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RIESZ BASIS AND EXPONENTIAL STABILITY FOR
EULER-BERNOULLI BEAMS WITH VARIABLE COEFFICIENTS
AND INDEFINITE DAMPING UNDER A FORCE CONTROL IN

POSITION AND VELOCITY

K. AUGUSTIN TOURE, ADAMA COULIBALY, AYO A. HERMITH KOUASSI

ABSTRACT. This article concerns the Riesz basis property and the stability of
a damped Euler-Bernoulli beam with nonuniform thickness or density, that is
clamped at one end and is free at the other. To stabilize the system, we apply
a linear boundary control force in position and velocity at the free end of the
beam. We first put some basic properties for the closed-loop system and then
analyze the spectrum of the system. Using the modern spectral analysis ap-
proach for two-points parameterized ordinary differential operators, we obtain
the Riesz basis property. The spectrum-determined growth condition and the
exponential stability are also concluded.

1. INTRODUCTION

We study the Riesz basis property and the stability of a flexible beam with
nonuniform thickness or density, that is clamped at one end and is submitted to a
linear boundary control force in position and velocity at the free end. The equations
of motion of the system are given by

m(z)ug(z,t) + (BL(@)Uze (T, 1))z + y(@)u(x) =0, 0<z<1,t>0, (1.1)
w(0,t) = uz(0,t) = uze(1,8) =0, ¢ >0, (1.2)
(EI()uzz(.,t)e(1) = au(l,t) + Bu(1,t), ¢ >0, (1.3)

u(z,0) = up(z), w(x,0)=u1(z), 0<z<l, (1.4)

where a, 3 are two given positive constants, u(z, t) stands for a transversal deviation
of the beam at position x and time ¢; a subscript letter denotes the partial derivation
with respect that variable. The length of the beam is chosen to be unity, ET(x)
is the stiffness of the beam, m(z) is the mass density and (x) is a continuous
coefficient function of feedback damping. If v > 0, it can be proven that the energy
of the system decays exponential (see theorem |4.1)).

A question was raised in Wang and al. [I9]: Due to the nonuniform physical
thickness and / or density of the Euler-Bernoulli beam with the variable coefficient
damping vy(z) in equation , what kind of conditions on «, can ensure that
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the system remains exponentially stable? In [19], the question is treated without
boundary conditions. Our work is a continuation study of [19] and follows the same
arguments. In this paper, we shall always assume that:

m(x), EI(x) € C*(0,1) and m(z), EI(x) > 0. (1.5)

With the assumption (1.5)), we shall prove that system (1.1))—(1.4) is a Riesz
spectral system in the sense that the generalized eigenfunctions of the system form

a Riesz basis on the suitable Hilbert space (see [4]). The Riesz basis property,
meaning that the generalized eigenvectors of the system form an unconditional
basis for the state Hilbert space, is one of the fundamental properties of a linear
vibrating system. For this kind of system, the stability is usually determined by the
spectrum of the associated operator and one can also use the theory of nonharmonic
Fourier series to obtain important properties such as the optimal decay rate of the
energy.

There are two steps usually found in the study of linear systems with variable
coefficients. The first is to transform the ”dominant term” of the system under
study into a uniform ”dominant equation” by space scaling and state transforma-
tion where no variable coefficient is involved any longer. The second step is to
approximate the eigenfunctions of the system by those of uniform ”dominant equa-
tion”. This fundamental idea comes essentially from Birkhoft’s works [I] and [2]
and Naimark [II] to estimate the eigenvalues. This approach has been used in
dealing with the beam equations of variable coefficients (see Guo [7], [§], Wang [18]
or [19] and the references therein).

Moreover, one of the methods on the verification of Riesz basis property well
developed recently and applied successfully, is the classical Bari’s theorem [3]. When
a = 0, the undamped case (7 = 0) has been studied in [7], where the author used
a corollary of Bari’s theorem on the Riesz basis property in [3]. Our work shall
make use a result due to Wang [19], which deals with the eigenvalue problem of
beams in the form of an ordinary differential equation L(f) = Af with A-polynomial
boundary conditions (Shkalikov [13], Tretter [I5], Wang [16], [§] and the references
therein). We establish conditions on the both positive feedback parameters o and
[ in order to get the Riesz basis property and the exponential stability for system
©)-@.

The content of this article is as follows: in the next section, we convert system
f into an abstract Cauchy problem in Hilbert state space, and discuss some
basic properties of system. We show that system 7 can be associated to
a Cop -semigroup, and the generator A, of Cy-semigroup has compact resolvents.
Furthermore, we obtain an asymptotic expression for eigenvalues. In section 3,
we discuss the Riesz basis property of the eigenfunctions as well as the exponential
stability of the system. Through a bounded invertible transform £, we establish the
relationship between A, and A defined in and obtain the Riesz basis property
from the strong regularity of boundary conditions that has been verified in section
2. Incidentally, we also obtain conditions for the exponential stability of the system
for indefinite damping.

2. BASIC PROPERTIES OF THE PROBLEM (|1.1])—(1.4)
Let us introduce the following spaces:

H}%J(Ov 1) ={u(z) € H2(07 1)|u(0) = u,(0) = 0}, (2.1)
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H = H%(0,1) x L*(0,1), (2.2)

The superscript 7' stands for the transpose and the spaces L2(0,1) and H*(0,1)
are defined as

L?(0,1) ={u:[0,1] - C: /O lul*dz < oo}, (2.3)

H*(0,1) = {u:[0,1] —» C:u,u®, ... u® e L2(0,1)}. (2.4)

In the space H, we define the inner-product

(u, )i = /0 (m(x) fo(2)g2(x) + EI(x) f{ (2)g{ (x))dz + afi(1)gr(1),  (2.5)

where u = (f1,f2)T € H and v = (g1,92)7 € H and we denote by | - ||z the
associated norm. Next, we define an unbounded linear operator A, : D(A,) C
H — H as follows:

A,(£.0) = (90). s (BI@ @) +@o@) 20

where D(A,), the domain of operator A, is
D(Ay) = {(£,9) € (H'(0,1) N HE(0,1)) x HE(0,1)

(1) =0, (BIC)f"()"(1) = af(1) + Bg(1)}.
With this notation, the set of equations ([1.1))—(1.4)) can be formally written as

2.7)

dY (t)
. —AY (2.8)
Y(0)=Y, € H,

where Y (t) = (u(.,t),u(.,1))T, Y(0) = (ug,u1)T. Here, it is clear that Ay denotes
the undamped case y(z) = 0 which was studied in [21] and that

V(x)g(x)
I (7.6) = 4, — 4o = (0, 10200
’Y(f g) 0% 0 m(x)
is a boundary linear operator on H. Therefore the following result follows immedi-
ately from the theory of operator semigroups (see Pazy [12, theorem 1.1]).

Theorem 2.1. Let operators A, and Ay be defined as before.Then Ay is a m-
dissipative operator and generates a Cy-group on H, and hence A, generates a
Co-group e+t on H.

Proof. In [21] we applied the Lumer-Phillips theorem, (see, e.g., [12, p.14]) to prove
that operator Ag is m-dissipative. Then using Hille-Yosida-Phillips theorem, we
also obtained that operator Ay is infinitesimal generator of a Cp-semigroup S(t) =
eoton H, satisfying
ISl < Met,

Moreover we obtain A, =T',, + Ag where I, is a boundary linear operator on H.
Then using the perturbation by bounded linear operator, we deduce that A, =
I, + Ay is infinitesimal generator of a Cyp-semigroup T'(t) = e+*, satisfying

|T(t)|| < MelotMITyIDt
(see A. Pazy [12, Theorem 1.1]). O
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Theorem 2.2. A, has compact resolvents and 0 € p(Ay). Therefore, the spectrum
o(Ay) consists entirely of isolated eigenvalues.

Proof. Clearly, we only need to prove that 0 € p(A,) and AS 1'is compact on H.
For any G = (g1, ¢2) € H, we need to find a unique F' = (f1, f2) € D(A,) such
that

AF =G,
In other words such that the following equations are satisfied:
fo(x) = gi(x), g1 € Hp(0,1) (2.9)
i (FI@R@) 4 5@ @) = p@). @ el20.) 210
£1(0) = f1(0) = f{(1) =0 (2.11)
(BIC)f' () (1) =afi(1) + Bf2(1). (2.12)
Using we obtain

(EI(x)f{'(x))" = —=m(z)g2(z) — v(x)g1(x)

By integrating we obtain

[ ey ar = - / m(r)alr) + 705 1)
(BIOF YD) - (BI@) () / m(r)ga(r) + (r)gs (1) dr-
Using the boundary condition we obtain
afi(1)+ B (1)~ (BI@H @) =~ [ m(r)galr) () (r) dr.
(BI@) ()~ afi(1 / m(r)ga(r) + (g1 (r) dr + Bg1 (1)

By integrating again we obtain

1 1
/ (BI) () dn — afi(1) / n
— [ [ m)gel) 1)) drdn + 50:0) [ dn.
EIQ) (1) — EI@)f(2) — a(l — 2) (1)
= [ [ mi0gatr) +1(a(r) drdn -+ 50 - 2)gn ).
z Jn
Since f7'(1) = 0, we obtain

" (1—1‘)
f1($)+04 ( )fl(l)

") + () (r) <())<>

/f €)dé + afu(1 /O%I_é))ds
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O R e //m P)ga(r) (1) () dr did

filw) +ant) [ El@) e

[ [ 0000 ey e s [
/xfisdswfll /w/s%f_@dws
//EI //77 g1(r) dr dn d¢ ds
s [ Elfdsd

Using the boundary condition we have

filz) +afi(1) /I/S%;@dgds
//EI //m r)g2(r) +(r)gy(r) dr dn d¢ ds

— Bg1(1 / / df ds.
Next we determine f(1). We obtaln
)+afi(l / / d§ ds

‘/0 A EH&)/f /n m(P)ga(r) + (r)gn () dr d dé ds
—ﬁm(l)/;/: %}3 dé ds
1)(1+a/01/03 %1(5)) dgd
- /0 | w1 / 1 / ()ga(r) 1 (F)gr(r) i diy d
—ﬁgl(l)/l/s a-
/ / EI1(§) / /77 (r)g2(r) +y(r)g:(r) dr dn dé ds
o [ aaoon [
g *

fl(x)=—K/0x/0s (1_}71_(5)) dfds—ﬂm(l)/ol/os (;I—g)

O d¢ ds

dgd

then
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—/01 /E}(E)/& /nlm<r>gz<r>+7<r>gl<r>drdnd§ds,
K:a(—/ol /OSEl'l(é)/: /nlm(r)gg(r)+’y(r)g1(r)drdnd£ds

st [ [T ) dgas).

with

3 Lrra-9
) dgds)/(1+a/o /O -
Obviously, (f1, f2) € D(A,), therefore

F=(fi, f2) = A;'G = (B(x), g1)

where

; dé ds

= [ ey s omon [ [
- 1 | 5@ /6 1 / n(r)g2(r) + (7)o () dr dnde ds,

Finally we obtain that 0 € p(A,) and Sobolev’s embedding theorem implies that
AT ! is a compact operator on H. Therefore, the spectrum o(A,) consists entirely
of isolated eigenvalues. 0

3. SPECTRAL ANALYSIS AND THE RIESZ BASIS PROPERTY

3.1. Spectral analysis of operator A,. In this section, we study the basic prop-
erties of system 7. Our work shall make use of the following result from
[19], which deals with the eigenvalue problem of beams in the form of an ordinary
differential equation L(f) = Af with A-polynomial boundary conditions (see Shka-
likov [I3]; Tretter [15]). To begin, we recall some notations and definitions. Let
L(f) be an ordinary differential operator of order n = 2m € N,

L(f) = f™(x +ny (@), 0<z<1, (3.1)
and let the boundary conditions defined at the two points x = 0, and = = 1 be
kj
Bj(f) =) (e, fM7(0) + 5, f (1), 1<j<n, (3.2)
v=0

where k; € N, 1 < k; <n—1and oj,, 0;, € C, |aj,| +|8j,| > 0. Suppose that

the coefficient functions f,(z) (1 <v <n) in are sufficiently smooth in (0, 1),

and that the boundary conditions are normalized in the sense that x = Z?:l kj; is

minimal with respect to all equivalent boundary conditions (see Naimark [I1]).
Let fr(x,p) (k=1,2,...,n) be the fundamental solutions for the equation:

L(f)+ p"f + o) f(®) =0, peC (3.3)

where p(x) being continuous in [0, 1], and let wi, (k =1,2,...,n) be the n-th roots
of w™ 4+ 1 = 0. If we denote by A(p) the characteristic determinant of (3.3)) with
respect to (3.2))

A(p) = det [Bj(fk('7p))]j,k:I,Q,.u,n’
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then A(p) can be expressed asymptotically in the form, for (r > 1),
Alp) = pb' 37 epmn [P (3.4)
K
whenever p is large enough (see Shkalikov [13] and Naimark [II]). Here, K is a
k-elements subset of {1,2,...,n}, ug, = ZjeKk wj,
[F ] = B 4 p 7 Y 4 p TR + O,

and the sum runs over all possible selections of K. Here and henceforth, O(p~")
means that |p” x O(p~")| is bounded as |p| — oo.

Definition 3.1 ([19, p. 461]). The boundary problem with is said to
be regular if the coefficients Fi* in are nonzero. Furthermore, the regular
boundary problem with is said to be strongly regular if the zeros of A(p)
are asymptotically simple and isolated one from another.

Let WJ*(0, 1) be the usual Sobolev space of order m and let
Ve (0,1) = {f(x) € W5"(0,1)|B;(f) =0, k; <m}.
Define a Hilbert space
H = VZ(0,1) x L*(0,1),

with the norm

ICF D = 1 v + llgll3
and define the operator A in H by
A(f,9) = (9, = L(f) — u(x)g)
D(A) ={(f,9) € HIA(f,9) € H, B;(f) =0, kj = m}.

The following result used in [I9] was presented in [16]. The reader can also be
referred to [I8, chapter 3].

(3.5)

Theorem 3.2 ([19, p. 461)). If the ordinary differential system with parameter
A=p"

L(f,N) = L(f) + A f + Aux) f (3.6)
Bi(f)=0, 1<j<2m '

has strongly regular boundary conditions, then the generalized eigenfunction system
of A form a Riesz basis in the Hilbert space H.

Now we are ready to study the eigenvalue problem of A,. Let A € 0(A,) and
® = (¢, V) be an eigenfunction of A, corresponding to A. Then ¥ = A\¢ and ¢
satisfy the following equations:

Nm(a)p(x) + (BI(x)" (x)
$(0) = ¢

V' 4+ My(2)p(z) =0, 0<z<]1,
(1) ¢"(1)=0 (3.7)
(a+BN)o(1).

EI(1)
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Expanding (3.7)) yields

oW (z) +

El(x)

(3.8)

Two basic transformations are essential.

First, the “dominant term”, ¢(4)( ) + ’\ETS;)¢ ) of ( ., is transformed to

become a uniform form by space scaling. In fact, set:
1 x
f6) =) 2=x0) =1 [ (i (39)
where .
_ (O g
_/0 (Fre)" (3.10)

Then, (3.8]) together with its boundary conditions can be transformed into
FO )+ a(2) " (2) + b(2) " () + e(2) ' (2)

FO2RAF(2) + ”;j(”x()x)f(x) =0, 0<z<l,
£0) = £1(0) =0, (3.11)
2 + 2 )(1) =0,
pr)+ 2y + 2 ) - e ) =0,

with
6220 =~ 2FT(x)

a(z) = p EI(@) (3.12)
322, 6z, EI'(x EIl'(x A2
b(z) = " + Z%Ef(l(')) QEI(( )) a0 (3.13)
Zogze  22zza BT (x Zea 2T (2
o(2) = 24 szlEI(x() : Z;’LEl(i))7 (3.14)
1, m(x) 1/4 1 m(zx
Z“”:h(EI(x)) ", Zi:h‘iEI(( ))’ (3.15)
r)\-3/4d ,m 1
Zaw = ;(EI((;)) “dx( (( ))) " (3.16)
If we definite
d(z) = ;((?), (3.17)
then equation in is
FO) +a(2) () + b(2) f"(2) + e(2) f'(2) (3.18)

+ MR f(2) + AR*(2) f(2) =0, 0<z<1.
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Second, to cancel the term a(z)f”'(z) in (3.11) as was done in Naimark [I1], we
make the invertible state transformation

o) =exp (5 [ al0d) 1), 0<z <1

and we arrive at the following eigenvalue problem that is equivalent to the original

9W(2) +b1(2)9" () + e1(2)g' () + di(2)g(2)
+ ARtd(2)g(2) + Nhtg(2) =0, 0<z<1,
9(0) = g'(0) = 0 (3.19)
9" (1) + b11g'(1) + b12g(1) = 0
9" (1) + barg” (1) + bazg (1) + basg(1) = 0,

where

bi(z) = —ga’(z) - gaQ(z) +b(), (3.20)
c1(z) = éa3(z) — %a(z)b(z) —a"(2) + c(2), (3.21)

d(2) = 10(2) — 10"(2) + 5 (2)ad(2) — soca(2)
1, 1 e (3.22)

Fb(2) (50 (2) - ga'(2) - A
biy = —%a(l) + Z:g((ll;, (3.23)
. L22(1)a?(1) - 4zii21()lg)b’(1) - izm(l)a(l), (3.24)
3 3240(1)

b = =200 + o - Zalll 2] g

b =~ 0" (1) + 1/ (1) — gra*(n) - 2z
32.2(1)a?(1) 3 Zzaz(1)a(1) 3 (a+ A\3B) (3.27)

1622(1) 12301 2B

To solve the eigenvalue problem ([3.19)), we follow the procedure in Birkhoff [ [2]
and Naimark [I1], and divide the complex plane into eight distinct sectors,
k kE+1
Skz{zec:zﬂgargz§¥}, k=0,1,2,...,7 (3.28)

and let wq, wa, ws, wa be the roots of equation §* + 1 = 0 that are arranged so that

Re(pw1) < Re(pws) < Re(pws) < Re(pws), Vp € Sy. (3.29)
Obviously, in sector S7, we can choose
wi = ex (z§7r) = —@ + Qz Wy = ex (Zlﬂ') = £ £
1= p 4 - ) 2 ) 2 — p 4 - 2 2 2
w3 = ex (z§7r) *f@f@i w4 = €x (ifw) *ifﬁi
3 = €Xp a7 = 9 9 b 4 = €Xp 27T 9 b
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which satisfy the inequalities in and choices can also be made for other
sectors. In the rest of this section, we shall derive the asymptotic behavior of the
eigenvalue of the sectors S; and Sy because the same will hold for the other sectors
with similar proofs.

Setting A = p?/h2, in each sector S, we have the following result about the
asymptotic fundamental solutions of system (3.19).

Lemma 3.3. For p € S with p large enough, the equation
gW () +b1(2)g" (2) + e1(2)g'(2) + du(2)g(=)

+ p*h2d(2)g(z) + p*g(2) =0, 0<z<l,
has four linearly independent asymptotic fundamental solutions,
D,
D, (z,p) = 7 (1+ p( ?) +0(p7?%), s=1,2,3.4 (3.30)
and hence their derivatives for s =1,2,3,4 and j = 1,2,3 are given by
@ D, ( )
pwsZ
17 ®(50) = (pu) e (14 =5 1 0(p7)) (3.31)
where
1 z h2 z
D, =— b1(¢)d¢ — d¢)d¢, ®51(0) =0, 3.32
@ == [ -5 [aoic en0 (332)

fors=1,2,3,4, and

Wiy + . 1/t n? [t

SRR with i :_7/ bi(Q)dC, pe2 = ——/ d(¢)d¢. (3.33)
Wy 4 0 4 0

Proof. The proof is a direct result in Birkhoff [1], [2] and Naimark [I1]. Here we

briefly present a simple calculation to find the asymptotic expansions of fundamen-

tal solutions in sector S%. Let

@371(2’) =

P,q1(2
D (z,p) = eP? (fb&o(z) + ’;( )

+0(p?), s=1,2,34

and
D(9) = ¢ (2) + bi(2)g" (2) + e1(2)9' (2) + du(2)g(2)
+p?h2d(2)g(2) + pg(z), 0<z<1.

Then, substituting és(z,p) in the expression of e=?“s*D(g), for s = 1,2,3,4, it
yields

¢ "= D(®y (2, p))

= (p)!(@u0(z) + (I)S’/lfz)) o+ 4pwg) (@ 0(2) + q;;’;(z))
M m (4)
6l (202) + DY g (022 + P2 4 gl 4 TdC)

B (Beate) - P25) ey (8000 + 72

@//1 2
+n(a)(@ly(e) + 22

) + c1(2)pws (@570(2) + (I)S;(Z))
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a0+ D) 4 (o4 )+ P2 (a(2) + 2220)

= p'[®s0(2) = @s0(2)] + p° [P 1 (2) + 4P (2) + s 1(2)]
+ P [Aw®; 1 (2) + 6wI Y o (2) + b1 (2)wi s 0(2)
+ th(Z)(I)S,O(Z)] + PRS(Z, p)a

where Rg(z,p) denote the remaining terms in the above equation and satisfy the
following estimates for some positive constant M:

Ry(z,p) <M, 0<z<l. (3.34)
Thus, by setting the coefficients of p? and p? to zero respectively, we obtain

(I);,O(Z) =0,
LB, (2) + 62D () + by ()P, o(2) + H2d(2) By 0(2) = 0,

which yield that ®;0(z) = 1 and ®,1(2) given in (3.33) are linear independent
solutions. Thus, as in the theorem in (Birkhoff [I], pp.225-226), we obtain the
linearly independent fundamental solutions of

g0 (2) + b1(2)g" (2) + c1(2)g' (2) + da(2)g(2)
+p'g(2) + p*h%d(2)g(z) =0, 0<z<1,

given by (s =1,2,3,4)
D2, p) = Ds(2,p) + €70~ 2),

from which we deduce the required results (3.30) and (3.31)) O

For convenience, we introduce the notation [a]z = a + O(p~?).
Lemma 3.4. For p € Sy, if we set § = sin(n/4) = /2/2, then we have inequalities
Re(pwi) < —[pld,  Re(pws) > [pld, eP1 =O(p~?)
as |p| — oo.

Furthermore, substituting (3.30]) and (3.31)) into the boundary conditions (3.19)),

we obtain asymptotic expressions for the boundary conditions for large enough |p|:

Us(®s,p) = :(0,p) =1+ 0(p™%) = [1]o, s=1,2,3,4, (3.35)
Us(®s,p) = @,(0,p) = pws(1+O(p™?)), (3.36)
Us(®s, p) = pws[l]2, s=1,2,3,4, (3.37)

Uz (®s, p)
= ®U(1,p) + b11 (1, p) + b12®s(1,p), for s =1,2,3,4, (3.38)

= (pws)?e’ (1 + (Wi + pa)p~ wy® + bip~lwlt +0(p?)),
Ua(®s, p) = (pws)®eP [1 + (3 (1 + bi1) + p2)w°p~ o, (3.39)
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Ui(®s, p)
= @(1,p) + b1 P (1, p) + boa® (1, p) + ba3Ps(1, p)
= (pws)?eP (1 + (Wlpn + p2)p~ ' wy® + barp~ w!

+baz(pws) >+ O(p™?)) (3.40)
= (pws)? e (1 + (w2 (11 + bar) + po)wy °p~"

-3 1
- g 0w
Ur(®s, p) = (pws)* e [1 4 (w5 (11 + bar) + p2)ws*p~" = xla, (3.41)
where
Bup! s=1,2,3,4,.

X= BOEI)R

Note that A = p?/h? # 0 is the eigenvalue in ([3.19) if and only if p satisfies the
characteristic equation

U4E‘I>1,P; U4E‘I’27P§ U4E<I’37P; U4Eq>4,ﬂg
Us(®q, Us(Ps, Us(P3, Us(Py,
MO =|ta@r ) Us@ap) Us@rp) Us@np)|= % 342

so substituting (3.35)—(3.41)) in (3.42)and using Lemma [3.4] we obtain that A(p) is
the determinant of the matrix whose four columns are:

[ [1]2
pwi[1a pwa[l]z
0 ’ (pw2)?er“2[1 + (wd(p1 + b11) + p2)wy *p 12 ’
0 (pw2)®eP2[1 4 (w5 (p1 + ba1) + pa)wy *p~ = X2
()2
pws[1]2

(pws)?e”3[1 4 (w3 (1 + b11) + ,u2)w3_3p*1]2 ’
(pw3)®ePs [1 + (w3 (1 + bar) + p2)ws *p ™t — X2
0
0

(pwa)?eP s [1 4 (wF (p1 + b11) + pa)wy >p o
(pwa)®er s [1 4 (wF (11 + bar) + pa)wy *p~" = X2

Expanding the above determinant, we obtain the following expression:

A(p)

= Pﬁepw4{(“’2 — wi)wiwier s [wy — ws + (w3 'ws — wawy ) (1 + bra)p "

1
-2 -2 -1 -3 -3 -1 Bp -2 -2
+(wy " — w3 TJpep + (waws ® — wawy )pep” + BB (w3 —wy )]
+ (w1 — w3)wiwieP? [wy — w + (wy 'wy — wawy ) (pa + b1a)p
Bp~! —2

+ (wp? = wy Hp2p ™+ (wawy® — wow Fpap™ + W(‘“gz —wi )]
+0(p™%)}
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In sector 57, the choices are such that: wi = —i, w3 =i, Wi = i, Wi = —i,
-1 . ) 4
wylwy =i, wy lwy = —i, wy = —wy, Wy —wy = V2, w1 —wy = V2i, wy —w = V?2,
wi—wy = —iv2, wy? —wi? = =2, wy? —wi? = =2, wiw] = 1, wiwi = 1. A

straightforward simplification will arrive at the following result, which is also true
on all other sectors Sy (see Naimark, [11]).

Theorem 3.5. Let A(p) be the characteristic determinant of the eigenvalue prob-
lem (3.19)). In sector S1, an asymptotic expression of A(p) is given by:

A(p) = pPeli{2eP2 4 2e7P¥2 4 2uz3p~ eP?2 + 2ipgp e P2 + O(p~2)}, (3.43)

where

ps = V2(p1 + b11) — V2ps + ‘/523(1)17?[(1)}12
o (3.44)
pa = VR + ) + V20 =V g

Thus, the boundary eigenvalue problem (3.19) is strongly regular.

Using (3.43)), we can deduce an asymptotic expression for the eigenvalues of
problem (3.19)). The equation A(p) =0 and (3.43)) imply that

2eP¥2 4 2e7P¥2 4 2p3p el 4 ipyp e P2 + O(p2) =0
which is equivalent to
ePv2 L emPY2 4 uap e Lipuypte P2 - O(p?) =0 (3.45)

and can be rewritten as

eP2 fe P2 1 O(p~t) = 0. (3.46)
Note that the equation e”“? 4 ¢~P¥2 = ( has solutions
1, me
n = =)—, =12,... 3.47
=t D (340

Let p,, be the solutions of (3.46]). Applying Rouche’s theorem see (Naimark [11]
p.70]) to (3.46)), we obtain the expression
— 1. m _
pn:pn+an:(n+§);+ana an = 0(n 1)7n:N7N+17~-~7 (3.48)
2
where N is a large positive integer. Substituting p,, into (3.45)), and using the fact
that ef¥? = —e™P“2 we obtain

——2

— e_a‘nu2 + M3ﬁ7:_1€anwz _ i/l/4ﬁ;_1€_anw2 + O(pn ) = 0.

eanWQ

Expanding the exponential function according to its Taylor series, we obtain

Hs . M 0m™2), n=N,N+1,...

a QWQPn 2w2pn

Q, =
Therefore,

n=(Mn+5)—+ i+ +0(n™7),
P ( 2)w2 2(n+ 37 2(n+ 3w (™)

forn=N,N +1,.... Note that A, = Z—ZL #0, wy = €T and w? =1i. So we have

Ap = %(M — p3) + % [g(/m + p3) + (n + %)QWQ]i +0(n™), (3.49)

where n = N, N 4+ 1,... with N large enough.
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The same proof can be applied to sector So because the eigenvalues of the prob-
lem (3.19) can be obtained by a similar calculation with the choices

, V2 V2. 3 V2 V2,

w1 = eXp(ZZW) =9 + 77/, wo = eXp(ZZﬂ') = 5 + 71’
wy=e (zz)——ﬂ——ﬂz wy=e (zé)———\/i——\/éi
3 = €xXp 47T - 2 2 ) 4 = €XpP 471— - 2 2 )

so that (3.29) holds:

Re(pw1) < Re(pwz) < Re(pws) < Re(pws), Vp € Sa.
Hence, in sector Sz, we have the following asymptotic expression of A(p):
A(p) = pPeri{2e7? 4+ 272 — 2pugp™ P + 2ipgp” e P + O(p?)}
By a direct calculation, we have

— 1. m 3 . Ha
an(n-i- - = 1+ 1

2)“’2 2(n+3)m  20n+ )T +0(n7), (3.50)

for n = N,N +1,..., with N large enough. Again, using A, = Z—ZL #0, wy = e
and w3 = —i.

V2
BYEL
where n = N, N + 1, ... with N large enough.

Here we should point out that the eigenvalues generated from the other sectors
Sy coincide with those from S; and S;. The detailed argument can be found in
Naimark [IT]. Combining with and , we obtain the following result on
the eigenvalues.

An = 55 (Ha — p3) — hlz[ﬁmwus)ﬂmlW]HO(n‘l), (3.51)

5)

Theorem 3.6. Let A, be defined by (2.7) and (2.8)), then an asymptotic expression
of the eigenvalues of problem (3.19)) is given by

M= 2 aps) = [P ) + 0+ PO, 852
where n =N, N +1,... with N large enough, and
_ 2v28h m(1) | _
Ha — 3 = Q\f,UQ - 2\[W 2\/§ K2 — ﬁ(w) 3/47 (3.53)

dz) = ;((?)’ T ;Lj; - %< Bl ))W4

)

so,

4

Moreover, A, (n = N,N + 1,...) with sufficiently large modulus are simple and
distinct except for finitely many of them, and satisfy

_ h2 (@) 1, m(x) 44 - _h ' y(x)  m(x) /4 4,
F2 =0 ), ()h(EI( )) a /o m(z) Ef(x)) !

L[ y(2)  mx) /4 dy — 25 (m(l) )74 (3.54)

lim ReA hEI(1) EI(1)

n—+oo " 2h Jy m(z) El(z)
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3.2. Riesz basis property of eigenfunctions of A,. In this subsection, we
discuss the Riesz basis property of the eigenfunctions of operator A, of the system
(2:8). We follow an idea due to Wang (see [19] pp. 473-475). We begin with
showing that the generalized eigenfunctions of A, form an unconditional basis in
Hilbert state space H. For this aim, we introduce a transformation £ via

L(f,9) = (0,9)
where
T m 1/4
o) = 1), v =g 2= [ (gd) ae @)
with
_ [ m(Q) V4
—/0 (EI(O) dg. (3.56)

It is easily seen that £ is a bounded invertible operator on H.
Now we define the ordinary differential operator:

L(f) = SO (2) + a(2) " (2) + 0(2) " (2) + e(2)f' (2),

p(2) = () = 12 240
— £(0)=0

Bi(f) = f(0)=0, Bax(f)=f'(0)=0, (3.57)
Bs(f) = 22(1)f"(1) + 222(1) (1) = 0

Bu(r) = (0 + 2 priay o 2zl )

)

7 (a + )\ﬁ)
20 1 W a0 BWEI()

where the coefficients are given by (3.12) —(3.16). Let A be defined as in (3.5),

7 € o(A) be an eigenvalue of A and (f,g) be an eigenfunction corresponding to 7,
then we have g = nf and f will satisfy the equation

FO(2) +a(2) " (2) + b(2) [ (2) + e(2) f'(2) + () f(2) + 177 f(2) = 0,
with boundary conditions B;(f) =0, j = 1,2,3,4. Now by taking A = ;7% and
L(f,9) = (¢(x),9(x))
we see that 1 = A\¢ and ¢ satisfies the equation

f(1) =0,

A2m(x)
El(x)
$(0) = ¢'(0) = ¢""(1) = 0

&) = (@ AN

Hence we have that n € 0(A) & A € 0(4,).

+ A (@) o(z) +

BI(2) p(x) =0, O0<z<l,

(3.58)

Theorem 3.7. Let operator A, of the system (2.8]). Then the eigenvalues of oper-
ator A are all simple except for finitely many of them, and the generalized eigen-
functions of operator A, form a Riesz basis for the Hilbert state space H.
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Proof. From the previous subsection, we have shown that the boundary problem
is strongly regular because the coefficients of F(])K * are nonzero in A(p) (see
Definition [3.1)). Therefore the eigenvalues are separated and simple except for
finitely many of them. Thus the first assertion is true. Next, according to Theorem
the strongly regular boundary conditions ensure that the generalized eigen-
function sequence F,, = (fn, nn fn) of operator A forms a Riesz basis for H. Since £
is bounded and invertible on H, it follows that ¥,, = (¢, Andn) = LF,, also forms
a Riesz basis on H. O

We are now in a position to investigate the exponential stability of system .
Since the Riesz basis property implies the spectrum-determined growth condition
(see Curtain and Zwart [4]) and describes the asymptote of o(A,), for any
small € > 0 there are only finitely many eigenvalues of A, in the following half-
plane:

1

v(x)(m(x)>1/4d 26 (m(l))73/4—|—5. (3.59)

1
EiReA> o | m@ \Ei@))  © T e \BIQ)

The following are two stability results that describe how stability depend on the
damping function ~.

4. EXPONENTIAL STABILITY

Following the idea in [7, Theorem 2.4], all the properties of operator A, found
above, allow us to claim that for the semigroup e+* generated by A, the spectrum-
determined growth condition holds:

where .
w(Ay) = Tim ey
is the growth order of e4+* and
s(Ay) =sup{ReX: A€ o(A4,)}

is the spectral bound of A,.

The Theorem is one of the fundamental properties of the evolutive system
7. Many other important properties of this system can be concluded from
Theorem The exponential stability stated below is one of such important

property.

Theorem 4.1. If v is continuous and nonnegative, the system (1.1)—(1.4) is expo-
nential stable for any B > 0 and o > 0. That is, there are nonnegative constants

M, w such that the energy E(t) = 3| /(u,u,)T||3; of system (L1)-(L.4) satisfies
E(t) < ME(0)e™*', Vt >0,
for any initial condition (u(zx,0),w(x,0)) € H.
Proof. We have y(x) > 0, and for any (f,g) € D(A,),
(Ay(f,9), (F,9))

— ((g(x), —@«Emw"(m»" +A(@)g@)), (f 9))
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- / EI(x)g" (2)7(@) — (EI(2) " (2))"9(z) — +()lg()2)dz + ag(1)FD)
1 P PR - PR
- / EI()lg" («)F(@) — f" (#)a(e))da + a(g()FD — F(1)a(D))

gV — / () lg () P
further )
Re(A, (f.9), (f.9)) = —Bla(L)* - / +())g(a)Pda < 0.

Thus A, is dissipative and et is a contraction semigroup on H. Moreover, the
spectrum of A, has an asymptote

Re A o 1 [t y(z) , m(x) /gy — 28 (m(l) )=3/4,

" 2h Jy m(z) EI(z) hEI(1) EI(1)

If we can show that there is no eigenvalue on the imaginary axis, then the
exponential stability holds. Let A = 4ir with » € R* be an eigenvalue of operator A,
on the imaginary axis and ¥ = (¢,)7 be the corresponding eigenfunction, then
1 = A\¢. We have

Re((A, W, U)gr) = (1) — / ()| (z) P,

0= [[¥]|% Re(A) = Re((A, ¥, ¥) ) = Bl (1)]* — /017($)|¢($)|2dx,
since 8 > 0, y(z) > 0 and ¢ (z) are continuous, we obtain
P(1) =0 and ~(2)|(x)? =0, Vzel0,1]. (4.1)
Then ¢(1) = 0 because 1) = Ap. We have the following equation satisfied by ¢,
Nom(@)é(@) + (BI@)¢" (@))" + My(@)o(x) =0, 0<z <1,
$(0) = ¢'(0) = ¢"(1) = ¢"'(1) = ¢(1) = 0

The proof will be complete if we can show that there is only zero solution to
For this aim we follow a method used in [7, p.1917]. First, we claim that there is
at least one zero of ¢ in (0,1). In fact, by ¢(0) = ¢(1) = 0, it follows from Rolle’s
theorem that there is a & € (0,1) such that ¢'(§;) = 0, which, together with
¢'(0) = 0, claims that (E1¢")(£2) = 0 for some & € (0,&1), and so (EI¢") (&5) =0
for some &3 € (€2, 1) by condition (EI¢")(1) = 0. Hence there is a §4 € (€3,1) such
that (EI¢")"(£4) = 0 by the condition (EI¢") (1) = 0. However, A>m(&;)p(€4) +
(EL(£4)¢")" (£4) + Av(€4)¢(§4) = 0. We have

Nm(Ea)d(&a) + My(€a)d(&a) = 0

because (EI(€4)¢")"(€4) = 0. Then we obtain Am(£4)Ap(E4) + ¥(Ea)AP(€4) = 0.
Since ¥ = Ap we have

(4.2)

Am (€)Y (&a) + (€)Y (&) = 0.
Multiplying the conjugate of 1(£4) on both sides of the above equation we obtain

Am(§a)¥(Ea)¥(€a) + v(Ea) ¥ (€a) P (€4) = 0.
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Then we obtain

(&) [ (Ea)]? + (€)W (€)* = 0.

Using (4.1)) we have Am(&4)[w(&4)]> = 0, so ¥(&4) = 0. Finally we conclude that
#(€4) = 0 since » = A¢ and A is nonzero. Next, we show that if there are n different
zeros of ¢ in (0, 1), then there are at least n + 1 number of different zeros of ¢ in
(0,1). Indeed, suppose that

0<€1<€2<"'<€n<17 ¢(§Z):O7 i=1,23,...,n.
Since ¢(0) = ¢(1) = 0, it follows from Rolle’s theorem that there are n;, i =
1,2,3,...,n+1,

0<m <& <m<&EL<mp<<- <& <N <1,

such that ¢'(n;) = 0. Noting that ¢'(0) = 0, there are «;, 1 =1,2,3,...,n+ 1,

O<Oq<771<(12<T]2<O£3<T]3<"'<Ozn+1<77n+1<1,

such that (EI1¢")(«;) = 0. Since (EI¢”)(1) = 0, using Rolle’s theorem, we have
Bi,i1=1,2,3,...,n+1,

O<ap < <ae<fe<az<f3<:-<apt1 <Pny1 <1,

such that (EI¢”) (5;) = 0. Finally, by the condition (EI¢"”)'(1) = 0, we have 0;,
i=1,2,3,....,n+1,
0<f1 <01 <PBa<by<P3<O3< < Ppy1 <Opy1<1,
such that (EI¢")"(0;) = 0. Therefore
6(0;,) =0, i=1,2,3,...,n+1
Third, by mathematical induction, there is an infinite number of different zeros
{;}3° of ¢ in (0,1). Let zp € [0,1] be an accumulation point of {z;}°. It is
obvious that
¢ (x9) =0, i=0,1,2,3.
Note that ¢ satisfies the linear differential equation (4.2). Therefore, ¢ = 0 by
uniqueness of the solution of linear ordinary differential equations. However ¥ =
(6, )T = (¢, Ap)T = 0 contradicts ¥ being an eigenfunction and so there is no

eigenvalue on the imaginary axis and we obtain Re(\) < 0. From Theorem and
the spectrum-determined growth condition, the system is exponentially stable. [J

Now we are ready to consider the case that 7(z) is continuous and indefinite
in [0,1]. We follow an idea due to Wang [19]. Let vy(z) = v (x) — v (z) for all
x € [0, 1] with

y*(z) = max{y(x),0} = {g(@ ioftzgv)v;eo
v (2) = max{—y(v),0} = {;7(35)7 iftzgf\?vijeo

and let
T

((BI@) @)+ (@)

m(z)

A'Y+(fa g) = (g(ac), -



EJDE-2015/54 RIESZ BASIS AND EXPONENTIAL STABILITY 19

for all (f,g) € D(Ay+) = D(A,), and

F(f0) = 0. g, Afg) e H

Then A, can be written as A, = A+ +T'_.
Theorem 4.2. Let s(A,+) =sup{ReA: A€ o(Ay)}. If
7 (@)
A
zrg[%,}i]{ m(x) b < Is(Ay)l,

then system ([2.8]) is exponentially stable.

Proof. 1t is easy to verify that I'_ is self-adjoint operator and

— e (@)
-1l = o ) }. (4.3)

By Theorem u and definition of operator A+, e+t is a contraction semigroup
and s(A,+) < 0. Applying the perturbation theory of linear operators semigroup
(see Pazy [12, Theorem 1.1 page 76]), we have A € p(A,) whenever Re A > s(A.+)+
IT_]||. Again, Theorem [3.7] gives

W(A) = s(A,) < s(A,0) + [T <0,

where w(A,) denotes the growth bound of semigroup e~*. Therefore, system (2.8)
is exponentially stable. ([
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