\{0} : |arg(2)] < 61+ 5} U{z € C: [z <),

with small #; > 0 and r; > 0 such that the resolvent set of —(— A, (x))'/? satisfies

1
o= (= Au()}) 5 Ty, 5.,
for every x € [0, 1]. Set

={z= peﬂ:i(@ﬂr%) cp>ripU{zeC:|z| =r, |arg(z)] > 01 + g}7

oriented from coe™ 1 to coeir.

Cheggag et al [5] studied the same problem with Robin condition for the au-
tonomous case (A(z) = A) and used semigroups theory. Assumption are used
in many other situations. One can cite, for example, Bouziani et al [4].

There exists an other approach different from which uses the differentiabil-
ity of the resolvent operators, see Boutaous et al [3] for Dirichlet problems.

In this work, there are two difficulties: we do not assume the differentiability of
the resolvent operators and one boundary condition contains an unbounded oper-
ator. Our essential result is summarized by Theorem [4.4]

This article is organized as follows. In Section 2, some preliminary technical
results are proved. In Section 3, we obtain some new results verified by the solution
w of and by using an heuristical reasoning. In Section 4, we give necessary
and sufficient compatibility conditions in order to obtain the maximal regularity
results of the solution. Section 5 is devoted to prove existence of the solution by
the study of the associated approximating problem. Finally, we will present an
example of a partial differential equation where our abstract results apply.

2. TECHNICAL LEMMAS

Lemma 2.1. Assume (1.3). Then there exists a constant C > 0, such that for all
w>wp, z €L and x € 0,1],

_ C
1(Qu(z) — 21| Lm) < Jot

For a proof of the above lemma, see Haase [10, p. 57].

Lemma 2.2. Assume (1.3). For anyw > wy and x € [0, 1], the operator I —e?>@«(®)
has a bounded inverse and

1 e?*

(I— eZQw(x))fl = % . W(ZI — Qw(x))fldz—l—f

For a proof of the above lemma, see Lunardi [15, p. 60]. By using Lemma
there exists C' > 0 such that for all w > wy :
(I = *) "y < C.
Lemma 2.3. There exists C > 0 such that
(1) for allz >0 and ¢ € D(Qu(0)), [ly — "% Vyp|p < Cz[|Qu(0)¢lls
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(2) for allz >0 and ¢ € D(Qu(0)%), llp — e* %Oyl p < C2*(|Qu(0)*|&-

For a proof of the above lemma, see Boutaous |3} p. 8]. For w > wg and z € [0, 1],
we set

Iy (x) =T+2(I - eQQw(x)>_1Qw(x)e2QW(x)(Qw(x) —H)™.

Proposition 2.4. Assume (1.3)), (1.5) and (1.7). Then there exists w* > wqy such
that for all w > w* and x € [0,1], I1,(z) is boundedly invertible.

Proof. By Dore and Yakubov |6, p. 103], for o € R there exist constants C, k > 0
(which do not depend on w) such that for any y > 1,

[(—A@) + w)e v CAED T gy < GV,
thus, for w large enough,
1Qu(2)e2 || gy < Ce™2hV&,
from which we obtain
1207 = @< 71 Qu (2)e* ¥ (Qu () — H) M lp(my < C(1+ Vaw)e 2V,
Then there exists w* > wy such that for any w > w*,
1201 = 2PN 7L Q (2)e* ¥ (Qu () — H) M lpgmy < 1.
Hence, for w > w*, II,(z) is boundedly invertible. O
Lemma 2.5. Assume and f and consider, for w > wq, the linear

operator
A (@) = Qu(z) — H + %0 (Qu(2) + H), x€[0,1],
of domain D(A,(z)) = D(Qu(x)) N D(H). Then there exists w* > wqy such that,
for all w > w* and x € [0,1], A, (z) is closable, its closure is invertible with
)

(Aw(x))_ = (Qu(z) — H)_l(Hw(x))_l(I - eQQw(z))_la (2.1)
(Aw(2)) ™! = (Qu(z) — H) ™" + (Qu(x) — H) W (), (2.2)

where
W(z) € L(E), (Qu(z)—H)"'W(z) =W (x)(Qu(x) — H)™",
W(z)(E) c N, D(Qu(x)").

Proof. Here A, (z) = (I — 2@ (Q,(z) — H) + 2Q.,(x)e*?=®); therefore A, ()
is closable (see Kato [12]) and

A = (1 = 220) @ = ) + 2Qu )22
= (I = 9N, (2)(Qu(z) — H).
The above equality together with (L.6) and Proposition ives 0 € p(A,(z)) and
. ) holds. %y 6 \ie have . g .g g
(Au(2)) ™ = (Qulz) — H) (I + M(x))""(I + N(z))™*
with
M(z) =2(I — 29 1Q,(2)e*? ) (Q,(z) — H) ™! € L(E),
N(z) = —*®) € L(E), [M(2)|(E) € M1 D(Qu(2)"),
[N(@)[(B) € M1 D(Qu(@)").
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Set U(z) = —M(z)(I+ M(x))~t € L(E) and V(z) = —N(x)(I + N(x))~! € L(E).
Then

(Au(2)) ™! = (Qulz) = H)T'(I + U(2))(I + V(2)),
with
(Qu(z) — H)™'U(x) = U(2)(Qu(z) — H)™,
(Qu(z) — H)™'V(z) = V(2)(Qu(z) — H) ™,
[U@NE),  [V(@)(E) DM D(Qu(x)").
Setting W(z) = U(z) + V(z) + U(z)V(z) we deduce the result. O

Lemma 2.6. There exists K > 0 such that for each z € I' and r > 0, we have
|z 47| > K|z|, |z+7r|>K]r|,
|z —r| > K|z|, |z—r|>K]r|
There exists K > 0 depending only on T' such that for all A > 0 and all v € [0, 1],
|dz| K
N hiod BN el
rlz £ A|zlr — ¥

For a proof of the above lemma, see Labbas-Terreni |13, Lemmas 6.1 and 6.2].

3. REPRESENTATION OF THE SOLUTION

3.1. Heuristical reasoning. Let us recall briefly the case when A(x) = A—wl =
A, is a constant operator satisfying the natural ellipticity hypothesis mentioned
above (we will take Q, = —(—A,)'/?). In this case, the representation of the
solution v of (L)), ( is given by the formula (see Cheggag [5]).

v(z) = "% [(R,) " do + (Qu + H)(Au) ' u]
+; P (Qu + H)(Ay) QL / 59w f(s)

; e*(Qu + H)(A,) e~ Q] / (1=9)Qu £(5)ds
_|_e(1—a:)Qu[(I — (Qu + H)(A,)™ 1 2Qw) —(Ao) 1 Q“’do]

- 3@ Dz [ gt

— eI (@4 H)(RD) 10 / 11 f(s)ds
2 0

1 v 1 !
+ 5@;1/ e@=)Qu f(5)ds + Ele/ 572w £ (5)ds
0 T
Set

LQW(m) (.’E, f)

= 5 OQula) + ) M Qu@) [ e ps)as

0

- %eww“)(czw(x) + H) (A (2)) e Qu(2) ™! / 1 1729w f(s)ds

0
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1

— %e(l_“)Q“’(w)(Qw(az) + H) (A (2)) e Qu(x) ! / e* @ f(s)ds
0

— IR (@) + H)(AL() 2 Qu ()

x/ =)@ @) £(5)ds + iQw(:v)*l/ eT=9)Qu @) £ (5)ds
0 0

1
+ %Qw(x)_l/ e(S_I)Q”(I)f(s)ds.

Our heuristical reasoning is the following. Assume that (1.1) and (1.2)) has a strict
solution wu; that is,

Vo € [0,1] u(z) € D(A,(2)), u € C*([0,1]; E),
x— Ay (x)u(z) € C([0,1]; ) and u(0) € D(H).

Then we can write
Lo, @) (@, ) = Lo, @) (#,u" () — Qu(x)’u(x)).

After two integrations by parts and some formal calculus, one obtains
ule) + e OIT / Qul)e™ ) (Quls) ™ — Qul) )Qu(s)uls)ds
- ;eWﬂT £t / Qul@)et I (Qu(s) 2 = Qule) 2)Qu(s) u(s)ds
- 3T [ Q) ~ Qule) Il s

;(1 x)Qw(x)(] T.( 2Qw(ac) / Qu( (1—s)Qw(x)(Qw(s)—2_Qw(x)—2)

X Qu(s)*u(s)ds + = / Qu(2)e™=9 @ (Q,(5)72 — Qu(x)2)Qu(s)%u(s)ds

/ Qu ()P @(Qu(5) 2 — Qu()~?)Qu (5)u(s)ds

= Lou (@) (@, ) + €O [(Au (@) " do + T (1) Dy
+ 1= P)Ru@) (1 — T, ()@@ )y — (Ay(x))Le@= @ dy],

where
To(z) = (Qu(x) + H)(Aw(x))_1~

Applying Q,,(z)?, we obtain
Qulx)u(z)
§ e, / Qule)*e P (Qu(5) ™ — Qulw) ) Quls) u(s)ds

L, (g)eaute / Qu ()% (Q, (5)72 = Qu(2) ) Qu(s) uls)ds

; 1=0)Qu@) T, (& me/ Qu ()29 (Qu ()72 = Qu(2) ) Qu (s)?u(s)ds
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1 1-2)0u(= ! )Qu(e
— ée(l_“)Q“(*)(I - Tw(x)eQQ“(I))/ Qu(z)%e1=*)Qu (@) (Qw(s)_2
0

- Qulw)” )Qm u(s)ds
/ Qu ()99 (Qu(5) 2 — Qu(2)2)Qu(5)?u(s)ds

b3 QU™ - Qule) Qo) (o)

= Qu(2)*Lay () (@, [) + Qu(@)*e" @D [(Ay(2)) " do + Ty (2) "% Py
+ Qo ()2 ®Qu@ (1 — T (2)e2P @)y — (A, (2)) Le@ @ dy).
By setting
w(-) = Qu()*u(),
we obtain the new equation
w+ P,w = GQw(w) (do, us, f),

where

(Pow)(x)

= LT(2)e" 9 / Qule)* e (Qu(s) ™ — Qulx) 2Ju(s)ds

_ oo, @) / Qu (@)1= (Q, (5) 2 = Qu(x)~2)w(s)ds

— 10-90u )7, (7)eQu(®) / Qu (@) ) (Qu(s) ™2 = Qulz)2)u(s)ds

=N

4 Leome.@r, (g2 @ Q()3 (190w (Q, ()72 — Qu(2) )w(s)ds

[\)

1 o(1— x)Qw(x)/ Qu ()%t~ S)Qw(x)(Q (5)72 = Qu(x) " Hw(s)ds
/ Qu (2)3e= @) (Q, (5)72 — Qu () 2)w(s)ds

# 3 [ QeI Q) — Qule) Pl

7
= Zli7
=1
and
GQW(QE) (d0> Uy, f) (‘T)
= Qu()* Ly @) (@, ) + Qu(x)?e* (A (x)) " do + T (x)e™ = Puy]
+ Qo (2)2e1 Q@ (1 — T, (2)e2P« @)y — (A, (z)) e @ dy).

Proposition 3.1. Under Hypotheses (1.3)—(1.8)), there exists w* > 0, such that for
all w > w*,

[t

IPollLccroie) < 5

l\D
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Proof. We treat for example

B = 5@ [ QU e (Qus) ™ = Qula) 2u(s)is

@) [ Qu)e@(Qu(s)? - Qule) ?)us)ds

T

=a+b,
and thus

—c(x+s dz
||CLHE < K/ |Z‘ sup / ( + )‘ ‘( ) dS) +u|}|u||’w||c([o71];E) .

z€0,1] |2

Using Holder’s inequality as in [4], [13], we prove that
T
sup / e—c(:c-i—s)\zl(m — 5)%ds < %7
x€[0,1] ||

from which we deduce using Lemma [2.6] that

2Pl
lallz <K/ T2t wprefert Wllem)

|dz|
K/ |z+w|#\z|a 1Hw||C([01] E)

> W”wHC(Ol] E)>

We obtain also a similar estimate for ||b||g. Therefore there exists w* > 0 such that

for all w > w*, || P, || L(cloy;6) < 3 which leads us to invert I + P, for w > w* in
the space C([0,1]; E). O

3.2. Regularity of the second member G (,)(do,u1, f). In this section we
use the following lemmas (see |1, Lemma 1.8] and [8, Theorem 6 (4)]).

Lemma 3.2. Fiz z € [0,1] and 3 €]0,1[. Then

(1) s — 3@y C([0,1]; E) if and only if ¢ € D(Q,,(x)).
(2) s — e3@@y e CO([0,1]; E) if and only if ¢ € D, (4)(B, +00).

Lemma 3.3. Let f € CP([0,1]; E). Then

1
Qu(0) / QO (f(s) — £(0))ds € (D(Qu(0)): F)1p oo

The regularity results of G (2)(do, u1, f) are as follows:

Proposition 3.4. Assume (L3)-(L.8) and let f € C°([0,1]; E) with 6 € [0,1].
Then
(1) Gg, (z)(do, u1, f) € C([0,1}; E) if and only if
ur € D(Qu(1)?),  (Qu(0) — H)™'do € D(Qu(0)) N D(H),
Qu(0)(Qu(0) = H)™*(do — Qu(0)'f(0)) € D(Qu.(0)), (3.1)
Qu(0)*(Qu(0) — H) ™' (do — Qu(0)"1 f(0)) + £(0) € D(Q..(0)),
Qu(1)*ur + f(1) € D(Qu(1)).
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(2) G (x)(do, u, f) € C([0,1]; E) if and only if
ur € D(Qu(1)?),  (Qu(0) — H)™'dy € D(Qu(0)) N D(H),
Qu(0)(Qu(0) = H)™H(do — Qu(0)"' £(0)) € D(Qu(0)),
Qu(0)*(Qu(0) — H) ' (do — Qu(0) " £(0)) + f(0) € (D(Qu(0)); E)1-0,00,
Qu(1)*ur + f(1) € (D(Qu(1)); E)1-g,00-
Proof. Let x € [0,1]. Then we have

G (do,ur, /) (@)
= Qu ()" [(Au (@) do + To(a)e® ]
+ Qu()?e =IO = T, (2)e*yuy — (A, () 1e?=(7dy]

+ erQw(m’ /Q )es@w z)f (s)ds

_§erw<x)T 2) / Qu ()= £(5)ds
—e(1-2)Qu( z)T / Qu( e(1+9)Qu (= )f(s)ds

+§e(l—z)Qw z)T (z / Qu( xe(3—5)Qw(m)f(s)ds
1 a-meu x>/ Qu(2)e1 =R f(5)ds

/ Qu(2)e@=92@) f(5)ds + - / Qo (2)e-=D2) f(5)ds

:@AFW”WMH)%+%UQ”>]
+ Qulw)e =D = T, ()22 )y — (Ko@)~ @d)

P reeome) [ Qe (sis) - s
:L’Qw(fl’ / Q. (z $)Qu (@) f(s)ds
B §e(l_m)Qw m)Tw(x)/O Qw(m)e(1+S)Qw(x)f(s)dS

1
. %eufx)czw(w)Tw (2) / Qu(2)eB=92@) £(5)ds

(3.2)

_ 1 a—mau z)/ Qu()e! %) (f(s) — f(1))ds
7/ Qu(2)e@ Q@) (f(5) — £(0))ds
/ Qu(2)e5=DR@) (f(s) — £(1))ds

+ 5O () (0 1(0) - £(0)) + 5( % £0) - £(0))
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+ SelIDUE(f(1) — Q) (1)) + 2 (e f(1) — £(1)).
Let us write

f(0) = To(2) £(0) = [I — T (2)] f(0)
[ = (Qu(z) + H)(Au(x)) "' £(0)
= [(Au(@)) = (Qu(@) + H)](Au(x)) " £(0)
—2H (A (2)) 71 £(0) + 29T, (2) £(0).

Then we obtain

GQw(oc) (dOa Ui, f)(SU)
= —e" @ H (AL ()7 F(0) + Qu(x)?e™ ) (A (x) 'do
=000 f(1) 1 Q (2)2e1-2)Qu(@)yy,

. ;erw I / Qu(2)e* =@ (f(s) — £(0))ds
Zell- :c)Qw(x)/ Qu( (1 S)Qw(m) (f(s) — f(1))ds
/ Q (x S)Qw(iE f( ) f(O))dS - %f(())

/ Qu(@)et D% ((s) — F(1))ds ~ 1 (1)

+ Qo (z)%e 2Qu () gQu (@) T (z)
<o 2ue [ 07900 sy 4 La 4 o202 10)
2 0

1
_ Qw(x)Qe(l_m)Q“’(m)€2Q“(z)Tw(.’L‘)[ul _ iQw(x)_l/ e(l‘s)Qw(m)f(s)ds]

0
_Qw( )26(1_12)@“)(1) Qu(z)

x [ BT o + S T)Qu(e) / ) f(5)ds + 5 Qu(e) (1)

0
= [~ H AL (@) T f(0) + Qulz)?e™ ) (A, (x)) ~ do]
+ [e0=PRu@) £(1) 4 Q(2)2e(1~P)Qu @)y,

1 1
+ ieIQw(m)T €T / Q Z‘ esQw(ZE)(f(S) - f(o))ds

-~ Selim / Qule)e12(f(5) — f(1))ds
43 | Qu@e e )—f(O))ds—éﬂm

/ Qu()e~ D@ (f(s) — f(1))ds — = (1)
Au(

2
+ ) (I fad07u1)
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—Zm e H(E @) F(0) + Qule)?e %0 (R () da]

+[ (1=2)Qu(®) £(1) + Qu ()21~ ] + A, (2)R(x, f, do, ur),

where

R(l’, f7 dOa Ul)
= —?Qu(@) Q@) (1)
0

1
x [ = 5Qui@) ™ [ eI f(s)ds + S (14 Q) QU () 2 (0)]

1 1
 e(0=)Qu(®) 220 @) T (2)[uy — iQ“(x)_l/ (1=9)Qu(®) £(5)ds]
0

4 (1-2)Qu(@) (Qu (@) [(m)fldo

1
+FL@Q@) ™ [ e fa)ds + 50 ()2 (1),
Each term in R(-, f,do, u1) contains e?«(®) and e9(*) ¢ L(E, D(Q,(z)™)) for any
m € N, so
R(:, f,do,ur) € C*([0,1]; E),
Au()R(-, f,do, ur) € C([0,1]; B).

For I, let us write

I = 5O @)Qu @) ~ P OT@)Qu0)] [ e O(1() - F(0)ds

+ 24O, (2)Qu,(0) / e* O (f(s) — £(0))ds.

0
From Lemma [3.3] we obtain

1
Qu(O)/O QO (f(s) = f(0))ds € (D(Qu(0)), E)1-0,00,

from which we deduce that
e"@Q,(0) /0 QO(f(5) - f0))ds € C7(0, 15 ).
For the other terms, we use the same technics as in [1].
Now, from Lemma [2.5] we have
Qu ()¢ (A, (x)) "' do — " %@ H(Ay ()" £(0)
= Qu()?e* % (Qu(x) — H) 'do — e H(Qu(w) — H) ' £(0)
+ Qul(2)?e" @ D(Qu(x) — H) "W (x)dy — e H(Qu(x) — H) "W (x)£(0)
= Qu(2)*e" @ (Qu(w) — H)™do + "% (Qu(x) — H)(Qu(z) — H) ™' £(0)
— " Q(2)(Qulz) — H) ™' £(0)
+ Qu(@)%e" ) (Qu(x) — H) ' W (x)dy — "% H(Qu(x) — H)™'W () £(0)
= Qu(@)?e" () (Qu(w) — H)do + ") f(0)
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— " DQ, (2)(Qu(w) — H) ' £(0)
+ Qu(2)?e* @ (Qu(x) — H)™'W(2)dy — "= H(Qu(x) — H) ™' W (2) £(0),

where W (z) € L(E) and R(W (x)) C N2, D(Qu(z)*). So

Qu ()2 @@ (Qu, () — H)'do + "™ £(0) — ") Qu(2)(Qu(x) — H) ' £(0)
= [Qu(2)2e" @ (Q(0) — H) 'do — Qu(0)%e(©(Q,,(0) — H) dy]
+[Qu(2)?e™ ") (Qu(x) — H) tdo — Qu()?e™ @™ (Qu,(0) — H)~'do]

+ [—e" 2 Qu(0)(Qu(0) — H) ™' £(0) + "9V Qu,(0)(Qu(0) — H) ™" £(0)]

+ [—e" P Qu(2)(Qu (@) — H) T £(0) + "% Qu(0)(Qu(0) — H) ™' £(0)]

+ [e7 9 £(0) — "9 £(0))]

+ "% 0[Qu(0)*(Qu(0) — H)'do — Qu(0)(Qu(0) — H) ' £(0) + £(0)]-
Using the algebraic identity

Qu(@)(Qul() — 21)™* = Qu(0)(Qu(0) — 21) "
2 Qu()(Qul®) — 21 Qul®) ™ — Qul0) ] Qul(0)(Qu(0) — 21) !
I added the equal Then we obtain
S OB )2 O Q) T H) o + 70 £(0)
e7QQ, () (Qul@) — H) 1 (0)
- —i. 22672 Qu (2)(Qu () — 21) M [Qu(@) ™ — Qu(0)

2mi Jp
X Qw(o)(Qw(O) *ZI) (Qw( ) ) 1dO dz
+ 5 [ Q@(Qu() = D) Qu@) !~ Qu(0) 7]
XQW(O)(QM(O)*ZI) (Qw( )7 ) lf( )

1 2 e%? — — —1

- 3 [ Q@) — D) Q@) — Qu(0) ]
X Qu0)(Qu(0) — 1) (@ule) — )" — (@u(0) — H)Jdod
o 2 Qu0(@ul0) ) (@)~ )~ (@0~ H)Jdodz

T

tors [ Qu@Qule) — ) (@@ — H) ! - Qa0 — H)f(0)d:
r

e u@)(Qul@) — =) M Qu(e) "t - Qu(0) 7]

2mi Jr

% Qu(0)(Qu(0) — 2I) ' f(0)d=
+e" 9 01Q,,(0)*(Qu(0) — H)'do — Qu(0)(Qu(0) — H) ' (0) + (0)]

7
= E ai
i=1
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For a; we have

wﬂE<K/uw*ﬂ' 102/ |Qu(0)(@a (0) — ) Ldo |

EL
<k [t Q@0 — )l
< K2 Qu0)(@a0) ~ ) ol

< KIQu(O)@u10) — H)dol .

The same technics are used for the other terms a;, i = 1,2,...,6. For the last term
of GG. One has

[e(l—x)Qw(ﬁf)f<1) + Qw(aj)?e(l—w)Qw(w)ul]
= [e17®)Qu(@) £(1) — (1=2)Qu() £(1)] + [Qu ()21 ™) Ru @)y
Qu(1)2et Qw4 (1=2)Qu M £(1) 4+ Qu (1)%u]

(1- w)z _ _, 1 3
2m/F (2) —2I) ™" = (Qu(1) — 2I) ") f(1)d

(A 20920 (@) (Qu () — 21) " = Qu(1)(Qu(1) — 21)~VYurdz
+6(1 2)Qu (1)[f( )+ Qu(1)uy]

_ 12 Qu () (Qu(a) — 2D) M (Qul@) ™ = Qu())Qu()

o
X(Qw(D**fodf(DdZA*§%gj£2241*“2QwCﬂ(chw‘*ZIYJ

X (Qu(@) ™ = Qu()™Ru()(Qu(1) — 21)turdz + 1772

X [f(1) + Qu(1)*uy]
= b1 + by + bs.

For the term by, we have

—c(1— m\\( ) »
|mm<K/ ‘| =l ()]l

70 — a )U
<& [ T
< KLUl
< KIf)]

The same technic is used for the other terms. From a7 and b3 using Lemmas

and [3.3] - we deduce (3.1]) and (3.2] . O

We can write for w > w* and x € [0, 1],

’LL(.’L‘) = Qw(x)_g(l"i_Pw)_lGQw(m)(dOauhf)' (33)

4. REGULARITY OF THE SOLUTION

Throughout this section we assume that w > w*.
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4.1. Regularity of P,.

Proposition 4.1. Under assumptions (1.3)~(1.8]), we have

(1) P, € L(C(E),C*""%(E))
(2) P, € L(C(E),C(E) N B(Da(y(5,+00))), where B €]0,a + p — 2].

Proof. Let us prove the first statement. Let 0 <7 <z <1 and
w € C([0,1]; E), we have

(wa)(m) - (wa)(T)
- %mwewm / ' Qul@) e D (5)2 — Qule)2Ju(s)ds
L)) / Qu(r)*e P (Quls) ™ — Qu(r) 2u(s)ds
_ leufz)czw(z)/ Qu ()31 (Q_ (5)2 — Qu(x) 2)w(s)ds
2 0
+ Leaeneum / QeI (Q, ()2 = Qu(r) 2Juw(s)ds
2 0
; / T Qu (@I (5) 2 — Qulr) Ju(s)ds
! / Qu (7)) (Qy (5) 2 — Qu(r) D) (s)ds
3 [ Quet 00 QU — Q) o)
B % /1 Qw(T)Se(S_T)QW(T)(Qw(s)_2 - Qw(T)_Q)w(S)dS
- e OT, (@) / Qu ()19 (Q, ()2 — Qu(x)2)w(s)ds
n ; TQW(T)T Qw T)/ Q 3 (- s)Qw(T)(Q ( )—2 _ Qw(r)_Q)w(s)dS
- eI, ()2 / Qu (@)% (Qu(3)2 — Qula))uw(s)ds
+ Leo-maump, (r)ee / Qu(r)e* @ (Qu(s)~2 = Qu(r)2)u(s)ds
2 0
+ %e(l_x)Q“’(w)Tw(l’)€2Q“(3’) /1 Qw(x)ge(l_S)QW(x)(QW(S)_2 _ Qw(.T)_Q)’U)(S)dS

2o(1=7)Qu(n) 2Qw T)/ Qu( e(l 8)Qu ( T)(Q ()*2—Qw(7)*2)w(s)ds

One has Iy + I1o, 111 + T2 and Iy3 + I14 are o(|z — 7|%) where 0 < B < o+ pu — 2.
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For the other terms, we use the same technics, let us treat for example I + Ig
we can write that

Is + I

(x—s)z e(‘l’ $)z\ .2 ) — 2 -1
- 4m// )22Qu(7)(Qu(r) - 1)
x ( — Qu(1) Hw(s)dzds

2 (w .s)z ., -1 _ - R .
4m/ / (@0)(Qu(x) = 2) ™" = Qu(T)(Qu(r) — =) ™)
X Qw( ) ) (S)dZdS

elrmo)* x) —zI) )72~ x) " ?)w(s) dz ds
4m/ / Qu(2)(Qu(z) )™ (Qu(r) Qu () )w(s)dzd

el x)—zI)7" 5)7% — z) " Hw(s) dz ds
47rz// Qu(2)(Qu (x) )7 (Qu(s) Qu(r) ")w(s)dzd

For J;, we have

e < [ [ e S)|I|Z|3(||)|dZ|dfd8w||C([o1
Jo T

T px i S)a do
< K// / 6_0%7d§d8 w .
oo ) (=) (€ —9) lwllco,1):2)

< K/ / (1 = 8)*(& = s)"*deds|wllc(o,1):k)

<K [ (oo s wlogose
< K(x—7)%H 2||wHC(0 1;E)>
and
T —c(x—s)|z (1._7_)04 (T_ )a
HJ2||E§K/ /e =l ——|dz|ds|wllc(o,1):m)
0o Jr |2 |2
T (=71 —5)* do
SK/ /6 7 = dsllw||c(o.1:
o Jr (E)2#73 (I*S) || H ([0,1];E)
<K [ @ m(r=s)(e — s dslulegone)
0
< Kz — 1) 2 |wlleqoag:E)-
J3 and Jy are also treated as Ji. O

Corollary 4.2. Under assumptions (1.3)—(1.8) and for all w > w*, we have
(1) (I+P,)"t e L(C(E)).
(2) (I+ P,)~' € L(CP(E)), where 3 €]0, o+ p — 2].
(3) (I +P.)"' € L(C(E)NB(Dacy(8,+00))), where B €]0,a + pu — 2.
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4.2. “mixed” regularity of Gg_ () (do, u1, f)-
Proposition 4.3. Assume ([1.3)-(1.8). Let 8 €]0,o + p — 2],
(Qu(0) — H) 'dy € Dg_ 0y N D(H), w1 € Daqy, [f€C?([0,1];E).
Then Go, ) (do,u1, £)(-) + f(-) € B(Dagy(2,+00)) if and only if
Qu(0)(Qu(0) — H) ™" (do — Qu(0)~" f(0)) € D(Qu(0)),
QuOP @0~ H)™ dy ~ Qu(0)1(0)) + £(0) € Dy (5, +00),

Ao(Nuy — f(1) € DA(1)(§, +00).
Summarizing the above results we obtain the following theorem.
Theorem 4.4. Assume 7. Let B €]0,a+ p — 2],
(Qu(0) — H)"'dy € Dg_ oy N D(H), w1 € Daqy, fe€C(0,1];E)
such that
Qu(0)(Qu(0) — H)™*(do — Qu(0)1 f(0)) € D(Qu(0)),

Qu(02(Qu(0) —H) ™ (do — Qu(0)™ £(0)) + £(0) € Dagoy(2,

5 T

Ao — (1) € Dagy(5,+00).

Then there exists w* > 0 such that for all w > w*, the equation has a unique
solution w(-) = Q,(-)?u(-) satisfies

(1) Qw() u(-) € C([0,1]; E).

(2) Qu(-)u() € C7([0,1]; E).

(3) u" € CB([0,1]; E).

(4) u” € C([ ’ ]7 ) mB(DA(~)(§v+OO))'

Proof. We have

FO) +Qu()?u()
= f() + [Gqu (@) (do, ur, [)(-) = (Pow)(-)]
= [f() + Gou(@)(do, ur, f) ()] = (Pow)().

(")

5. APPROXIMATING PROBLEM
In our heuristical reasoning in section two, one proves that the solution of (|1.1))—
(1.2), when it exists, is given necessarily by (3.3).
To prove that the representation of v in (3.3]) is the unique strict solution of
(1.1)—(1.2), we consider the family of approximating problems
un(z) + Ap(2)un(z) — wuy,(z) = f(x), = €]0,1],
u,(0) — Huy(0) = do,

un(l) = uq,
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where (A, (x))ze[0,1) is the family of Yosida approximations of (A(x)),e,1] defined
by
An(x) = —nA(z)(A(x) —nl)™', n e N*,

Then we use the same arguments as in Labbas [14] or in Bouziani [4].

6. A CONCRETE GENERAL EXAMPLE

Consider the complex Banach space E = C([0,1]) with its usual sup-norm and
define the family of closed linear operators Q(z) for all z € [0, 1] by

D(Q(x)) = {y € C*([0,1]) : a(2)¢(0) + b(x)¢'(0) = 0, (1) =0},
(Q@)e)(w) = ¥"(y), ye(0,1),
from which it is easy to deduce that A(z) = Q(x)?,
D(A(z)) = {p € C*([0,1]) = a(2)p(0) + b(z)¢(0) = 0,(1) = 0,
a(z)@"(0) +b(z)¢"(0) =0, ¢"(1) =0},
(A@)e)(y) = =™ (), ye(0,1).

We assume that a, b € C*([0,1]), a > 0, b > 0 and inf,¢[o17(a(z) + b(x)) > 0. Let
us define the linear operator H by

D(H) = {p € C'([0,1]) : p(1) = 0},
(He)(y) = a'(y), y€(0,1).
Therefore the spectra of Q(x), for every z € [0, 1], is included in ] — 00, 0],
D(Q(z)) = {p € C([0,1]) : ¢(0) = (1) = 0} if b(z) =0,
D(Q(z)) = {v € C'([0,1]) : p(0) = 0} if b(z) # 0,
so D(Q(x)) is not dense in E. Let z € C\R_ and ¢ € E,
Qz)p —2p =0 € E,

which implies

Then we obtain

(Qa) — =I) ") (y) = / K, (y,, syi(s)ds,

where p = /2
sinh p(1—y)[a(z) sinh ps—b(z)p cosh ps]
K (y T S) - { pla(z) sinh p—b(z)p cosh p) ; 0<s< Y
PAF> 32/ 7 ) sinh p(1—s)[a(x) sinh py—b(z)p cosh py]
pla(x) sinh p—b(x)p cosh p] ;o yss< 1L

We consider Q(z) = —(—A(z))/2. One has

Q) = / Ko(y, z, $)b(s)ds,
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where
(A=y)la(z)s+b(z)]
K (y x 5) = a(z)—b(x) , 0<s<y,
oy, z, (A=s)[a(z)y—b(=)] e
1+b(x) , y<ss=< L

By direct calculations, one proves (1.3) and (1.4)), see [1, p. 52 first example and
Proposition 7.1]. Then, all our results apply to the following concrete quasi-elliptic
boundary value problem for a large w > 0,

8%u 0u
@(:Ly) - Ty‘l(x’y) - wu(x,y) = f(xay)ﬂ (-T,y) € [07 1] X [07 1]3
a(x)u(z,0) + b(z)g—Z(z,O) =0, z€]l0,1]
5o0.0) = 5100) = do(y), () = wilw) v 0.1]
0%u A3u
a(x)a—lﬁ(a:, 0) — b(x)a—yg(m,O) =0, z€]0,1]
g—;;(x, 1) =u(z,1) =0, =ze€l0,1]
u(0,y) = p(y), w(l,y)=v(y), yel01].
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