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STABILIZATION FOR 1-D HYPERBOLIC DIFFERENTIAL
EQUATIONS WITH BOUNDARY INPUT INCLUDING A
NONLINEAR DISTURBANCE

XIAOYING ZHANG, SHUGEN CHAI

ABSTRACT. We consider the stabilization for 1-D hyperbolic differential equa-
tions with boundary input including a nonlinear disturbance. The time varying
extended state observer (ESO) is designed to estimate the disturbance. Based
on the estimated disturbance, we obtain an explicit controller by applying
the backstepping method. It is shown that the closed-loop system of the 1-D
hyperbolic differential equation is asymptotically stable under this controller.
This result is illustrated by simulation examples.

1. INTRODUCTION

Recently, stabilization problems of PDEs, such as a string, a beam, a chemical
tubular reactor, have received a lot of attention [2, Bl [6] 8 @ 10, 1Tl 12, 13]. For
the first-order hyperbolic system, some stability problems were studied in [T, [3]
4, 15, [16, 17]. However, as far as we know, there are only a few papers that
consider stability for the first-order hyperbolic system with boundary input matched
with disturbance. It is well-known that when the small disturbance on boundary
happens, the system can become instable, even has no solution.

In this article concerns the stabilization for 1-D hyperbolic differential equation
with boundary input matched with nonlinear disturbance

u(t, x) = ug(t, ) +/ [l y)ult,y)dy + g(x)u(t,0), x€(0,1), >0,
0
u(t, 1) = U(t) +d(t), >0, (1.1)
u(0,x) = ug(x),
where u is the state, U is the control input, the disturbance d(t) is assumed to be
bounded in the Euclidean norm. And g € C[0,1], f € C(Q), Q = {(z,y) : 0 <
z,y < 1}
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For (1.1]), when d(¢) is absent, the system is null controllable and the backstep-
ping controller can be chose as in [14] [15],

Ut) = / k(L y)u(t.y) dy, (1.2)

where k(z,y) satisfies

bw9) + (o) = [ K@ OF(€0) e~ Sy wyeDt>0,
Y (1.3)
k(x,0) = / k(z,y)g(y)dy — g(z), = €][0,1].
0
Note that (1.3)) is well-posed, see [15, [16].
The objective of this article is to estimate the disturbance based on the time
varying extended state observer designed, and redesign a continuous controller U (¢),

to stabilize system (|1.1]) in the presence of a disturbance. We consider systems (|1.1))
in the state space H = L?(0,1).

2. PRELIMINARY LEMMA

Following the ideas in [I5] [16], we introduce a inverse transformation

V(t,z) =u(t,xz) — /Or E(x,y)u(t,y) dy. (2.1)

This function transforms (|1.1)) into the system
Vi(t,x) = Vy(t,z), x€(0,1), t>0,

V(t,1) = U(t) - /01 k(L y)u(t,y)dy +d(t), t=0, (2.2)
V(0,2) = Vo(x).

In what follows, we consider the stabilization of (2.2), and in the final step to
go back to system (1.1]), under the inverse transformation.
Introduce a new controller Uy (¢) such that

1
U(t) = Up(t) —i—/o k(1 y)u(t,y) dy. (2.3)

Then system becomes
Vi(t,x) = Vy(t,z), =€ (0,1), t>0,
V(t,1) =Uo(t) +d(t), t>0, (2.4)
V(0,z) = Vo(x).

To write this system in operator form, we define the operator A and B as follows:

Af = [, D(A)={feH'(0,1)[f(1) =0}, (2.5)
B=6(z—1). (2.6)
Then we can write system as an evolutionary equation in H:
d
ZV(ta) = AV(t,2) + B(Uo(t) + d(1)). (2.7)

Lemma 2.1. Let A, B be defined in (2.5) and (2.6). Then

(i) A generates a strongly continuous semigroup.
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(ii) B is admissible to the semigroup et.

Proof. Tt is well-known that A generates a strongly continuous semigroup 7'(t), and
a(A) =0, wo(T(t)) = —oco [18]. This shows that A generates an exponential stable

Co-semigroup e on H.

Now we show that B is admissible for e*. Actually, a straightforward compu-

tation gives the adjoint of ,
A'g=—g,
D(A*) = {g € H'(0,1)|g(0) = 0}.
The dual system to is
%V*(t, x) = A*V*(t, ),
y(t) = B*V*(t,x).

That is,

On the one hand, for all f € H,
(A== f(s)ds,
and
1
B*(A*)71f = 7/ f(s)ds,
0

which is bounded from H to C.
On the other hand, we define the energy function for (2.10) as

1t
B(t) = X / (V*Y2(t, 2)da.
2.Jo
Differentiate E(t) with respect to ¢ along the solution to (2.10) we obtain

B(t) = —5 (V(1,1),

Choose the function

Then, |p(t)| < 2E(t). Differentiate p(t) to give

/ V< 2T+ 2)B),
0

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

This together with boundedness of B*(A*)~! shows that B is admissible to the

semigroup generated by A [7].

O
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3. ESTIMATE FOR THE DISTURBANCE
The solution of ([2.4) is understood in the sense that
d

V(). f) = (V(E,), Af) + f()(Uo(t) +d(B), V[ e DA). (3.1)
Let f(x) =22% + 2 € D(A*) in to obtain
y1(t) = 3(Uo(t) + d(t)) — y2(1), (3.2)
where
nt) = /0 N0 1 )Vt 2y, y(t) = /O ‘e )Whodr,  (33)

It is seen that (3.2) is an ODE with state y; (¢) and control U (¢) with disturbance
d(t). We design a time varying high gain extended state observer to estimate
disturbance d(t) and y; (¢) as follows:

() = 3(Uo(t) + d(t)) — ya(t) + () (51 (t) — (2)),
T

1, R (3.4)
(t) = 5011 (t) —¥(1),
where 7(t) is time varying function satisfying
. . 7 (t)
7(t) >0, lim r(t) =00, —F <M, Vt>0, M >0. (3.5)
o (0

Lemma 3.1. Suppose that the disturbance d(t) is bounded on [0,00) and satisfies

L d(t)

tlggo @ =0. (3.6)

Then, the solution of satisfies
Jinn [ys (1) — ()] = lim |d(t) — d(t)] = 0. (3.7)

Proof. Let
g(t) = r() () = (1), d(t) = (d(t) —d()) (3.8)
be the estimator errors. Then, by the system and , the error (7, g) satisfies
i(6) = —r(@(e) + 3r(0d0) + "),

r(t) (3.9)

d(t) = —%r(t)ﬂ(t) +d).

For system ([3.9), we construct the Lyapunov function

v (0, di6) = () + 2 (1) — 501, (3.10)
It follows that
%V(ﬂ(t),élv(t)) < PP(t) + d*(t) <2V (g(t),g[(t)), (3.11)
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Along with (3.5)), finding the derivative of V' along the solution of (3.9)), we obtain

V(6) = (= 5ri0)+ 250 )70 - 300 ~ a0t + 21d0de) - 360
5 57(t) 17(t)\ =~ : .
< (f 3O +3 T(t))yz(t) - (37"(t) D) d? () +21d(t)(|d| + yl)&3 b
K(t) = min {§r(t) —su 5|70 3r(t) —su llr(t) ‘} (3.13)
3 Polr@l Polrm s '
By , we obtain
tlilglo K(t) = oo. (3.14)
Noticing ,
V(t) < — K1<1) t) +42v2/V (t)|d(t) (3.15)
That is,
WO < EU 7 + 21vaid). (3.16)

Integrating (3.16)), from 0 to ¢, yields

|6f0 22I((-r)d‘rds

VvV ()<21ff0 s . (3.17)

We can apply the L’Hospital rule to the right side of (3.17) and the condition of
Lemma [3.1] to obtain

. fot |d(s)|ef(f s K (T)dT g ) 22|d(t)|eﬁo 35 K ()dT
lim T = lim — =0. (3.18)
t—oo efo 35 K(7)dr t—o00 €f0 ﬁK(T)dTK(t)

By (3.17) and (3.18]), we have

thm VV(t)=0. (3.19)
Along with (3.11)), this implies
lim §(t) =0, lim d(t) = 0. (3.20)
t—oo t—oo

Since y1(t) — g(t) = 553, we finally obtain
Tim [y (1) — 5(0)] = 0. (3.21)

Then, ) follows from and ( - O

Remark 3.2. Note that in Lemma the derivative of disturbance d(t) is not
bounded, and a time varying high gain extended state observer have been designed.
However, when r(t) has constant gain, a more strict condition the derivative of
disturbance d(t) is needed, to be bounded. In fact, after time varying high gain
extended state observer reduce the peak value in initial state, the derivative of
disturbance can become bounded. From the practice point of view, we begin to
use the constant gain extended state observer to filter the noise. For example,
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choosing r(t) = %, we design a constant high gain extended state observer for ((3.2)
to estimate y; (¢) and d(t) as follows:

i(e) = 3(U(0) + A1) ~ va(6) + = (3 (1) (1),
N ) (3.22)
(1) = 55 (6) ~ 9(6),

3e2
where ¢ is the tuning small parameter. Using the similar method, we can also prove
[y(¢) — y1(t)| + |d(t) — d(¢)| — 0 as t — 00, — 0. We omit the proof here.

4. PROOF OF MAIN RESULTS

Choose Uy(t) = —d(t), the closed-loop is governed by
Vi(t,x) = Vy(t,z), x€(0,1), t>0,
4

V(t,1) = Up(t) +d(t), t=>0,
G1(t) = 3(Uo(t) + d(t)) — ya(t), (@)
G(t) = 3(Uo(t) + d(t)) — ya(t) + r(£) (s (1) — (1)),

1 ~

d(t) = 3 () (yi () — (1)),

In the next section, we will prove that the closed-loop (4.1)) is well-posed and stable.
Theorem 4.1. Suppose that d is bounded measurable and satisfies (3.6), r(t) sat-
isfies (3.5). Then for any initial value (V(0,z),y1(0),7(0),d(0)) € H x R3, the
closed- loop system of (4.1) admits a unique solutzon (V,y1,9,d) € C(0,00; H XRS)
and the solution V tends to zero as t — oo, y(t),d t) satisfy (3.7).
— 4

t), d(t) = (d(t) — d(1)), the

Proof. Introduce error variables g(t) = r(¢)(y1
system (4.1)) is equivalent system (4.2])
Vi(t,z) = Vy(t,z), =€(0,1),¢t>0,

V(t,1) =d(t), t>0,

§(t) = —r(F(0) + 3r(t)d(t) + —23(t), (4.2)

d(t) = —5r@)7() +de),

We can see the closed-loop system (4.2)) is a “PDE” and “ODE” coupled system.
By Lemma the “ODE” section of system (4.2)) is proved. We only need to prove
the “PDE” section. The “PDE” section of the system (4.2)) becomes

Vi(t,z) = Vo (t,x), x€(0,1), ¢t >0,
V(t,1)=d(t), t>0, (4.3)
V(0,2) = Vo(x).
This system can be rewritten as an evolution equation in H,

div(t, ) = AV (t,2) + Bd(1), (4.4)

where A, B are the same as that in and .
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By Lemma suppose that |e4t|| < Lge™“! for some Lg,w > 0. For any
initial value V(0,-) € H, there exists a unique solution V' € C(0, c0; H) that can
be written as .

V(L) = eMV(0,) + / A1=5) B(s)ds. (4.5)
0
By Lemma for any given g9 > 0, there exist ¢t; > 0 and €1 > 0 such that

|d(t)| < eo for all t > t1 and 0 < & < 1. We rewrite (L.5) as

t1 _ t "
V(t,) =eMV(0,) + eth) / A=) Bd(s)ds + / A9 Bd(s)ds.  (4.6)
0 ty

The admissibility of B implies

t
—8) pT 2 5 5
HAeM \Bd(s)ds|}y < Cld(t)|3a0.) < CotldD)[3eiory. (A7)

for some constant C; that is independent of d(t) [T, Definition 6.6]. Because e4? is

exponentially stable, it follows from [19, Proposition 2.5] that

t - t 5
I /t A9 Bi(s)ds||, = | /O A B0 oy, d)(s)ds]),,
1

(4.8)
< L||d(t)||L°°(t1,oo) < L€0,
where L is a constant that is independent of d, and
dl (t)a 0 S t S T,
dy or do)(t) = 4.9
(o &2)(6) {dg(t) t>7 (4.9)

where the left-hand side of (4.9) denotes the 7-concatenation of d; and ds [I§].
By (6), (L7) and (3), we have
IVt ) < Loe " [V (0,)]| + LoCrytie™ " d(#) | 1= (0,01) + Leo-  (4.10)
As t — o0, the first two terms of right hand side for (4.10) tend to zero. The result
is then proved by the arbitrariness of gg. (|
Remark 4.2. Under the constant high gain extended estimated observer (3.22)),
the closed loop system is governed by
‘/t(t? Jj) = V.K(ta x)a
V(t’ 1) = UO(t) +
() = 3(Uo(t) +
PN Y 1 I
y(t) = 3(Uo(t) +d(t)) = 2(t) + —~(a.(t) = H(1)),
=~ 1
d(t) = — t) —y(t
(1) = =5 () ~ (1),
This system is equivalent to the system
Vi(t,z) = Vy(t,z), x€(0,1),¢t>0,

V(t,1) =d(t), t=0,

y(t) = —éﬂ(t) + ggi(t), (4.12)

~ 1

d(t) = —53(t) + (),

z € (0,1), t >0,
d(t)’ tZ 0’
d

() — ya2(t), (4.11)
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The solution of system (4.12)) also tends to zero as t — oo, € — 0.

Theorem 4.3. Suppose that d is bounded measumble and satisfies (3.6), r(t) sat-
isfies (B.5). Choose the controller U (t fo u(t,y) dy — d(t). Then for any

initial value (u(0,x),y (0),37(0),3(0)) € H x R3, the closed-loop system of (1.1)
following

ut(t, ) = ug (¢, ) + /Om flz,9)ult,y)dy + g(z)u(t,0), x€(0,1), t>0,

u(t,1) = /1 k(L y)u(t,y)dy —d(t) +d(t), >0,
’ (4.13)

G1(t) = 3(—d(t) + d(t)) — y2(t),
() = 3(=d(t) + d(t)) — ya(t) + () (w1 () — G(2)),
(1) = 37 (0 (1) ~ (1),

admits a um'que solution (u,y1,Y, ) € C(0,00; H x R3), and the solution u(x,t) of
system ([@.13) tends to zero ast — oo. And J(t),d(t) satisfies (B.7).

This theorem can be proved by the a inverse transformation of (2.1). We will
omit the proofs.

Remark 4.4. Under the constant gain extended state observer (3.22)), we choose
the controller U (¢ fo u(t,y) dy — d(t). Then for any initial value

(U(O, :E)v y1(0)7 @\(0)7 d(O)) € H x R37
the closed-loop system of (|1.1)) following

ui(t, 1) = ug(t,z) + /Ox flx,y)ult,y) dy + g(x)u(t,0), z€(0,1), t>0,

1
u(t,1) = /O k(L,y)u(t,y)dy — d(t) +d(t), t>0,
g1(t) = 3(—d(t) + d(t)) — y2(t), (4.14)

§t) = 3(=d(t) + (1) — v2(t) + ~ (. () ~ (1)),

admits a unique solution (u,y1,7,d) € C(0,00; H X R?’),End the solution u(x,t) of
system tends to zero as t — 0o, — 0. Also g(t), d(t) satisfies (3.7).
Corollary 4.5. The special form of 18 as follows:
uy(t, ) = ug(t, z) + g(x)e?®u(t,0), =z € (0,1), t >0,
u(t,1) =U(t) +d(t), t>0, (4.15)
u(0,z) = up(z),

By Theorern we can choose U(t) = — f g(1)eCtIO=Vy(t y) dy — ci(t)7 the
closed-loop system admits a unlque solution u € C(0, 00; H), and the solution

of system (|4.14)) tends to zero as t — oo, and d(t) satisfies ([3.6)), r(t) satisfies the
(3-5)

condition of (3.5
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5. NUMERICAL SIMULATION

In this section, the finite difference method is applied to obtain computation of
the displacement. We noticed the closed system (4.13) and has the invertible
transformation. And system is equivalent to (4 ). The numerical simulation
of system is presented. The steps of space and time are taken as 0.05 and
0.001, respectively. The initial values are V(0,z) = sin(2rz),§(0) = 0,d(0) = 0.
From the practical view, we choose d(t) = sint,

1+ 2t, t<10.5,
8, t>10.5.
Figure (1a) shows that system (4.2)) is asymptotically stable under the time varying

extended state observer. Figure (1b) shows that the time varying extended state
observer is convergent.

ux.t)

(1a) (1b)

FIGURE 1. (la) displacement of V(z,?); (1b) the amplitude of
error d(t) (for interpretation of the estimation of disturbance)
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