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PROPERTIES OF LYAPUNOV EXPONENTS FOR
QUASIPERODIC COCYCLES WITH SINGULARITIES

KAI TAO

ABSTRACT. We consider the quasi-periodic cocycles (w, A(z, E)) : (z,v) +—
(z +w, A(z, E)v) with w Diophantine. Let M2(C) be a normed space endowed
with the matrix norm, whose elements are the 2 X 2 matrices. Assume that
A: T x & — M2(C) is jointly continuous, depends analytically on z € T and
is Holder continuous in E € &, where & is a compact metric space and T is
the torus. We prove that if two Lyapunov exponents are distinct at one point
Ep € &, then these two Lyapunov exponents are Holder continuous at any E
in a ball central at Fy. Moreover, we will give the expressions of the radius of
this ball and the Hélder exponents of the two Lyapunov exponents.

1. INTRODUCTION

Denote by T := R/Z the torus equipped with its Haar measure p, and p(T) = 1.
Let My4(C) be the set of linear operators from C?% to C¢, i.e. the set of d x d
complex matrices. A quasi-periodic cocycle is a pair (w, A), where w, the irrational
number, is the frequency and A € C°(T, My(C)) is continuous, defined by a map
(w, A) : (z,v) — (v +w, A(z)v). The iterates of the cocycle are given by (w, A)N =
(Nw, An), where

0
An(z) = H Az + jw).
j=N-—1

In this case, the dynamical system is ergodic and the Oseledets Theorem provides
us with a sequence of Lyapunov exponents L; < Ly < --- < L,,, and for almost
every © € T there exist an invariant measurable decomposition C? = ?ZlEg;,
and a non decreasing surjective map k : {1,2,...,d} — {1,...,n} such that for
almost every € T, every 1 < i < m and every v € E¥\{0} we have L; =
limpy_ e % log ||An(2)v||. Moreover, L; = L;1 if and only if k; = k;y1, and the
subspace EJ has dimension equal to fk~1(j), where $k~1(j) is the number of the
elements in the set {i|k; = j}.

In the past several years, some researchers focused on the continuity of Lyapunov
exponent for the Schrédinger equation:

(Szwp)(n) = ¢(n+1) + ¢(n — 1) + v(z + nw)p(n) = Ed(n), neZ,
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with the cocycle

1 0

Goldstein and Schlag [2] proved that if v(z) is analytic and w is a Diophantine,
which will mean that

Az, E) = (”(“) - _1).

[nw|| = n>2 (1.1)

with a > 1 arbitrary but fixed, the Lyapunov exponent L(F) is Holder continuous.
Then You and Zhang showed the similar result with more general w in [II]. Ob-
serving that for the Schrodinger cocycle, det A =1 and L1 (E) + Lo (E) = 0 for any
E, it makes that we can only study the Lyapunov exponent defined by

1
L(E) := A}i_r)réoﬁ/jrlogHAN(x,E)de. (1.2)

Recall that we say a function f(F) is Holder continuous, when there are nonnegative
real constants C, «, such that

|f(E1) — f(E2)| < C|Ey — Ea|®

for all Fy and F3 in the domain of f(E). The number « is called the exponent
of the Holder condition or the Holder exponent. Compared with the Schrodinger
equation, the Jacobi operator is more complicated with the cocycle

_[(a(z) —E —b(z)

Alz, B) = (b(x—Hu) 0 ) '
The author in [§] showed that the Lyapunov exponent L(FE) defined in is
Hélder continuous, and the Holder exponent does not depend on the L(E). It is a
better result than what in [2], as the Holder exponent of the Lyapunov exponent in
[2] depends on L(E). Later, for the 2 x 2 analytic quasi-periodic cocycles A(z) €
C¥(T, M3(C)) which have a holomorphic extension to a neighborhood of the strip
S, :={z € C:|Imz| <r} and is endowed with the norm

[Allr := sup [[A(2)],
ZES,

Jitomirskaya, Koslover and Schulteis [5] proved that the Lyapunov exponent L(A),
which is defined by

1 0
L(A) = Avninmﬁ/rlogn I A+ g, (13)
j=N-1

is a continuous for the fixed determinant with Diophantine w. The author gave
a proof of this result for the High dimensional torus in [9]. Similar problems for
higher dimensional quasi-periodic cocycles have been studied by Schlag [7]. In
that paper, the Holder continuity is proven if all Lyapunov exponents defined in
Oseledets Theorem are unequal.

This article concerns certain quasi-periodic cocycles (w, A(z, E')) defined as fol-
low. The w is defined as and it is well know that almost every w € (0,1)
satisfies this condition. The function z — A(x, E) is a element of the Banach space
C¥(T, M3(C)). The variable E in the matrix A(z, E) is defined as a parameter, and
the parameter space (&,d) is a compact metric space. The Lyapunov exponents
Li(E) and Ly(FE) which are concerned in this paper are defined by the Oseledets
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Theorem. The purpose of this paper is to study some properties of these two Lya-
punov exponents which can be regarded as functions of the parameter E. Well, we
proof the following main theorem:

Theorem 1.1. Let A(z, E) be jointly continuous in T x &, analytic uniformly in
E € & as a function x — A(z, E), and Holder continuous with Hélder exponent
B as a function E — A(x,E). Assume Li(Ey) — La(Ey) := 2L(Ey) # 0. Then
there exists p > 0 such that for any E € (Eg — p,Eo + p), L1(E) and La(E) are
Holder continuous with Hélder exponent a. Moreover, a = ¢3, where ¢ is a positive
and small constant depending only on A(z, E) but not on f/(Eo); and the p has an
expression as following:

(A, L) = [EEBn)exw (= 72 )]

where Cp1,Cp o are the big constants depending only on A(z, E).

Remark 1.2. The parameter space (&, d) here is always being the spectral spaces
of operators, such like the Schrodinger equation [2], the extended Happer’s model [4]
and the Jacobi operators [§]. It is well known that the cocycle is uniform hyperbolic
when the energy FE is not in the spectral. Thus, we assume that this parameter
space is compact, as the discrete operators’ spectrums are always bounded.

The study of the Hélder exponent of the Lyapunov exponents is a hot spot in
our field. For the almost Mathieu operator with the cocycle

Acosx — FE -1
M&D=< ; 0)

Avila and Jitomirskaya proved that the Lyapunov exponent defined by (1.2 is
Holder continuous with Holder exponent 1/2; provided w is a Diophantine number
[1]. For the general Schrédinger operator with the cocycle

Aw ) (v(:c)lE 01>7

supposing v(z) is a small perturbation of a trigonometric polynomial vg(z) of degree
ko and L(E) > 0, Goldstein and Schlag proved that Lyapunov exponent is Holder
continuous with Hélder exponent ﬁ — k for any k > 0 [3]. In this article, we
study the continuity of the Lyapunov exponent from a new perspective. We want
to show the relationship between the continuity of the function £ — A(x, E) and
the continuity of the Lyapunov exponents. [I0] showed that the assumption that
E — A(z, F) is analytic, is necessary. Here only consider the condition that A(z, E)
is a 2x 2 matrix, but we believe that the main theorem also work if A(z, E) € M4(C).

This article is organized as follows. In section 2 we get the Large Deviation Theo-
rem and some upper bound estimate by using some propositions of the subharmonic
functions. In section 3 we apply Avalanche principle twice to prove the sharp large
deviation theorem. The proof of the main theorem is presented in section 4.

Some other common senses about analytic functions which will be applied in this
article are presented as follows. Because & is compact, there exist D(A), C2(A)
and Chax(A4) , such that for any F € &,

[[log | det A(-, E)[[[1 < D(A),
1
[og [|AC, E)|| — 5 log | det A(, E)l[l2 = C2(4, E) < Ca(4)
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and for any x € T and any F € &,
[A(z, B)|| < Cinax(A, E) < Cmax(A).

Also, by the suppose that F +— A(z, F) is Holder continuous in = € T with Hélder
exponent 3, it is easy to see that

ID(E) — D(E')| < On(A)|E— B, VE.E &,
where D(E) := [} log|det A(z, E)|dx.

2. LARGE DEVIATION THEOREM AND THE UPPER BOUND ESTIMATE

It is obvious that we can define Li(E) = limy . & [plog||An(z, E)||dz. For
easy notation, we replace Li(E) by L(E).

It is also convenient to replace Ayx(z, F) by An(e(z), E) (with e(z) = e )
where Ay (z, E) is analytic function in the annulus @7, = {z € C: 1—p < |z| < 1+p}
uniformly in F € &.

Set u,(z, E) = Llog||An(z,E)|, dn(z,E) = log|det An(z, E)|. Sometimes
we use un(z) or uy for short, and the same for dy(z, E). Let Ly, (E) =<
un(re()) >, Dy(E) =< log|det A(re(-)) >. For r = 1 we use notations Ly(FE)
and D(E).

Note that un(z) and dy(z) are subharmonic functions in <7, and then the fol-
lowing Large Deviation Theorem for the subharmonic functions applies, provided

w satisfies (1.1)).

Theorem 2.1 ([8, Theorem 2.15, Remark 2.16]). There exists N(A,w) such that
forany N> N, any1 -5 <r <1+ 5% andd <1 holds

meas({z : [un(re(z)) — L,| > 6}) < exp(—&d62N),
meas({z : |[dy(re(z)) — D,| > 0}) < exp(—¢d?N),

27rz'x)

where ¢ = ¢(A).

Remark 2.2. (1) For the avalanche principle in the next section, we need to define

the unimodular matrix of Ay(z, E):
~ 1

An(z, E) = et An (e E)|1/2AJ\;(Z,E)7 (2.1)

and the unimodular function of uy(z, E)

- 1 < 1
iin (2 F) i= 1 10g | Ax (2 B)| = un (2, E) — 5 log | det(Ax (2, ).

By Theorem for any N > N
meas({z : |un(re(z)) — Ly (E)| > 6}) < exp(—éd2N), (2.2)

where Ly (E) =< in(re(-)) >= Ly, — 2.
(2) In the proof of Theorem the following lemma will be necessary and apply
in the later of this paper:

Lemma 2.3 ([, Lemma 2.12]). For any1—5 <r <14 %, and K,

K
meas {x 2 ZuN(re(x +kw)) — KLy, > 5K} < exp(—cdK),
k=1
where ¢ = ¢(A,w).
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(3) let us note that the constants ¢, ¢ here do not depend on ¢. In particular,
one can choose here § depending on N.

In the next part of this section, we estimate the upper bound of the subharmonic
function uy(z, E') and some other functions. Now we first review a lemma from [3].

Lemma 2.4 ([3, Lemma 4.1]). For any r1,72 so that 1 — 5 < ri,ro <1+ 5 one
has
un(re(-), E) > —Ln(E)| < C,|r —1].

Lemma 2.5. For any N > N(A)

1 log N
7 108 4w (e(@), B)| < L(B) + Co(<5) ",

where Cg = Cg(A) and N is as in Theorem .

Proof. Let 0 < 6 < £ be arbitrary. Note that e(z + iy) = e *™e(z), 1 — £ <
e <1+ 2 if |y| < =2, where C), = max(1,C,) and e = exp(1). By Lemma
p

one has
[{un(re(-)) = Ln(E)| <6, if [y <

el (2.3)

Set
B, :={x: |lun(e(z +iy)) — Ln(E)| > 26}.
It follows from (22.3)) that for |y| < ﬁ, there holds

B, C {o: lun(ee + iy)— < ux(e(-+iy)) > | > o).
By Theorem [2.1/one obtains meas B, < exp(—¢§?N). The function uy (e(x +iy)) is
subharmonic, for e(z+iy) € . Let z¢ be arbitrary and yo = 0. Then e(zo) € .
Due to subharmonicity one has for any t5 < £,

1

ux{efan)) = In(E) < — / /l(ryy)_(zowo fuw (e(z + iy)) — L) de dy

1 / / .
= [un(e(z +iy)) — L] dx dy.
5 Sy <to ool </B-ToP?

Furthermore

un(e(x +iy)) — Ly|dx
[ p—EEE R

= (/ +/ Y (ele +iy)) — Ly)de.
{lz—zo|<\/t5—Iy[2} N By {lz—zo|<\/t3—1y|2}\By
Note that
. . 1)
luy(e(z +iy)) — Ln| <26, ifz¢gB, and y < m.

So
|/ el + i) ~ Lude| <20 x 20/~ o).
{lz—zol<y/t3—IyI2}\By
By Cauchy-Schwartz inequality,

| [un(e(x + iy)) — Ly]dz|
{lz—z0|</t5—1yI2} N By
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! , 2, \ /2 1/2
< (/ |un(e(z +iy)) — Ly dx) (measB,)/
0

<Cy exp(—chQN).
Set to = d/(4erC}); then

un(e() ~ I < — [ [Crexp(~S8N) +25 x (24/13 — lyl?)]dy

Tt% ly|<to
. )
< —5 x Crexp(—=62N) x (2to) + 26
i 2
860702

Set 6 = (Csl%]v)lﬂ, where Cg > 2/¢. Then eXp(—%Cg log N) < %, and

1 Cglog N log N
< Ly+8eCC! x ()2 — 4 2(Z320 12 < [y +Cg(—22) Y2,
un(e()) < Dy +8eCrCyx (G g Py T2y ) = Iv 4 Gl
O
Lemma 2.6. Set
| Nl
Fy(z,E) := N 7;) (log|det A(e(x + nw), E)| — D(E)).

Then
(1) For any N and any k holds

log [|[An (e(z + kw), B)[| - log | An(e(@), E)] |
< 2%(log Crnax (A, E) — %D(E)) — kFy(z) — kFy(z + Nw),
(2) For any N and any k > N holds
|log [ AN (e(z + kw), E)[| — log | An(e(z), E)]| |
< 2kLi(E) + 2Cs(klog k)Y/? — kFy.(x) — kFy(z + Nw).
Proof. (1) Recall that any N, uy(e(z), E) <log Cmax(4, E). Then
log [| A (e(x), E)||

N-1

— Nun(e(z), E) - % S log| det A(e(s + nw), E)|
n=0

N-1
< Nlog Crnax(A, E) — % Z log | det A(e(z + nw), E)|
n=0
1 e
= N(log Crhax (A, E) — §D(E)) —5 Z (log | det A(e(z + nw), E)| — D(E))
n=0
1

= N(log Cinax (4, E) — iD(E)) — NFy(z, E)
One has if det M = 1, then || M| = |[M | and
An(e(z + kw), E)Ap(e(z), E) = Ag(e(z + Nw), E)Ay(e(z), E).
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Thus,
|log | An (e(z + kw), E)|| — log | Ax (e())] |
< log || Ax(e(x), B)| + log | Ak (e(z + Nw), )|
< 2k(log Conax (A, E) — %D(E)) — kFu(2, E) — kFy(z + Nw, E)

(2) From the previous lemma, we know that for any N > N(A),

1 log N
v log [ 4n (e(2). B)| < Lv(E) + Co(—3~

Then the rest follows as in part (1). O

)1/2

3. AVALANCHE PRINCIPLE AND THE SHARP LARGE DEVIATION THEOREM

For the rest of the paper, without special statement, N > N and N > K from
now on (6 in K will be defined in Lemma. Furthermore, we do not use e(x +iy)
with y # 0 and write z instead of e(z) in all expressions.

Proposition 3.1. Let Aq,..., A, be a sequence of 2 X 2-matrices whose determi-
nants satisfy maxi<;<n | det A;| < 1. Suppose that

nin 14,1 = 1> n, max < [log || Aj+1[] +log [|A;]| —log [ Aj4145]] < logu
Then
n—1
log [|[Ap - ... - Ayl + Zlog 1451 = log 1411 4,l| < C* (3.1)
j=1

with some constant C.

Proof. This lemma is called the Avalanche Principle. For the proof, see [2]. Re-
cently, Schlag [7] gave a general Avalanche Principle for n x n matrix. O

Lemma 3.2. Let ¢ be as in (2.2). Let Ly(E )
constant not depending on N, and Lan(E) > 5Ly
m < exp(£62N). Then

> 1006 > 0, where § < 1 is a
(E). Let N' =mN, m €N and

N N 2
|Ln/(E) + Ly (E) — 2Lon(E)| < exp(—&62N) + %LN(E),

where & = & (A). If exp(56°N) < m < exp(£62N), we have

10

|Ln+(E) + Ly (E) — 2Lan (E)| < exp(—é62N),
where ¢ = ¢(A). Furthermore, if Ly, (EZ > 1095 >0, Loy, (E) > ~%f/;\fo (E) and
exp(—¢d?No) < /12, then there exists Ng = No(A, 6, No) < (exp(§62Np) + 1)Ng
such that for any N > N,

En(E) + L (B) — 2L, (B)| < exp(—/82Ny),

where &@ = ¢ (A). Furthermore,

|L(E) + Ly, (E) — 2Lan, (E)| < exp(—cdNp),
where ¢ = ¢(A).
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Proof. In section three in [§], we proved this lemma for Jacobi operator, which is
a special 2 x 2 analytic matrix. It is easy to see that the proof there is suitable in
this general condition. O

Lemma 3.3. Assume L(Ey) > 0. There exists C(A, L(Eo)) such that with p} =
[L(EO) exp (— C*(A,E(Eo))N)]l/ﬁ, one has

200N
= = L(Eo)
Ly(Ey) — Ln(E
Ly (Eo) = Ln(B)| < =557
for any |E — Eo| < py(Ep, N) and any N.
Proof. Note that
[[An (2, Eo)|| = | An (z, E)| |
< |An(z, Eo) — An(z, E)||
<> (lA@+ (N = 1w, Ep)... Az + (j + Lw, Eo) | (3.2)

x [ A(z + jw, Eo) — Az + jw, )| |A(z + (j — Yw, E) ... A(z, E)|))
< NCmax (AN x C(A)|Ey — E|P.
By (2.1), if |det Ay (x, Eo)| < |det Ax(z, E)|, one has
| [An(z, Eo)—— [[An(z |
| det Ay (z, Ep)|Y/? |detAN |1/2
NCuax(A)N-LC(A)|Ey — E|P
- |det An(z, Eo)|*/2

AN (2, Eo)l| — | An (2, )| | =

(3.3)

Assume for instance that ||Ax(z, Eo)|| > ||An(z, E)||. Then
[log | An (2, Eo)l| — log | A (z, B)| |
Ante Bl o MAnG Bl = v B
[An (2, B [ AN (2, B)|

HAN(%EO)” - ”AN(va)” 1 - A - (3.4)
e < AN B~ A (e D)

_ NCuan (AN 1C(4)| By — B
ST [detAn(m B2
By Theorem for any J and any K

K
meas {1: 1> log | det A(z + kw)| — K (log | det A(-)[)| > JK} < exp(—¢'dK).

Thus if & By, measB; < exp(—c/ x 30y — oy (—800C2(A) Ay - then

L(Eo)c! L(Eo)
800C:
[log | det Aw (z, o) | < |(log| det A(-, Eo)]}|N + Soc2(4) 5y
L(Eo)c
800C:
_ (DB + 20

L(Eo)c
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800C5(A)
E(Eo)cl
It is obvious that the same estimate hold%in the other three conditions.
. 800C(A)!/*
So if z € By, measB; < exp(fﬁ]\f), then
i (z, Eo) — i (2, B)| < Crmax (AN 7' C(A)|Eg — E|” exp(C(A, L(Eo))N)

< exp (C(A, L(Eq))N) | By — E|”.

< D(A)N + N = C(A, L(Ey))N. (3.5)

Set pfy = | 553) exp( C(A,i(E@)N)]l/B. Then, if |E — Ey| < pj, we have

lun (x, Ep) —an(x, E)| < %OE(;’), and if z ¢ B1, measB; < exp(f%N), we
also have -
L(E
’/ un(z, Ey)dx 7/ ﬂN(:r,E)d:c’ < ( 0). (3.6)
T\B, T\B, 200
By the Cauchy-Schwartz inequality,
y/ ade| = y/aleﬂ
B, T
< ||an (E)||2(meas By )"/
400C3 (A
< Cy(A) exp(— 2202
L(Eo)
for E or Ey. As yexp(—&y) < 71 for any y,& > 0. Thus
L(Eo)
d 3.7
‘/ Nx‘_4OON 400 3.7)

for £ or Ey. Combining (3.6 with (3.7), one has
( 0) 2 ( 0) ( 0)

Ln(Ey) — Ly(E = .
|Ln(Eo) N(E)| < 200 100 100

O

Lemma 3.4. Assume L(Ep) > 0. There exists p = p(A, L(Fp)) > 0 and Ny =
No(A4, Ey) < 400 such that for any N > No and any |E — Eg| < p
~ ~ 1 - 9 -
Ly(F)— L(E —L(F — L(F L(E —L(FE)p).
In(E) - L(E) < = L(E), T-L(Ey) > L(E) > - L(Eo)
Proof. One has lim,, [~/(E0) = E(EO). Therefore, there exists Ny = No(A4, Ey)
such that the following statements hold:
(1) |Ln(Eo)—L(Eo)| < 1{;33) for n > No(A, Ep), which implies that Ly, (Eo) —
Lan, (Eo) < LfoE(?)a as L(Ey) < Lan, (Eo) < L, (Eo); )
(2) exp(—¢62Ny) < 127 exp( e5%No)) < 25 L(Ey), exp(—¢6%Ny)) < 25L(Ey)
with § = min( 2OOL(EO) 1), where ¢ , ¢ and ¢ are as Lemma
Using Lemma applied to Ny and 2Ny. One has for |E — Eo| < p(A, L(Ey)) :=
po(L(Eo), 2No),
Ly, (E) 2 L(Eo) — | Ly (E) — Ly (Eo)| — | L, (Bo) — L(Eo)|

7 3.8
>E(E0)—L(EO) LEo) _ 495 ). o

100 100 50
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and
Ly, (E) = Lan, (E)|
< Lo (E) = L, (Eo)| + | L, (Eo) — ﬂzNo(Eo)| +|Lan, (Eo) — Lan, (E)| (3.9)
L(Ey) | L(Ey) | L(By) _ 3

- " I(E
100 100 100 100 (Eo) < 10

Thus Lemma applies with Ly, (F), §, No and E. Then there exists a number
No = No(A4, 6, No) (exp(£62No) + 1) Ny such that for any N > Ny there holds

|Ln(E) + Ly, (E) — 2Lan, (E)| < exp(—¢'6°Ny),
|L(E) + Ly, (E) — 2Lan, (E)| < exp(—&dNp), (3.10)
where & = &(A) and ¢ = ¢(A) are as in Lemma[3.2] These imply
|L(E) — Ly(E)| < exp(fé’cizNg) + exp(—&6%Ny)

iNO (E).

1 . (3.11)
< %L(Eo) + 5OL(E0) = 55 L(Eo)-
Combining , with , one obtains
|L(Eo) — L(E)|
<|L(E) + Ly, (E) = 2Ly, (E)| + |L(Eo) — L, (E)| + 2| L g, (E) = Lyg, (E)]
1 1 3 1
< %L(Eo) + 50L(Eo) +2950L L(Ey) = 1OL(EO).
It implies
11 - ~ 9 -
TOL(EO) > L(E) > TOL(EO)’
~ ~ 1,10, = 2 - 1 -
|L(E) — Ln(E)| < 2*5L(E0) 25(§)L(E) = EL(E) < %L(E)~
O

A = 800C(A)*/? : :
Remark 3.5. From (3.5), C(A, L(Ep)) = D(A) + ﬁ It is obvious that

C(A, L(Ey)) is a positive constant, which is smaller when L(Ep) becomes larger.
Thus C(A, L(Eo)) = C(A, L(Ey)) + log C(A) is a positive and monotonically in-
creasing function of L(Ey). Recall that

. L(E
0 < p(A, L(Ey)) = | 2(000> exp (- 20(A, L(Eo))No)] Y <1 (3.12)
Ny depends on the rate of convergence of L, (FEy) — L(E, ) (see the proof of Lemma

. On the other hand, in Lemma let m = exp(g N), N' =mN, then

- - . Ci(A
|LN’ — L2N’| < 26Xp(—C(S2N) < (ﬁ) i )
Like the induction in the proof of Lemma one gets
= = 1\ cy(a
Ly — L < (). (3.13)

N
Actually, in [7], the better estimate holds as

~ ~ C
‘LN7L| < N’
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with the large constant C' depending on L. Finally, combining (3.12)), (3.13) with
some assumptions in Lemma and Lemma we have

c, 1/8
(-F@Eoe)]

where C), 1, C, o are the big constants depending only on A(x, E).

p(A, f/(EO)) ~ [f/(EO) exp

The first part of this section shows that the uniform property that for any F €
(Eo — p, Eo + p) and for the uniformly large IV, the distance between Ly(E) and
L(E) is controlled by a uniform constant L(E). This property is very important
and will be applied repeatedly in the following part of this paper, such like the
sharp Large Deviation Theorem (Lemma and the proof of the main theorem
(Section 4).

Lemma 3.6. Assume L(Ey) > 0. There exist Ny (A, Eq) such that for any N > Ny
and any E € (Ey — p, Eg + p) holds
L(E .

meas{z : |y (z, E) — L(E)| > iO)} < exp(—cL(E)N),
where constant ¢ depends only on A, but does not depend on E or Ej.
Proof. Choose Ny such that

1010, 105(log Connel(A, E) — 1D(E))
max =

L(E,) Ecé L(Ey)

log Ny < Né/g

NO > max ( ,40, N()),

(3.14)

where (log Crax(A, E) — D(E)) is as in Lemma Cg is as in Lemma N is
as in Lemma [3.4]
Take N > N§, K := gi N > No. Thus for any E € (Ey — p, Eg + p),
Li(E) < (1+ ) L(E). (3.15)

Using Lemma one obtains

20

K
_ 1 _
|in(z, E) — o kg_luN(x + kw, E)|

0

[ZQk 108 Crnaxc (4, E)ffD Z ULy (E

k=1 k=No+1

K ” | K

+ 20 (klog k) — > "(kFu(z) + kFi(z + Nw
k%ﬂ o(klog k)'/2] — —— ¥ 2 (kFk () + KF(r + )
=T+1I

By (3.14), (3.15) and Lemma[3.4] one has

NZ(log Crax(A, E) — 3D(E)) N 21. K N +CGK1/2(logK)1/2
KN 20 N N
L(Ey) + L(E) n L(Eo) _ L(E)
320 160 320 80

1
< —
KN

I<

(3.16)
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I kFy(z, E) < — 5N [(E), then there is a k such that kFj,(z, E) < — 2% L(E).
We know that
meas{z : |kFy(z) — k{F(z))| > kd} < exp(—cdk),
Since (Fy) =0,
N

meas{z : kFy(z) < —@L(E)}

N
< meas{z : |kF(x)| > ﬁL(E)}
NL(E)
160k

< exp(—c k) = exp(—caNL(E)).

So
< KN -
meas {z : ;ka(r) < g0 LB} (3.17)

< K exp(—caNL(E) < exp(—c4L(E)N),
if N is large enough depending on L(Ej) (see Lemma and (3.14)). Combining
(3.16) with (3.17)) one has
L(E) }

K

1
meas {x Can(x, E) — — E un(r + kw, B)| > ———
Kk:l 40

< 2exp(—c4yNL(E)) < exp(—c"L(E)N).
On the other hand, recall that by Lemma [2.3] for any K,

(3.18)

K
meas {x : |ZuN(x +kw) - K <un() >|> 5K} < exp(—cdK),
k=1

K
1
meas {a: 2 Z Nlog |det A(z 4+ kw)| — KD| > (5K} < exp(—c'0K).
k=1

By the definition of @y (z, E) and EN(E), there exists K = K (A, Ey) such that for
any K > K holds (with § := Lig))

. _
meas {x S an (@ + kw, B) - Kay(-, E))| > %}?K} < exp(—¢L(B)K).

Note that if

1 K
% > in(x+ kw, B) — (in (-, B))| < ==,
k=1
then

K

K
k=

< o LE) + %L(E) = L(E).
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Therefore

K
1 . = 3 = 3
meas {:c = ;—1: in(z + kw, B) — L(E)| > ZOL(E)} < exp(—¢L(B)K).
Combining this with (3.18)), there exists Ny = Ny (A4, Ey) such that for any N > N,

holds ~
L(E)
10
where ¢y depends only on A. Here we replace ¢y by ¢ for convenient notations. [

meas{z : [iy(z, E) — L(E)| > } < exp(—coL(E)N),

Lemma 3.7. Assume L(Eg) > 0. Let N > Ny and E € (Ey — p, Eo + p) be
arbitrary. Then

|L(E) + Ln(B) — 2Law (E)| < exp(~cL(E)N), (3.19)
where ¢ = ¢(A).
Proof. By the sharp Large Deviation Theorem, Lemma this lemma get better

conclusion than Lemma [3:2] which comes from Theorem and Remark but
the proof here is the same as the later one. ([

4. PROOF OF THE MAIN THEOREM

Let L(Ey) > 0. By Lemma and (3.11)), one has that for any N > Ny(A, Eo)
and E € (Ey — p, Ey + p),

N - 1 - 11 - 1. 57 -
Ly (E) < L(E) + 5z L(Eo) < 15 L(Eo) + 5z L(Eo) = £ L(Eo). (4.1)
Let E' — E such that |D(E) — D(E')| < LL(E;). Thus,

L(B) ~ 3 D(E') < Ln(B) + = L(Ev) ~ 3 D(E) -
2
= () + 55 L(By) < 5o L(Fo).

Assume ||[An(z, E)|| > ||An(z, E')|| and |det Ay(z, E)| < |det Ay(x, E)|. By
©2), G3) and @.4),
|log | A (z, B)|| — log | Aw (z, E')]| |
i i An(z, E)| [ AN (z, E')|
<l An(z, B)| - | Ay (z, B = — AN - ’
< [|An(z, B)|| = [[An(z, £)|| |det Ay (z, E)[1/2  |det Ay (z, EV)|1/2
< AN (@, B)|| - [|An(z, EN)|| _ [[An(z, E) — An(z, E)|
- |det Ay (z, E)|Y/2 - |det An(z, E)[1/2

o Z05 I Al (V= m)es )| Ty A s B
[ det Ay (z, B[/
N-1 N—j 0

~CAIE-ETY (|| [T A+ —mw. B ][ A(:c—l—mw,E’)H)

7=0 m=1 m=j—1

< C(A)E-E'

X exp(—gD(E)) exp(—NFy(z, E));

(4.3)
see Lemma [2.6] for the definition of Fy (z).
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Let N > Ny, where No(A) := maxg, m,cs 2l°gc‘“a"L(‘(4éf)‘)_D(E2)No > 2N,. Then

No N—No

N N—j
(Z+ o+ Y )|| 1 A + (N = m)w, B)|
= j=No+1 j=N-No+1 m=1
0
H Az + mw, E')|| exp(—gD) exp(~NFy(z, E))C(A)|E — E'|?
m=j—1

=1+ I+ 111
By Lemma and Lemma one has

No
LIT<Y exp (waj(E)(N — §) + Cs(N — )2 10g™2(N — )
j=1

$ 108 Cuone (A E)(j — 1) > D(E)) exp(~NEy(z, E)) x C(A)|E ~ £/

2
No B
<Y exp (LN_j(E)(N — §) + CeNY210g"? N + (log Crpax (A, E')
j=1
1 . 1
~ 5D(E))(j — 1) = 5D(E)) exp(~NFy(a, E)) x C(A)|E ~ E')?
o 1. 62 - 2e o1/ 1
<3 exp (iL(EO)N + 2= L(E))N + CsN"/?1og!/* N — 5D)
j=1

x exp(—NFy(z, E))C(A)|E - E'|?,

and
N—No

1< > exp Ly (B)(N = j) + Co(N — )2 log /(N = j) + L 1(E')(j — 1)
j:N0+1

N
+Os(j — 1)V 10g!/2(j — 1) — ED(E)) exp(—NFy(z,E)) x C(A)|E — E'|?
N
1 .
< Y exp((108Cunax(A, B) = 5DE) (N = ) + (Lj1(E')
j=N-No+1
1 1
— SD(E))(j = 1) + CeN'/2 log!/2 N = = D(E))
x exp(—NFn(z,E)) x C(A)|E — E'|#
< N—ZNO (@E(E)NJFCNl/zl 1/2N71D)
~ exp 50 0 6 og 3
j=No+1
x exp(—NFy(z, E))C(A)|E — E'|°.

Combining these expressions, we have
[@3) < Zexp ( L(Eo)N + CgN'/?logt/? N — iD) exp(—NFy(z, E))

(A)|E - E'|°.
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There exists N3 = N3(A, Ep) such that for any N > N3 there holds
Zexp ( L(Eo)N + CsNY21og"/2 N — —D) < exp(2L(Eo)N).

It is easy to see that there are similar processes for the other three conditions. Thus
< |E — E'|% exp(2L(Ey)N) max{exp(—NFy (z, E)) exp(—N Fy (x, E'))}.
Set .
B(E):={z: NFx(z,E) < —NL(Ey)},
then
meas(B(E)) < meas({z : [NFy(z, E) — N(Fy(-,E))| > NL(Ey)})
< exp(—cL(Ey)N),
since < Fy (-, E) >= 0. By the Cauchy-Schwartz inequality, one has

ILn(E) - Ln(E')| = iy (z, E) — iy (z, E')|dz

/T\(IB(E)UB(E’))
+/ lin(x, E) — an(z, E')|dx
(E)UB(E")
< |E — E'|? exp(3L(Eo)N) + AC3(A) exp(—gi(Eo)N).
Let N > N, := max(N1, N, N3), where N; is as in Lemma By Lemma
IL(E) - L(E")|
< |L(E) + Ly (E) — 2Lan (E)| + |L(E') + Ly (E') — 2Lon (B
+[Ln(E) = Ly (E")| + 2|Lan (E) — Lo (E)]
< 2exp(—cL(Ey)N) + 3|E — E'|P exp(3L(Ep)N) + 12C5(A) exp(—gE(Eo)N)
< exp(—c7L(Ey)N) + 3exp(3L(Eo)N)|E — E'|?,
where ¢; = ¢7(A). Then when E' — E| there exists N > N4 such that
exp (= (6+cr)L(E)(N + 1)) < |E - E'|” < exp (= (6+ ¢7)L(Eo)N).
It implies
IL(E) - L(E")| < 4exp(~crL(Fo)N)

207 =~
=dexp (— s 1C7L(E0)(N +1)) <exp(-— ?L(EO)(N +1))
2c7 g 2T X8
= - _L(E E — E/|7+3e7
eXp( 18 + 3c¢r (Eo)N )<| | ’

By the definition, one also has

|L1(E) = Li(E')|, |L2(E) — Lo(E')| < |L(E) — L(E)| + 1|D(E) — D(E")|
< |E - B|¥5 4 CD( )

C(4)
2

B~ E'|f

>|E—E’|m.



16

K. TAO EJDE-2015/67

Acknowledgments. The author was supported by the Fundamental Research
Funds for the Central Universities (Grant 2013B01014) and by the National Nature
Science Foundation of China (Grant 11326133).

REFERENCES

[1] A. Avila, S. Jitomirskaya; Almost localization and almost reducibility. Journal of The Euro-

pean Math. Soc. 12, (2010), 93-131.

[2] M. Goldstein, W. Schlag; Hélder continuity of the integrated density of states for quasi-

periodic Schrodinger equations and averages of shifts of subharmonic functions. Ann. of
Math. 154, (2001), 155-203 .

] M. Goldstein, W. Schlag; Fine properties of the integrated density of states and a quantitative

separation property of the Dirichlet eigenvalues. Geom. Funct. Analysis. bf 18, (2008), 755-
869.

| S. Jitomirskaya, C. A. Marx; Analytic quasi-perodic cocycles with singularities and the Lya-

punov exponent of extended Harper’s Model. Commum. Math. Phys.,316 (2012), 237-267.

| S.Jitomirskaya, D. A. Koslover, M. S. Schulties; Continuity of the Lyapunov Exponent for

analytic quasi-periodic cocycles. Ergod. Th. & Dynam. Sys. 29 (2009), 1881 - 1905.

[6] V. 1. Oseledec; A multiplication ergodic theorem. Characteristic Ljapunov exponents of dy-

namical systems. (Russian) Trudy Moskov. Mat. Obsc. 19 (1968), 179 - 210.

] W. Schlag; Regularity and convergence Rates for the Lyapunov exponents of linear cocycles.

preprint (2012), 1-21.

[8] K. Tao; Hélder continuity of Lyapunov exponent for quasi-periodic Jacobi Operators. Bull.

Soc. Math. France, 142(4) (2014), 635-671.

[9] K. Tao; Continuity of the Lyapunov exponent for analytic quasi-periodic cocycles on higher-

dimensional torus. Front. Math. China, 7(3) (2012), 521-542.

[10] Y. Wang, J. You; Ezamples of discontinuity of Lyapunov exponent in smooth quasi-periodic

cocycles. Duke math. J. 162 (2013), 2362-2412.

[11] J. You, S. Zhang; Hélder continuity of Lyapunov exponent for analytic quasi-periodic Schro-

dinger cocycle with weak Liouville frequency. Ergod. Th. Dynam. Sys. to appear.

Kar Tao

COLLEGE OF SCIENCES, HOHAI UNIVERSITY, 1 XIKANG ROAD, NANJING, JIANGSU 210098, CHINA

E-mail address: ktao@hhu.edu.cn, tao.nju@gmail.com



	1. Introduction
	2. Large deviation theorem and the upper bound estimate
	3. Avalanche principle and the sharp large deviation theorem
	4. proof of the main theorem
	Acknowledgments

	References

