Electronic Journal of Differential Equations, Vol. 2015 (2015), No. 85, pp. 1-18.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

GROUND STATES FOR A MODIFIED CAPILLARY SURFACE
EQUATION IN WEIGHTED ORLICZ-SOBOLEV SPACE

GUOQING ZHANG, HUILING FU

ABSTRACT. In this article, we prove a compact embedding theorem for the
weighted Orlicz-Sobolev space of radially symmetric functions. Using the em-
bedding theorem and critical points theory, we prove the existence of multiple
radial solutions and radial ground states for the following modified capillary
surface equation

2p—2
—div ( [Vu| Vu

V14 |Vul?r

) + T (el e = K(|lz)|ul*"%u, w>0, z€RY,

u(|z]) — 0, as [x] — oo,

where N > 3,1 < a < p<2p< N, s satisfies some suitable conditions, K (|z|)
and T'(Jz|) are continuous, nonnegative functions.

1. INTRODUCTION

In this article, we study the following modified capillary surface equation in a
weighted Orlicz-Sobolev space,

L (\Vu\zp*QVu

V14| Vu|?P

) + Tl ul*2u = K(a)lul*"%u, u>0, v €RY, o

u(|z]) — 0, as|z| — oo,

where N > 3,1 < a <p < 2p < N, s satisfies some suitable conditions, Vu denotes
the gradient of u, T and K are continuous, nonnegative and measurable functions,
ie, T,K : (0,+00) — [0, +00] and may be unbounded, decaying and vanishing,.
Recently, these type equations have attracted much attention. As p = 1, the
problem becomes known as the prescribed mean curvature equation or the
capillary surface equation. Peletier and Serrin [15] studied the following problem

. Vu _ N
—le(\/ﬁ>——)\u+uq, reR s

u(z) -0, asz — oo,

(1.2)

where A > 0,¢ > 1 and obtained the existence of radial ground states. As A\ = 0,

Ni and Serrin [12}13] established that if 1 < ¢ < %, no positive solutions exist,
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%, there is a continuum of solutions. del Pino and
Guerra [6] proved the existence of large finite number of ground states, provided that
q lies below but close enough to the critical exponent % Moreover, existence,
nonexistence and multiplicity of solutions decaying to zero at infinity have been
proved by [3Ll4L[7L(8[17].

As p > 1, using minimization sequence method and Mountain Pass Lemma,
Narukawa and Suzuki [11] discussed the existence of nonzero solutions for the mod-
ified capillary surface equation

|Vu|?P~2Vu

V14 [Vul??

u=0, x€dN,

on the contrary, if ¢ >

—div( ):)\f(x,u), u>0, x €,

(1.3)

where Q is a bounded domain in RY with smooth boundary, X is a positive param-
eter; Liang |9] investigated the following modified capillary equation

e (|Vu\2p‘2Vu

W):f(x7u)7 ‘TEQ’

u=0, x€JN,

(1.4)

and obtained a negative and a positive solution by variational methods. In particu-
lar, Azzollini, d’Avenia and Pomponio [1] studied the quasilinear elliptic problems

=VI¢'(Vul*)Va] + [u|*"u = [u|*?u, @ eRY,

1.5
u(z) = 0, as|z| — oo, (1.5)

where ¢(t) behaves like t3 for small t and t% for large t, 1 < p < ¢ < N, and
obtained some existence results in Orlicz-Sobolev space by using critical points
theory.

On the other hand, some authors studied the semilinear (quasilinear) elliptic
equations with unbounded or decaying radial potentials. Su, Wang and Willem
[18,/19] proved some embedding results for the weighted Sobolev spaces of radially
symmetric functions. Zhang [20] obtained some Strauss-type decay estimates and
obtained some continuous and compact embedding theorems.

In this article, we prove the existence of multiple radial solutions and radial
ground states for the problem . Firstly, we obtain a compact embedding the-
orem for the weighted Orlicz-Sobolev space of radially symmetric functions. Sec-
ondly, we obtain the existence of radial ground states for the problem with
unbounded or decaying radial potentials by using this compact embedding theorem
and critical points theory.

Consider the functional

1 1 1
= [ VIV = dot 2 [ Tafuldo = [ K(laDluld
RN RN RN

(1.6)
where

$IVul|?P, as [Vu| — 0.

Solutions of (1.1f) are, at least formally, critical points of the functional J(u). By
(1.7), we obtain that this different growth at zero and at infinity of the function
1+ |Vul?P — 1 and the whole space R suggest us not to use classical Sobolev

p
VIt VP —1~ {|W| s [V = oo, (1.7)
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spaces. Hence, we should define a class of weighted Orlicz-Sobolev space with
respect to the functional is well defined and C*. For dealing with the compact
properties of the functional J(u), we would like to get compactness lies in the fact
that the group of translation constitutes an obstruction to compact embedding
in RV, and examine the affects of the unbounded or decaying potentials T'(|z)
and K (]z|). Hence, we restrict the domain of the functional J(u) to the suitable
Orlicz-Sobolev space.

Now we state our main theorems in this paper. Let |z| = r, T'(|z|), K(|z|) be
continuous nonnegative functions in (0, o), and

(T1) There exist real number a and ag, such that liminf, ., T(r)/r* > 0, and
liminf, o T(r)/r% > 0;
(K1) There exist real number b and by, such that limsup, .. K(r)/r’ < oo, and
limsup, o K(r/r% < oo, K(r) > 0.
The existence and embedding results depend on the potentials T, K near 0 and
00. We define the following relations between p, 2p, and a,b or ag, by:

(2p)a(N—1+b)—ac

BN-Drap-1) 020> P,
= B bz-pa<-p (1.8)
& b < max{a, —p},
and
%;Z‘;)’ bo > —p, ag > —p,
=) BT P> a0 > g2 b 2 6o (1.9)
0, ag < —%p, bo > ag.

Remark 1.1. The idea which for establishing conditions and comes from
Su, Wang and Willem [18,|19]. In this article, we not only develop the methods
in [18]/19,20] to the modified capillary surface equation, but also improve and extend
the results in classical Sobolev space to the Orlicz-Sobolev space.

Theorem 1.2 (Multiplicity Result). Assume that (T1) and (K1) hold, 1 < a <
p < 2p < N, s, < s < s, then there exist infinitely many radially symmetric

solutions for (1.1]).

Theorem 1.3 (Ground States). Assume that (T1) and (K1) hold, 1 < a < p <
2p < N, s, < s < s*, then there exists a radial ground states for (L.1).

This article is organized as follows. In Section 2, we introduce a weighted Orlicz-
Sobolev space of radially symmetric function and recall some important lemmas.
In Section 3, we prove some inequalities with radial functions, extending some
inequalities in classic Sobolev space to the Orlicz-Sobolev space, and establish a
new compact embedding theorem (i.e. Theorem . Section 4 is devoted to the
proof of Theorems and Theorem

2. WEIGHTED ORLICZ-SOBOLEV SPACES

As a first step, we recall some well known facts on the sum of Lebesgue spaces
and introduce some notation of function space.
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Definition 2.1 ( [2]). Let 1 < p < g and Q C RY. We denote with LP(Q) + L4(Q)
the completion of C2°(€2, RY) in the norm

lull 2o @)+ Lagey = nf {[[v]lp + [lwllq : v € LP(Q),w € LY (Q),u =v+w}.  (21)
In this article, we set ¢ = 2p and ||ullp2p = |[u| Lr()+120 (). Moreover, from [2],

we obtain that LP(Q) + L?!(Q) are Orlicz spaces.

For a > 1,s > 1, we define
L*(RY;T) = {u:RY — R : u is Lebesgue measurabla/ T(|2])|u|*dz < oo},
RN
and

L*(RY; K) = {u:RY — R:u is Lebesgue measurable,/ K(|z])|u]*dz < oo}
RN

The corresponding norms in L®(R™;T) and L*(RY; K) are respectively

1/«
— [0
ey = [ Tablulaz) ",

1/
fullsioe = ([ | Klahlulde)
RN

From [2], we have a list of properties of the Orlicz spaces LP(Q) + L?P(Q).
Proposition 2.2 ( [2]). Let @ C RY, u € LP(Q) + L?*(Q) and A, = {z €
Q| |u(z)| > 1}. We have

(i) if Q' C Q is such that || < 400, then u € LP(QV);

11) if Q' C Q is such that u € L>°(Y'), then u € L?P(Q);
i) |Ay| < 4005
) € L) NI
v) the infimum in 1s attained;
(vi) LP(Q) + L**(Q) is reflem've and (LP(Q) + L?*(Q)) = L? (Q) N L(*) (Q);
(vil) flull Lo (@)+L2e (@) < max{|lullLea,), [[ullLorag)}s
(vili) if B C Q, then |lullLr)+r2e) < l[ullrBysr2es) + lullLe@\B)+ 20 (\B) -
Let C°(RY,R) denote the collection of smooth functions with compact support

and
(C(RY,R))rad = {u € C° (RN, R) : u is radial}.

Definition 2.3. Let a > 1, W be the completion of C3°(R™,R) in the norm
lullw = llull g @x) + [[Vullp,2p, (2.3)

Wiad be the completion of (C2°(RY,R));aq in the norm || - ||, namely
AN ol
Wrad = (C‘CX’ (RNaR))rad .

Lemma 2.4. The space Whraa, || - ||) is a reflexive Banach space.

Proof. Firstly, we prove that (W;ad, ||-||) is a Banach space. In fact, since L*(R™;T)
and LP(RY) + L?(RY) are completed. Let {u,}, be a Cauchy sequence in W4,
then {uy,}, is a Cauchy sequence in L*(R™;T), and there exists u € LY(RY;T),
such that [[u, — ul[ze @~y — 0, as n — co. Also {Vu,}, is a Cauchy sequence in
LP(RN) + L% (RY), there exists § € LP(RY) + L2 (RY), such that ||V, — 8| p2p —
0, as n — oo.



EJDE-2015/85 GROUND STATES 5

Sufficiently, for every ¢ € C°(RY), n € N, we have

lim T(|x|)unV§dx=/ T(|z|)uVEde, lim/ EVundarzf &odx.
RN n—oo JrRN R

n—oo ]RN N

In fact, by Holder inequality and Proposition (v), by considering (v,,w,) in
inLP(RY) x L?(RY) such that

Vup, =6 =vp+wy,, [[Vu,— 5Hp,2p = ”Vn”p + Hwn||2pv

we have
| [ Tel) =) Ve < 1980, =l ey =0,

and

|/]RN &(Vuy, — 8)dz| = |/]RN §vndfc+/RN Ewpda|

< 1€l [1vallp + 1€l 2py IWnll2p — O

Obviously, by the definition of weak derivatives, we have

/ T(|z])u, V&dr = —/ T(|x])éVupdz.
RN RN
Hence, we obtain

[ 7eluvede =~ [ T(al)cods
RN RN

that is, Vu = 4.
Secondly, we prove that (Wiad, || - ||) is reflexive. Indeed, we consider the norm

* : 1
[ully.2p = mE{([[0ll; + [[w]|3,)2 v € LPRY),w € L*(RY),u = v + w},

and then, on W;,q, the norm

*
p,2p’

[l s = lullg @ry + IV

is equivalent to the norm ||u|lw,.,. Moreover, by [2, Proposition 2.6], the norm
[ull Lo e~y and the norm || - [|* are uniformly convex. So, on Wiad, we consider
uniformly convex norm [|V.[|7 5, and the norm || - || Lo (r~). By a well known result,
also the norm

1 By = /1 12 ey + (1V-15.2)°,

is uniformly convex and then (W.q, || - ||¥) is reflexive. Hence the norm || - ||§1,Vmd is
equivalent to || - |lw,.,- Then, we obtain that (Wiag, || - ||) is also reflexive.

Remark 2.5. Similar to [1, Theorem 2.8], we obtain that W,,q coincides with the
set of radial functions of WW. Hence, using the principle of symmetric criticality
in [14], we only consider the functional J(u) in restricted to the weighted
Orlicz-Sobolev space W;aq.
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3. EMBEDDING THEOREM

To obtain the compactness of the functional J(u), we prove a compact embedding
theorem (Theorem . Denote by B, the ball in RV centered at 0 with radius 7.

Theorem 3.1. Let 1 < a <p < 2p < N. Assume (T1) and (K1) hold, then we
have the continuous embedding

Wraa — L*(RY; K)
for s, < s < s* when s* < oo, and for s, < s < oo when s* = co. Furthermore,
the embedding is compact for s, < s < s*.

Firstly, we prove some inequalities on radial functions which are interesting.

Lemma 3.2. If 1 < p < 2p < N, there exists M > 0 such that for every u € Whaq,

—~ _(N-2p
u(@)] < {M'x C 7 IVl for fol > 1,

= (N-p) (3.1)
Mlz|™ 77 || Vullpap, for0<|z| <1

The proof of the above lemma is similar to that of [1, Lemma 2.13] and of |19,
Lemma 1].

2p(N+c)

Lemma 3.3. Let 1 < p < 2p < N. Assume 2p < s < oo and write s = (N=2p) ’

for some —p < ¢ < 0. Then there exists M > 0 such that for all u € Wiaq

1/s —~
([, Jaltulde) ™" < 3T mas (19l 2, [Vl ) (32)

Proof. By denseness, it is sufficient to prove that u € (C°(RY,R))aq, (v, W) €
LP(RY) x L?P(RY), such that Vu = v +w. By using Lemma and s = 2(’;\(,11[;;)) ,
we have

[ Jalfupda

RN

:wN/ r(N_1+C)|u(r)|sd7“
0

SWN * c s—
= _(N+c)/0 rNF ()| S~ Du(r)u (r)dr

(2p)wn /OO (N+c) (s—1)1,,/
< - r T ()| | () | dr
< s [ ) o)

2

2] (/ (e+1)[,,|(s—1) / (c+1)|,,|(s—1)
< x| | T | v|de + x|V |u)'® Wdl‘)
(2

2 /p (ote)  (s=p) 22
< 71)[(/ |V|pdl‘> (/ |x‘c|u|s‘x|(gt1) |U|(P*110) dx)
(N - 2]9) RN RN

5 Crto)  s=2p) N (P5pH)
([ wbrae)™ ([ paluplel #5758 )]
RN RN

2p (55) a7
< M s (Wl 19l ([ lalulao)
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D

2=2p) ol 1s (22;1)
i ([ leriuar) ]
RN
2p (=2) s (2554)
< M s max (19l gy IVl ) [l [ lol*topae)

(31
+ ”W”L?P(RN)(/RN |x|C|u|5d;v) }

2p 2) s52p NG
<MLy e (Il g, 19l ) Il / lalelul*dx)

2p—1)

—_—~ s = ( 2
< Wi (¥l e 115, ) ([ leltupiae)

where wy is the volume of the unit sphere in RY. It follows that

cl,, |8 1/s r 2
([, Jaltura) " < M max (19ull 2. [Vl ).

+ Iwllz2r @y [V

O

Lemma 3.4. Assume (T1) holds, 1l <a <p<2p< N, and a > — (( ))Qp Then
there exists MO > 0 such that for all u € Wiaq,

2p(N=1)+a(2p—1)

fu(@)| < Mola| ™™= llullw,g, - for ] > 1. (33)
Proof. By assumption (T1), there exists R > 1 such that for some M, > 0,
T(|z|) > Mp|z|®, |z| > R> 1.
For u € Wiaq, as 8 > —(N — 1), we have

i(r(9+N_1)|u|°‘) = ar(9+N_1)\u|(o‘_2)u;Lu +(@+N-— 1)|u|ar(9+N_2)
r

dr g (3.4)
> ar(9+N—1)‘u|(a—2)u7u.
dr
Next we only consider |u| > 1, when |u] < 1, set |[u/| = ﬁ, then |u'| > 1. For

all u € Wiaa, (v,w) € LP(RY) x L?(RY), such that Vu = v + w. Since, a >
—8;:32]9, so take 0 = mln{a(p D a(2p U} then § > —(N —1). For r > R,
1< a<p<2p< N, we have

|U|aT(6+N71) < a/ |U|(a71)t(9+N71)|u/(t)|dt

= 2 el @) | Vulde
WN c

([l Dpvide + / |x|9|u|<a*1>|w\dx)
(UN Bc Bg

p—l
)

e RGO M

wWN B¢

2p) (a—1)(2p) (%)
+||w||L2p(B$)(/ \x|<2p_1) u| @D )dx) 3 ]
BC

2p—1
r

IN

IN

« (e—p 2==)
<= . (d5292) 4, 7
< (Wl ([ el as)

r
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((04*1)219) 22;1
+||W||sz(3$.)(/ |z|*|u|' " @=D da:)
By,

(Gl (a-1))
J

((0—1)217)
I lzop ([ el 5 de

T

)(%(Q*U)

—1
papllull i,
L (p—1) (]RN)

< M(a,p,N) HVU

< M(a,p,N) HVU

:DQPHUHLC! (RN)"

By Young inequality, and |x\ = r, we obtain

e 1o (2
=) < M(O{p N)Hqup,/Qp“uHL%(RN)

< Mo(IVullp2p + 1ull o)
ie.,
(2 (N— 1)+a<2p 1))
Jul < Molz|~ e ellwyaa
where the constant MO = Mo(a,p,N)~ [l

Lemma 3.5. Assume (T1) holds, 1 < a <p < 2p < N. Then there exist 1 > rg >
0 and My > 0 such that for all u € Whaq,

|_(2p(N71)+a0(2p71

—~ )
u(z)| < Molz am Ml for 0< |z <o <1, (3.5)
where Mg = Mo(ao,ro,a,N).
Proof. By assumption (T1), there exists 1 > ro > 0 such that for some constant
My > 0,

T(|z|) > Molz|*, 0<|z|<ro<l.

For u € W;aq, we have

d d
%(T(B+N—1)|u|a) — ar(ﬁ+N*1)|u|(°‘*2)ud—: F (B4 N = D]u|or+N-2),

Thus, for 0 <r <rg <1,

70 To
FAFEN=Dy|> < a/ | (@D BEN=D 1/ (1) |dt + (6 + N — 1)/ lu|*tP+N=2 .,

(3.6)
As B> ap+ 1, we have
/TO ‘u|at(ﬁ+N72)dt _ /TO t(a0+N*1)|u|at(5*0«0*1)dt
< w&lréﬁ_ao_l)/ [ [ul* dx
Bry (0)\B:(0) (3.7
< Wi M (0D / T(|a])|ul" dx
By (0)\B:-(0)

< WMz Y )l
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Let f = max{~2—~ (2p L) 0,(’;%1)0@0}, for all u € Wyaq, (v,w) € LP(RN) x L2 (RY),
such that Vu = v + w, we only consider |u| > 1. If |u| < 1, set |u'| = 1/|u|, then
we have |u/| > 1. Hence, we have

T0
/ ] DN D (1)

it [ 2] V| Vulde
B, (0)\B(0)

<oi'( ol D ivlde + [ of?ul D fwldo)
Bry (0\B-(0) By (0)\B(0)

. B8p (a—1)p et
< Wy |:||V||LP(BTO(O)\BT(O)) (/ |x| (CE)) |u| —1) dx)
Bry (0)\Br(0)
(a=1)(2p) Gl
—+ HWHLQP(B,,'O(O)\B,,.(O))(/ |],‘|(2p 1) |u‘ @p—1) dx)
By (0)\B-(0)

(o 1)p

_ . (=15 (1))
< uvalHVHLF(BTO<o>\Br<o)>(/ |20 |ul 7 )d:c) v

Brq (0)\B(0)

—1 ao (2p(a—1))
twy HW||L2P(B,.O(O)\B,.(O))( || |u|' "2r=T dx
Bry (0)\B:(0)

|p,2p<Br0<0>\Br(o)) (/ ] |7
Bro (O\B:(0)

=

)(%(M»

(o l)p

< wyt|Vu )dx

) (= (@=1)

<wy'M, IIVUHp,zp By (0)\B,(0))

<(/ (o) ful 5
Bry (0\B-(0)

< w]jlelHVqu,gp(Bro(o)\B,ﬂ(o))(/

(a— 1)p

(3= (@=1))
)d> ( )

L*l)

T((a)uld)’

Bro (0)\Br(0)
= wy' M| Vu p,2p||UH ,0(0)\3 )
Since
BHN—120>a> Uy,
(2p—1)

It follows that 8+ N —1 <0 implies 8 —ag — 1 > (%). Hence, from the above
arguments, we have

~ _(2p(N-Ditep@p-1)
lu(@)| < Mo|x| o) [l Weaa: 0 < x| <70 <1,
where the constant ]\A/[/() = Mg(ao,ro, a, N). O

Lemma 3.6. Let 1l <a<p<2p< N, 2p<s<oo. Then forany0 <r <1<
R < o0, the following embedding is compact

Wrad(BR\Br) — L* (BR\BT; K)

The proof of the above lemma is similar to |19, Lemma 6].
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Proof of Theorem[3.1. First we prove that the embedding is continuous. It is suf-
ficient to show

Vullp,2p + ||u||L” (RN)

Saa(T, K) =
W K) = e ™ Tl

> 0. (3.8)

L5 (RN)

If not, assume that there exists {u,} C Wiaq such that

Vullp2p + [lullLg ®y) = o(1), asn — oo, (3.9)
|ullps @y =1, forallneN. (3.10)

It is a contradiction, if we have
[ullLs gy = 0. (3.11)

By (T1) and (K1), there exist Ry > 1 > rg > 0, for some M,
K(jal) < Molo[*,  T(|lz]) > Mo|a|*,  for |z] > Ro,

, i (3.12)
K(|z]|) < Mplz|*, T(|lz|) > Mplz|*, for 0 < |z| < rp.

For R > Ry and 0 < r < r(, we estimate the integrals (fB (lz|)|un|® dm)l/S and

(fBC (1)) |y |*dz) Y in different cases according to the definitions of s* and s,
B% denoteb the complement of Bg.

1/
Firstly, we estimate the term ( [, K(z])|un|® da:)

Case 1.1: For a9 > —p, bg > —p. Let s = 2(’]’\(&;;)), by s < s*, we obtain

n1 = by — ¢ > 0. Hence by Lemma and (3.9), we have

s e Y A
B, B,
el /B ol de) 1)

s

bg—c
< My O max (V. [ V012, )

< M,

= 7‘(%:)0(1)7 as n — oo.

Case 1.2: For —p > ag > —%2}7, by > ag. From s < s*, we obtain

2p(N — 1) 4+ ap(2p — 1)
a(2p)

We choose a cut-off function ¢ such that ¢ = 1 for 0 < |z[ < %, and ¢ = 0 for

|z| > ro. Then by Lemma [3.5| H for r < %, we have

([ xGebiucpar)”

1/
<" ([ fallou d)
B,

s —a s—« a, @ v
=23 (el g )

o

Ny =by—ag— (s —a) > 0.

s—a o \2p(N—1)+ag(2p—1) 1/
< Malfounlfy? ([ fal 7o m D HERE D o], o)
B.

r
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bo—a 2p(N—1)+ag(2p—1)
< My o B o w154
< My - Geme) BOSREEy,
by—a 2p(N—1)+ag(2p—1)
:r(%_( )%)0(1), as n — o0. (3.14)

Case 1.3: For ag < —(( 1))p, bo > ag, in the case s* = co. For co > s > a, it
holds
2p(N —1)4+ap(2p—1) > 0.
a(2p)
With the same function ¢ given in Case 1.2, and r < 22, by Lemma [3.5] we have

(] ®aDlunfaz)”
<" ( [ oo i)

1/
=23/ ([l o, & a0, )
B

s

ns=bo—ap— (s—a)

(3.15)

—ag—(s—a) Z2N=Da02e=) 1/s
< Mo o) ([ Jal oo HEG D (o )
B

T

bg— N—
(to uQ—(s—a) 2p( ;():(rzapg)&p

S M57”

)
H“nHWmd (Br)

bo—ao 2p(N71)+a0(2p 1)
!/ —(sS—x)———mmm————
< MerC T TS ) g

bo— ao 2p(N—1)+ag(2p—1)
( —(s=a) sa(2p) Jo(1), asn — oo.

=7

1/s
Secondly, we estimate the term (fBC K(|x|)|un|5dx)
R
Case 2.1: For —p < a < b, by s > s,, we obtain
(N -1 +ap-1) _
a(2p)
Hence by Lemma and (3.9)), for R > Ry > 1, we have
1/s

AM=b—a—(s—a)

(] E(elunldr)

1/s
< M}/* |2[% |1, |* d
0 e

R

S —a S— a (0% 1/
=23 ([ 1ol )
BC

R

(b—a—(s—a) 22N =1)talr-1)) N (3.16)
< MGHUTL”WT_M (/;C ‘ | «(2p) T(|.TD|’U, | d{L‘)
R

2p(N—1)+a(2p—1) )

S M7Ré(b7a7(57a) )

2p(N—1)+a(2p—1)

< MR O B

;a)
lwn il HunHLS%(B;‘)

20N =1)4a(2p=1)
= Rs(-a-(-o) a(p Jo(1), asn — .
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Case 2.2: Forb > —p,a < —p, let s = 2(’]’\(,117;;)), by s > s,, we obtain Ay = b—c < 0.

Hence by Lemma [3.3] for R > Ry > 1, we have
1/s 1/s
([ xaDlunlas) ™ < aa/*( [ 1al0Oalunfoa)
By By

< MgRUF) max (|| Vun||p.2p, | Vu
~ n|p,2p» mn

b—c
s

< MRS unlwn, = RE5V0(1), asn — oco.

Case 2.3: For b < max{a,—p}, s >a =s,. Asfor R> Ry > 1, when a > —p,b <
a, it always holds

» (3.17)

p,2p

2p(N —1) +a(2p - 1)
a(2p)

da=b—a—(s—a) <0,

so similar to Case 2.1, we have

1/s 2p(N—1)+a(2p—1)
([ KDl de) " < RO Cm e
Bg, (3.18)
- R%(b—a—(s—a)w)o(l)7 as n — 0o.
2p(N+c)

and when a < —p,b < —p < ¢, let s =
similar to Case 2.2 that

1/s e
([ KDl de) ™ < MRl
B

(N—2p) > Ve obtain (b — ¢) < 0, we have

b—c

= R50(1), asn — oco. (3.19)

rad

Now we write

/ K (|a])un|*dz = / K (|])un |z + / K ([2])un|*dz
RN B, Bg,

+ [ K(aunpde
Br\B,

As s* is finite and s, < s < s*, by (3.13), (3.14), (3.16)), (3.17), (3.18) and Lemma
e obtain that (3.11)) holds. As s* is infinite and s, < s < 0o, by ,
(3.16), (3-17), (3-18) and Lemma [3.6] we obtain that holds. Therefore the
embedding is continuous in each case.

Now we show that the embedding obtained above is compact. Let {u,} C Whaa
be such that

lunlWeaa = [V
Without loss of generality, we consider

p2p + [[unllLg@y) < M. (3.20)

Uy — 0, In Wiaq a8 n — o0. (3.21)

To obtain the compactness, we only need to show that

lim (/RN K(|x|)|un|sdm)l/s —0. (3.22)

n—oo

As s, < s < s*, the exponents 7; of r in the estimates (3.13), (3.14)), (3.15) are
strictly positive, and the exponents A; of R in the estimates (3.16), (3.17)), (3.18
are strictly negative, we obtain the following estimates by similar arguments as
above

1/s
(/ K(la)ual'dz) " < My gl = 1.2,3, (3.23)
B,
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j=1,2,3, (3.24)

rad’

s 1/s A
([ K(ahlunl*dz) " < MR |un
B,

By (3:20), (3-23), (3:24) and Lemma [3.6] we obtain (3.22). Hence the embedding
is compact in each case. In conclusion, the proof of Theorem is complete. [

4. PROOF OoF THEOREMS [[.2] AND [L.3]

In this section, we prove our main theorems. Now, let us define the functional
J : Wraqa — R as:

J(u) = 1/ (V14 |Vu|?r — 1)dz + l/ T(|x|)|u|“dx — 1/ K(|z))|ul’dz.
P JrN o JrN S JrN
(4.1)
Obviously, by [5, Lemma 2.2], the functional J is well defined and it is of class
C'. We obtain that solutions of are critical points of the functional J. By
Remark 2.5 and using the standard Palais’ result [14], we infer that W;,q is a
natural constraint for the functional J.

In the following propositions and lemmas, we show that the functional J satisfies
the geometrical assumptions Zs-symmetric version of the Mountain Pass Lemma
[16]. More precisely, we have the following result.

Proposition 4.1. The functional J satisfies the following properties:
() J(0) =0
(ii) there exist p,¢ such that J(u) > €, for any u € Wiaqa with ||ullw,,, = p;
(iii) there exists & € Whaa such that J(u) < 0.

Proof. (i) Trivially, J(0) = 0. (ii) As there exists a positive constant ¢ such that

c|VulP < /1+|Vul?p -1, if |Vu| >1,
c|Vul? < /1 +|Vul2r —1, if 0<|Vul <1

Then, if [Jul|w,,, is sufficiently small, by o < p < 2p < s, Proposition [2.2] (iv), and

since Wyaq — L*(RY; K), we have that
1
J(u) > cl/ Vul?Pde + C2/ VulPdz + f/ (2] ul*dz
Ag, Avu @ JrN

1 S
R
S RN
1
Zcmax(/ |Vu|2pdx,/ |Vu|pdx) +f/ T(|x])|u|*dz
AS, Ava & JrN
1 S
4 [ Klablupds
S RN

2
> c[[[Vullp, + [lul

%;(RN) — [Jul i;'((RN)]
> c[lulls,,, = llulliy,,,] =@
(iii) Let u € C° (RN, R), as there exists a positive constant C such that
{(W —1) < C|Vul, if [Vu| > 1,

C|Vul??, if 0 < |Vu| <1;
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then for all t > 0, we obtain

J(tu) < Oy / IV (tu) [P das + s / IV (t) [P da
AC

YV (tu) Av(tu)

1 1
—l——/ T(|x\)|tu\adx—f/ K(|z|)|tu|*dz
a JrN S JrN

§C[t2p/ \Vu|2pdac+tp/ |VulPdz
RN RN

—|—t“/ T(|x\)|u\adm—ts/ K (Jaf) uf*dz].
RN RN

Therefore, for ¢ sufficiently large, there exists ug = tu such that J(up) = J(tu) <
0. (]

Proposition 4.2. The functional Jlw,,, satisfies the (PS) condition.

rad

Proof. Let {uy}n C Whaa be a (PS)-sequence for the J, namely for a suitable ¢ € R
J(up) —¢ and J'(u,) — 0 in W, 4

Let us check that {u,}, is bounded. In fact, as there exists 0 < p < 1 such that

|[Vu|* sp
———— < —(y/1+|Vul?? —1), forallt>0,
L+ [Vul?r = 2 ( IV )

then we have

1
et on(Dllunll = J(un) = ZJ" (un)un;

i.e.,
e+ on(1)[unl
1 1 |Vul?? 11
= 1+ |Vu,|?? = 1) — ~——|dz + f—f/ T(|z])|uy|*dx
L GVARTTu 1) = (e (=) [ Tl

> Cot) [ (TR u - et (= 2) [ T(eblunlda
. « 57 JrRN

2p
>c [mm(IIVuan opr I Vunllh o) + ”unH%%(RN)]'

Therefore, by Theorem there exists ug € Wiaq such that

Uy, — ug, weakly in Wiagq, (4.2)
U, — ug, strongly in L*(RY; K), (4.3)
U, — ug, a.e. in RY. (4.4)
Inspired by |11], we write J(u) = A(u) — B(u), where A(u) = A;(u) + Az(u) and
) = [ (TP =)o, Aa) = = [ T(ablurda,

1 S
_ 7/ K(j2])|ul*da.
S JrN
Then, we have

A(up) — B(uy) — e, A'(u,) — B'(u,) — 0, in W/ 4.
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By , we infer that
B(u,) — B(ug), B'(un) — B'(ug), in Wi 4.
Therefore,
A'(up) = B'(upg) in W4 (4.5)
Since A;(u) and As(u) are convex, so A(u) is convex, we have
A(ug) > Alup) + A (un) (ug — up),
namely
Alup) < A(ug) + A (un) (upn — uo).
So, by and , we obtain limsup,, . A(u,) < A(ug). Since A is convex
and continuous, we obtain A is lower weak semicontinuity
A(ug) < linrr_l)ioréf Aluy);
therefore,
A(un) — A(ug), asn — oo. (4.6)
By and arguing as in [10, page 208], we have
Vu, — Vug, weakly in LP(RY) + L?(RY),
U, — ug, weakly in L*(RY;T), (4.8)
and A; and As are lower weak semicontinuity, we have

Aq(up) < liminf Aj(u,), Aa(ug) < liminf Ag(uy,).

Thus, together with (4.6), we obtain
Aq(up) = liminf A; (u,), (4.9)
n—oo
As(up) = liminf Ao (uy,). (4.10)

Then and , imply
U, — ug, in L&RN;T).
Moreover, by and and by [5, Lemma 2.3], we have
Vu, — Vug, in LP(RY) + L*P(RY).
Therefore, u, — ug in Whaqa. [l

Proof of Theorem[I.3. By the Zy-symmetric version of the Mountain Pass Lemma,
we only need to prove that there exist {V,},, a sequence of finite dimensional
subspaces of Wraq with dimV;, = n and V,, C V41, and {R,}n, & sequence of
positive numbers, such that J(u) <0 for all u € V,,\Bg,,.

Let {¢,}n be a sequence of radially symmetric test functions such that, for any
n > 1, the functions ¢q, ¢o,..., ¢, are linearly independent. Denote by V,, =
span{oy, B2, ..., dn} C (C(RY R))rag C Wiaa-

By the proof of Proposition [d.1] (iii), and since V;, is a finite dimensional space of
test functions, so the norms in V,, are equivalent, and we conclude observing that,
if u € V,\Bg, and R, is sufficiently large,

J(u) < CIVulphy, + T2 ull — 1K (2])ull?]

p,2p
2
< Clllulliy,., + lullSy,.. = lully,,.]
<C[R?? + R — R:] <0.
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So J satisfies the Zo-symmetric version of the Mountain Pass Lemma [16], and
problem (1.1 has infinitely many radially symmetric solutions. ([

To obtain a ground state solution in W,,q, we need the following lemmas.
Let us denote with M the set of all nontrivial solutions of (1.1)) in W;aq, namely

M = {u € Wyag\{0}|J'(u) = 0}.
Obviously, we know that M # ().

Lemma 4.3. There exists a positive constant ¢ > 0, such that ||u| > ¢, for all

u € M.
Proof. As J'(u) = 0, namely

2p
/ Vul™ T(|a:|)\u|o‘dx—/ K (j2])ul*dz = 0.
RN RN RN

V14 [Vul|??

Since there exists a positive constant ¢ such that

v ®rm® Vu| > 1
|Vl 02 < 4 I o

|[Vu|?P—2)

14| V2P’

if 0 < |Vu| <1;
we have

Yu|2P
[ullfs gmry = Vel dx + T(|z])|u|*dz
(RN)
K RN RN

V 1+ [Vu|?P
>c max(/ |Vu\2pdx7/ |Vu|pda?) +/ T(|z|)|u|*dz
AS, Ava RN

2
> c[lIVullyf, + ullfe @)

2
> cllully,,, = cllul

2p
L3 (RN)”
O

Lemma 4.4. There exists a positive constant ¢ > 0, such that J(u) > ¢, for all
ue M

Proof. Let u € M. Repeating the arguments of the proof of Proposition [4.2] and
by Lemma we have

() = J(u) — éJ'(u)u > c[min(|Val|Z,,, ||V

p,2p’

Z,Qp) + ||UH%%(RN)] 2> C.

Remark 4.5. By Lemma [.4] we infer that

7= inf J(u) >0,
ueM

and by Theorem we obtain that this infimum is achieved.
Proof of Theorem[1.3 Let {u,}, C M be a minimizing sequence, namely
J(up) — 7 and J'(u,) = 0.

Then {up}, is a (PS)-sequence for the functional J and we obtain the result by
means of Proposition [4.2 (I
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Remark 4.6. As special case, our result can be applied to mean curvature equation
or the capillary equation

Vu
—div (——— ) + T(|zD|u|*%u = K(|z))|u|*"2u, u>0, zeRY,
(T7eer) + Tllblu (e

u(lz]) — 0, as|z| — oo.
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