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EXISTENCE OF SOLUTIONS TO A PARABOLIC p(z)-LAPLACE
EQUATION WITH CONVECTION TERM VIA L* ESTIMATES

ZHONGQING LI, BAISHENG YAN, WENJIE GAO

ABSTRACT. This article is devoted to the study of the existence of weak so-
lutions to an initial and boundary value problem for a parabolic p(z)-Laplace
equation with convection term. Using the De Giorgi iteration technique, the
authors establish the critical a priori L°°-estimates and thus prove the exis-
tence of weak solutions.

1. INTRODUCTION

In this article, we consider the initial and boundary value problem for parabolic
p(zx)-Laplace equation

§3-mvuvuww*ﬂvu):zﬂxJNVuw@>—dwiﬂx¢% (z,t) € Qr,

ot
u(z,t) =0, (z,t) € T, (1.1)
u(z,0) = up(x) € L°(Q), ze€Q.

Here, 2 C R” is a bounded domain with smooth boundary 992, Qr = Q x (0,T),
Iy = 90Q x (0,T), T > 0 is finite, and p(z), B(x,t), ?(x,t) are given quantities
satisfying conditions to be specified later.

Recently, partial differential equations involving variable exponents, such as the
p(z)-Laplace equation in , have been extensively investigated, owing to their
physical importance and powerful application. The mathematical model of Problem
(1.1) originates from heat and mass transfer in nonhomogeneous media and non-
Newtonian fluids with thermo-convective effects [2]. Equations of this type also
appear in the study of digital image recovery [4] and electrorheological fluids [16].
It describes the evolution diffusion and filtration process. In particular, the models
like with variable exponent provide a good mathematical interpretation for
the mechanical properties of certain viscous electrorheological fluids characterized
by their abilities to undergo significant changes when an electric field is applied.

We focus on mathematical analysis concerning the existence of solutions to Prob-
lem . Similar problems with constant exponents or L! data have been studied
by many authors; see, e.g., [3, Bl 13, [M4] A5, A8, 21, 24]. To study our problem,
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we encounter several difficulties arising from the variable exponents. To deal with
, one must face the typical difficulty of how to define the solution space to .
When p(z) = pis a constant, it is well known that L (0, T; W, "*(€2)) can be taken as
the solution space. However, in the nonconstant case and p~ = inf p(x) > 1, if the
solution space is defined to be LP(®)(0,T; Wol’p(x)(Q)), or LP (0,T; W&’p(x)(Q)),
etc., then it leads to an unfavorable fact that the p(x)-Laplace operator is not
bounded and not continuous from this space into its dual. To conquer this dif-
ficulty, we adopt the appropriate solution space V as defined below, which helps
us to define a weak solution to . However, other difficulties arise from it at
the same time. On one hand, one must verify the chain rule in the variable ex-
ponent space, as given in Lemma with its proof in the Appendix, even if this
is an obvious fact in the case when p is a constant [0, [13]. On the other hand,
we will get the existence result for Problem through a limit process in which
Simon’s compactness theorem [I7] plays a crucial role. Nevertheless, the solution
space V prevents from directly employing the theorem. We take into account the
properties associated with V' and surmount this difficulty. There are other differ-
ences between the variable exponent case and the constant exponent case. Some
important properties and inequalities are no longer valid. For example, the variable
exponent spaces are not translation invariant, Young’s inequality with convolution
lf*9llpcy < Cllfllpeyllglls holds if and only if p is constant, and for u € Wol’p(m)(Q),
Jo luP@dz < C [, |VulP® dz is not valid for the variable exponent p, etc.; we refer
to monograph [7] for details and more references.

To define an appropriate solution space for Problem , we make the following

hypotheses on the quantities appearing in .

(H1) p € C(Q), and p* := maxgp(x), p~ := ming p(z) satisfy 1 < p~ < pt <
—+o0; furthermore, there exists a positive constant C such that the following
log-Holder continuous condition holds:

< — f Q satisfyi <1 1.2
Ip(x) — p(y)| < ey r— or every z,y € Q satisfying |z — y| < 3 (1.2)
(H2) B € L*°(Qr) satisfies 0 < B(z,t) < b, where b > 0 is a constant, and

— — —
F is a vector field satisfying | F'|*")" € L"(Qr), where (p~) = p?_l and

)I
> L;‘ff. Hence, F e (Lp/(””)(QT))N as |f‘>| € L(P_)'(QT) < Lp'(w)(QT);
see the relevant definitions below.

We remark that, when p is a constant, it is well known that WO1 P(Q) (the clo-
sure of C§°(Q) in WHP(Q)) is identical to Hy*(Q) := {f € LP(Q) : |Vf] €
LP(Q) with f|sq = 0}. However, when p is a function, there exists an interest-
ing Lavrentiev phenomenon [22], which shows that the above two space are not
equivalent. The log-Holder continuous condition above guarantees an impor-
tant fact that C§°() is dense in W1HP(®)(Q) [23]. Under this condition, one can
define variable Sobolev spaces with homogeneous boundary values, VVO1 P (w)(Q), as
the closure of C$°(Q) in W1P(*)(Q); moreover, the condition makes p(x)-Poincaré’s
inequality hold [T, 10, 21].
We introduce the function space

V={ve Ll (0,T;Wy ") : |Vu| € LP@(Qr)},
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endowed with the norm ||ully = [Vu|rs@) (g,), or the equivalent norm [[ully =
\u|L,,_(O’T;W$,p(z)(Q)) + [Vl o) (@p; the equivalence follows from p(x)-Poincaré’s
inequality. Then V is a separable and reflexive Banach space (see [3] 21]).

We now give the definition of weak solutions to Problem (|1.1)).

Definition 1.1. We say that « € VN L>®(Qr) is a weak solution to (1.1]), provided
that u; € V* + LY (Qr), u(z,0) = uo(z) in LP (£2), and

T T
/ <ut,¢>dt+/ /qu|”(’”)_2Vu~V¢dxdt
0 0 Q

T T
:/ /B|Vu|p(“")¢dxdt+/ /vcgs.z?’dxdt
0 Q 0 Q

holds for every ¢(z,t) € VN L®(Qr). Here, with u; = o) +a® € V* + LY(Q7),
it is understood that

T T
/ (ug, @)t == (ue, O)vi11(Qr)vrr=(or = (&M, )y v +/ /904(2)¢ dx dt.
0 0

When p(z) = p is a constant, sup-/sub-solution method is powerful and direct to
the existence results (see [13]). Nevertheless, it is not suitable to our problem be-
cause, due to the complicated nonlinearities of p(z)-Laplace, it may be quite difficult
to construct a supsolution u and a subsolution u in V' which simultaneously satisfy
u < W. Roughly speaking, in Equation , the growth power of |Vu|P(®)=2Vy at
the left-hand side of is less than that of the convection term |Vu|P(®) at the
right-hand side, which leads us not to directly utilizing pseudo-monotone operator
method [I2]. Instead, to obtain the existence of weak solutions to Problem , we
will employ the L*° estimate method and get the solution through a limit process
to the approximate equations. We carry out the De Giorgi iteration, different from
the classical constant exponent case (see [24] [5 [T4] and the excellent and elegant
argument therein), in the setting of variable exponent. We first give a general form
of [B, Theorem 5.1] or [24, Lemma 1], as stated in , by which we obtain the
L regularity under the classification when p~ > 2 and when 1 < p~ < 2, other
than the classification appeared in [24]. It should be remarked that, we employ the
infimum of p(x), which facilitates this iteration, however, on the other side of the
coin, it makes the iteration process more technical and complexity. By the way,
our result in Theorem [2:3] shows an interesting phenomenon: the uniformly L*
bound of u can depend on p~ other than p(x) itself as in the constant exponent
case [24]. In the limit process, the properties of solution space V and its related
variable exponent space will be frequently used, which is one of the features in the
equation with variable exponent.

The plan of this paper is as follows. In section 2, we apply the De Giorgi iteration
to Problem to obtain a uniform bound for the bounded weak solution u € V;
this a priori L®-assumption is crucial for such a uniform bound, as in [5] [14]. In
section 3, we construct an approximation equation to Problem . Based on
the uniform bound of u,, we obtain the strong convergence of u,, in the solution
space V, by virtue of which we establish the existence of solutions. Section 4 is an
Appendix in which we give some brief proofs to some lemmas in the paper.

To conclude this section, we recall some preliminary results on the Lebesgue and
Sobolev spaces with variable exponents; for more details, see [9] [I0] or monograph
[7, [16]. Let p be a continuous function defined in Q, p(z) > 1, for any = € Q.

(1.3)
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1. The space
LP@(Q) = {w : w is measurable in 2 and /Q Ju(z)|P® dx < oo}
This space is equipped with the Luxemburg’s norm
lasioy = int (3> 05 [ 4 ptds <1},

The space (LP(Z)(Q), |- |Lp(z)(Q)) is a separable, uniformly convex Banach space.
2. The space

whr@(Q) = {u e LO(Q) : [Vul € LO(@)},
endowed with the norm
[ulw1.pe () = [Vulpre @) + [Ulpre )

We denote by W’ p(z)(Q) the closure of Cg°(Q) in WP (Q). In fact, the norm
V| o) () and |uly1pe) (o) are equivalent norms in Wol’p(w)(Q). Whr)(Q) and

WO1 P (I)(Q) are separable and reflexive Banach spaces.
3. Frequently used relationships for the estimates.

. - + - +
mln{|u\’£p(w)(ﬂ), |u|ip(w>(ﬂ)} < /Q lu(z)|P@dz < max{|u|ip(w>(§z)’ |u\ZL7p(l,)(Q)}.
Consequently,

\uk — u|Lp(z)(Q) — 0 <= / |uk — u‘p(x)d:]; — 0.
Q

4. p(x)-Holder’s inequality: For any u € LP(*)(Q) and v € L”/(’C)(Q)7 with

+ 1~ =1, we have

p(z) T p'(x)

| [ wds] < (= + el @lvlziom < 2ulie bl

5. Embedding relationships: If p; and py are in C(Q), and 1 < py(x) < po(x),
for any = € €2, then there exists a positive constant C), () p,(x) sSuch that
[ulper ) (@) < Cpy (2),pa (@) [ U] Lr2@) ()

i.e. the embedding LP2(®*)(Q) — LP1(®)(Q) is continuous. If ¢ € C(Q) and 1 <
q(z) < p*(x), for any x € Q, then the embedding Wy *™)(Q) — L) (Q) is contin-
uous and compact, where

Np(z)
p(a) = | Noper PO <N
~+00, p(z) > N.

6. p(z)-Poincaré’s inequality: Under the condition (1.2)), there exists a positive
constant C), such that

[l oo () < Cpl V| ooy, for all w e Wy (9).
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2. A PRIORI BOUNDS

First of all, we give some technical lemmas frequently used in the process of De
Giorgi iteration. In particular, can be seen as a general form of [5, Theorem
5.1] or [24, Lemma 1]. Their proofs will be given in the Appendix for the convenience
of the readers.

Lemma 2.1. Assume that a,b, A are positive constants, with A > % + g. Define
As
e —1 s>0
s) = ’ - 2.1
#(s) {6)‘5+1, 5 <0. 21)

Then the following properties hold:
(1) For all s € R,

a S

lp(s)] > Alsl,  ag'(s) = ble(s)| > §€M . (2.2)

(2) There exist constants d > 0 and M > 1 such that, for all s > d,

s - s -
¢'(s) < AM[@(;)]’) ,pls) < M[cp(;_)]p : (2.3)
(3) Let ®(s) = [, (o)do. If p~ > 2, then there exists a positive constant c*
such that 5 -

2 2 fp(Z)]" . V20 (24)

if 1 <p~ <2, then there exist d > 0 and ¢* = ¢*(p~,d) such that

O(s) > c* [go(pi_)]p_, Vs > d,
s s (2.5)
O(s) > c* [ap(;)] , V0<s<d.

Lemma 2.2. Assume that function © : R — R is piecewise C* with 7w(0) = 0
and ' = 0 outside a compact set. Let II(s) = [ w(o)do. If u € V with uy €
V* + LY(Q7), then

T
|t m@)de = (ur w)v-s i@ vine@n = [ MT)dz ~ [ u(o))da,

0 Q Q

(2.6)

Using the lemmas above, we begin the De Giorgi iteration to get the a priori L™
estimate.
Theorem 2.3. Let u € L>®(Qr) NV be a weak solution to Problem (L.1). Then

ullLe (@) < lluollze= (@) + C,

where C' is a constant depending on p~—, N, T,r, b, €, H\ﬁ)\(p_), | r(Qr), but indepen-
dent of u.

Proof. Let k be a real number such that & > |lug||z~ () and let ¢ be the function
defined in with constant A > %—I—Zb, where b > 0 is the constant in Hypothesis
(H2). (We shall use with @ = 1 and a = 1/2 below.) Define
u—k, ifu>k,
Gip(u)=<u+k, ifu<-—k,
0, if Ju| < k.
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Note that v € L>®(Qr) N'V; so does ¢(Gk(u)). Then, for each 7 € [0,T], one may
choose v = (G (u))X[o,r) as a test function in (1.3) (where y 4 is the characteristic
function on the set A). Noting that Vv = x[o, - x{|u| > k}¢'(Gr(u))Vu, we have

/ s p(Ga(w)) dt + / ' [ [9ur s Gutw el > k)

:/T/ B|Vu|p(’”)g0(Gk(u))dxdt+/T/ x{|u| > k}cp’(Gk(u))Vu-?dxdt.
0o Ja 0o Jo 27)

Denote Ag(t) = {z € Q: |u(z,t)] > k}. In what follows, we write ¢ = (G (u))
and ¢’ = ¢/ (G (u)) for simplicity. Thanks to the choice of k, one has

/0 (ut, @(Gie(w)))dt = /Q B(G(w) (r)dex — /Q (G (uo))de

- /Am H(Gulu))r)dz - /Akm) O(Grlug))dz  (2.8)

_ / ®(G(w))(r)dx.
Ak (T)

From Young’s inequality with ¢, it follows that

T , N
' Vu- Fdzdt
0 JAg(t)

: ) S (29)
Se/ / |VulP cp'dxdt+C(e)/ / |F P ! da dt.
Ar(t) o Jaww
Substituting (2.8)) and (| . in . 2.7)) yields
| eGmds [ 9t o - Bl de
A A (2.10)

<e/ / |VulP ¢ dodt + Cle / / |F|(p ) da dt.
Ak(t) Ak(t)

Note that ¢’ — Blyp| > ¢’ —blp| > LeMEWI > 0 by (2:2) (with a = 1). By utilizing
|VulP(®) > |Vul|P” — 1 and choosing € = 3, we get from (2.10) that

T 1
/ @(Gk(u))(T)d:E+/ / IVulP” (S¢' — Bly|) du dt
Ai() 0o Jauw 2
T N ., T
gc/ / |F|® )go’dxdzH—/ / (¢’ — Blyl|) dxdt (2.11)
0 JAk(t) 0 JA(t)

g// (C|?|<P’>’+1)<p’dxdt.
0 JAk(t)

Using (2.2) with a = % we have %@'—B\(p| > %g@’—b|<p| > ieMG’C(““ > 0. Denoting
W = @ (lG’;(u)‘) we proceed to estimate 7

)\\Gmu)\
// \Vu\p gp fB|<p| d:cdt> / / o v— VulP dxdt
(t
/ / |Vwg [P da dt.
0 JAk(t)

(2.12)
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By definition, Ag(t) \ Ag+a(t) = t{x € Q : k < |u(x,t)] < k + d}; hence 0 <
|Gr(u)| < dand @' (Gr(u)) = MM < NeA on Ay (t) \ Agra(t). So, from ([2.3),
it follows that

/ / <C|F|(”7)/—|—l) o' dzdt
0 JAk(t)
T — —\/ —
g)\M/ / <C|F|(p ) +1) o |P” da dt
0 JApia(t)
+/ / (C\?\(P‘VH) o dedt
0 JAR®)\Akta(t)

< AM/ / h|wy|P~ dscdt—i-)\eAd/ / hdz dt,
0 JAria(t) 0 JAR()\Akta(t)

where h = C’\?\(pf), + 1. Putting (2.11)), (2.12) and (2.13) together, we deduce

/ @(Gk(u))(T)derl(l)”_/ / |Vwg|P dx dt
An(r) 4 0 Ja,w

(2.13)

. . (2.14)
< AM/ / h|wg [P~ dxdt+/\e’\d/ / hdz dt.
0 JApia(t) 0 JAR(t)\Arya(t)
Case 1. p~ > 2. In this case, by (2.4)), one has
/ (G (u))(r)dx > c*/ lwy|P da. (2.15)
Ak(T) Ak(T)

Substituting (2.15) in (2.14)) and taking the supremum for 7 € [0,¢;], with t; < T
to be determined later, we have

- 1,1, (O -
¢ sup / lw P dz + ~(5)" / / |Vwg|P dxdt
ref0,t1] J Ay (r) 47X 0 JA)

. ] (2.16)
1 _ 1
< )\M/ / h|wy|P da:dt—k)\eAd/ / h da dt.
0 JAL®) 0 JAR(E)\Akta(t)
By the embedding inequality (see [6l [11]), we have
ty  Nip— Nfr\’ —
(/ / |wg|P N dx dt) i
0 TAw (2.17)

ty
< ’y( sup / |wg [P da +/ / |Vw|P dx dt),
T€[0,t1] J Ay (7) 0 JAg(t)

where 7 is a constant depending on N, p—, but independent of t; < T. Hence, from

, it follows that
Iy, = (/ / lwg|P TN dx dt)
0 JAk(t)
(31 _ ty
gc(/ / hlwg|? d:cdt+/ / hdmdt),
0 JAk(t) 0 JAR(O\Ak+al(t)
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Consequently, by Hélder’s inequality

8
N;r_p ), we deduce

where C is a constant independent of t;
- —\7
(thanks to the assumption | F|?7)" € L"(Qr) with r >

h - Nip e Nip~
Tk, SO / / |wp | dxdt / / e da dt)
' Ak(t Ak(t
t1 t1 1—;
+C / / hrd;vdt / u(A
Ag(t) 0

p7

t N
o[t S ) T o, (@) 7
Ak(t
=
Ol ([ navo)ar)

where () represents the Lebesgue measure of 2. Choosing ¢; small enough such
that
_p_ 1
Cllhlzr (., trp()) ¥ 7 < (2.18)

and we obtain
1-1
" (2.19)

t1
Ty < Cllllron ([ utacear)

For any [ > k > [lugl| L~ (q), using (2.2)), we conclude that

t N
1 )\G - P —
I, 2 (/ / |ﬂ|p H dxdt) e
0 A (t) p
- N
- (2.20)

t1 _ N+4p
(/ / (Il = k)" dadr) ™
0 Ak (t)

p
) - wy / A T

> (2
> (2
Let 1y, = fo (t))dt. 1t follows from (2.19) and (2:20) that
C (1-21)N4e—
wl < (l . k) p_(N+p~) wk A (221)

Case 2. 1 < p~ < 2. In this case, from (2.5) (it should be remarked that the
constant d in (2.3) and (2.5) could be the same if we choose d suitably large), we

have

/ (G (u))(1)dr > c*/ lwg [P dx + c*/ lwg [2dz.  (2.22)
Ak (7) Apta(T) Ap(T)\Akta(T)



EJDE-2015/46 EXISTENCE OF SOLUTIONS 9

Substituting (2.22) into (2.14) and taking the supremum for 7 € [0,¢;], where

t; < T to be chosen later, we derive

- 1,1, (™ -
¢* sup / lwilP dz + ~(5)" / / |Vwg|P dzdt
7€00,t1) J Aga(r) 47X 0 Japa
* 2 1.1 2 h -
+c* sup lwi|*dz + = () [Vwg|P dzdt
rel0.6] S AP\ A alr) A Jo Ja\ A

t1 t1
< /\M/ / hlwg|P dxdt + /\e’\d/ / hdz dt.
0 Aptal(t) 0 A (0)\Agr+a(t)

Again, recall the following embedding estimates [6] [[1]:

t1 — Nip~—
[ s
0 JApia(t)
-

_ Nip— - t - 1+24
< AP = ( sup / |wg P dm+/ / [Vwg|P dz dt) A
TG[O,t1] Ak+d(’l’) 0 Ak+d(t)

(2.24)
/ / lwy,|P N drdt
Ak (O)\Ak+a(t)

—N 2
<9 T( sup / |wy|da (2.25)
7€[0,t1] S AR (T)\Ag4a(T)

p—

t1 _ 1+T
+ / / |[Vwg|P dz dt) .
0 JAR()\Aktalt)

Combining ([2.24), (2.25) with (2.23), we obtain

1 Ntp™
Iitl) : / / |wk|p N
Ak+d(t
N
([ 5 ) T
0 JAR()\Akta(t)

tl _ tl _
SC/ / hlwy|? dxdt—l—C/ / hlwg|? dzdt
0 Agta(t) 0 A )\ Ak+a(t)
t1
+c/ / hdedt = (E1) + (E2) + (E3).
0o Ja,

We estimate (E1) as follows.
(E1)

_ N7 t1 Netp~™ P —
<o / / [ dmdt)”“’ (/ / B dwdt) Y
Agya(t) 0 Apra(t)
t1 _
=¢ / / [
0 JAgya(t)

Using Holder’s inequality and Young’s inequality with €, we have

(E2)

(2.23)

dx dt

N
da dt) Np

_1
™

2 dt) ™ g () T
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- N+2 NLH 2 N+2
C(/ lwg|? wadt) (/ / )
0 JAR()\Arta(t) 0 JAR(E\Akta(t)
1 t1 _ N42 J\HL_
= / / |wg|P Tdmdt) ?
2V o A\ Akra(t)
t1 _2
O[]
0 JAR()\Arta(t)
I - Ni2 e
§7</ / |wg|P TN dxdt)
2V o A\ Akra(t)

N+2)

t1

IA

IN

N+2 t1
+ C|\hll 77, / w(Ag(t))dt
e e )7
For (E3), we have

1

(E3) < C||h||Lr(Qt1)(/O 1 M(Ak(t))dt)liT.

Now select t1 € (0, (1(£2)) ] sufficiently small so that

p— 1 1

Clibllzr @i (Brp(@)) ¥ 7 < o (2.26)
From the above estimates, we have
o) " -
I <l ([ ntare))

T 0= (221

+Cll gy, ([ nare)i) ™
Noticing that r> N J[p , after a straightforward computation, we have 5—=— (1 —

Ni2y > 1 - - Meanwhlle the choice of ¢; ensures ¥ < t1u(Q) < 1. Asa result,
(2.27)) becomes

t1 1—1
D < c( / u(Ak(t))dt) . (2.28)
0
For any [ > k > |lug| 1 (q), using (2.2), we deduce that

t1 A — N4p— o
W= ([T P )
0 Ak+d(t) p
([ A 52 gy ) ¥
0 JAR(t)\Agyalt) r
i P

t — P N,
// (\ul—k)” o dwdt) ¥
Apyal(t

+( 7NIY;2 /tl /Ak s |u| ) - N2 dx dt) o
> () a0 ([ n 00 Awat) )

— N42 N

+(pi_)p N (l—k)p_%(/olu(Al(t)\AHd(t))dt)W.
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In fact, we have

NapT oy N, LN (B
(1) = Ay g /O 1 (At N Ay palt)) dt

P (2.29)
)\ p7¥ p*M R
+ (;) (=075 [ (AN Acsatt) .
Consequently, combining (2.29) and -, with ¢, = fo ))dt, we have
again
C 1\ N4p~
W < (=) 7N (2.30)

P~ (N+p P~ (N+2 k
min {(I — k)= N (1 - k)~ )

Now we have proved (2.30) and m Our hypothesis r > % guarantees

(1-1 N“’ > 1. Therefore, thanks to the iteration lemma in [24], we eventually
obtain that w(HuOHLoc(Q)Hj) = 0, where D > 0 is a constant depending only on

p~,N,t1,7r,b,Q, |HF\(F ) - (q.,)- This proves that, for a fixed A validating Lemma

[u(@, D= (@.,) < lluollLe=() + D (2.31)
Finally, partition the time interval [0,T] into finite subintervals [O, t1], [t1,t2] -
[tn—1,T] such that the conditions similar to those in and (2.26]) are available

for each sublnterval [ti, ti+1]; then, using the same method we deduce an inequality
of the form (2:31). Eventually, we conclude that |lu(z, t)”Loo @r) < lluollpee (o) +C,

where the constant C' depends only on p~, N, T, r,b, €, |||F|(p_)l||Lr(QT). a

3. APPLICATION TO THE EXISTENCE OF SOLUTIONS TO ([1.1))

With the L*°-estimate obtained above, we can prove the existence of solutions
to Problem (1.1)). First, we recall a lemma from [I3], which plays an important role
in our estimates.

Lemma 3.1. Let 0(s) = 56"32, s € R, where n > % is fized, and let ©(s) =
Jy 0(r)dr. Then 6(0) =0 and

O(s) >0, af'(s)—blo(s)| > 2, VseR. (3.1)

m\@

We are now in a position to prove the existence of solutions to (1.1) based on
the L> estimate.

Theorem 3.2. Under the hypotheses (H1) and (H2), there exists a solution u €
L>*(Qr)NV to .
Proof. Step 1: The approximation equation. We introduce the following
approximation equation of Problem .
ou,
ot

—div <|Vu p(@) 2Vun) = B(z,t) min{|Vu, |P®, n} — div F(x,t),
(I7t) € QT7 (32)
un(x,t) =0, (:L',t) el'r,
Un(2,0) = ug(x) € L*(Q), =z €N

For each fixed n € N, since min {|Vun|p(“"), n} is bounded, the existence of a weak
solution u, € L* NV to (3.2) follows from the standard methods (for instance, the
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pseudo-monotonicity operator theory in [12, [10, 20], or the difference and variation
methods in [21]).

We write the term B(z,t) min{|Vu,|P®) n} in as By (z,1)|Vu, [P, with
B, (x,t) defined by

0, if |Vuy(z,t)] =0,

min{|Vun (z,£)|?®) n .
B(a, t) LR Clrmon) it [V, (2,1)] # 0,

Then B,, € L>®(Qr) satisfies 0 < B, (z,t) < B(z,t) < b. Hence, by Theorem [2.3]
we have the uniform bound

lun(z,t)|| Lo (@r) < luoll=() + C; (3.3)

B, (x,t) =

= (=
where C' depends only on p—, N, T,r,b,Q, || F|®) - (@) and it is independent
of n. Our goal is to show that a subsequence of the approximate solution sequence
{u,} converges to a measurable function wu, which coincides with a weak solution

of Problem (1.1)).

Step 2: The weak convergence u, — u in L? (0,7} VV1 p(z)(Q)). Choosing
O(uy,) as a testing function in (3.2)), we have

/ (2 g dt+// IV PO () der dt
0 8t T
:// Bmin{|Vun|p(m),n}0(un)dxdt+// 0/ (un)Vuy, - F da dt.

Lemma . 2| yields fo (%n O(uy))dt = [, [O(un(T)) — O(ug)] dz. Using Young’s
inequality with € in the last term of the right- hand side, . becomes

/@(un( dx—!—// |V, [P0 (uy,) da dt
/@ (uo) dx—l—// B|Vu, [P |0(u,)| dz dt

+e// |vun|w>a/(un)dxdt+// T B P @0 (uy,) da di.

Taking € = 1/2, we rewrite the above inequality as

/Q@(un(T))dQH—//T [19’(un)—3|a(un)] IV [P dir it

/@uo dw+< ) // | F [P @ (uy,) do dt.
Qr

With the aid of (3.1]) in Lemma 1| (with a = 3, and 36’ (u,)—B|0(uy)| > 36" (un)—
bl0(u,)| > 1), we deduce that

// |vun\M>dxdt</@uo dx+<) // |F 1P @ (u,) dz dt.

(3.6)

Since uy, is uniformly bounded with respect to n and uy € L*(2), it follows that

N
// |Vun‘p(r) dr dt < C(‘F‘LP’W(QT)’ |uoll Lo (c2), SUP ||un||Loo(QT)). (3.7)
T n

(3.4)

(3.5)
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This implies that w, is uniformly bounded in V. By the way, obviously, the following
inequality holds

p
Ju n|LP (0,T;Wg P (Q))

T

<max // [V, \pz)d:cdt " T // |V, P dxdt}

which implies

=4 —
‘u/’l‘Lp7 (O,T;Wol’p(w)(ﬂ)) < C<| F |LIJ’($)(QT)5 ||u0||L°°(Q)7 S:‘p HUTLHLOC(QT))p 7p+7 T) .
(3.8)

Therefore, u,, is bounded in the space L>=(Qr) N LP (0,T; Wol’p(m) (Q)). We can
extract a subsequence of u,, still denoted by w,, such that u, — u, weakly in
LP (0,T; Wol’p(r)(ﬁ)). Simultaneously, u, — u, weakly* in L>=°(Qr).
Step 3: The strong convergence u, — u in LP (0,T; LP®)(Q)). From (3.2)),
we deduce that

ouy,

= = div (|Vun|p(“”)_2Vun — ?’) + Bmin{|Vu, [P n} € V* + LY(Qr). (3.9)

For each v € V, by the definition of the norm on V and p(x)-Hélder’s inequality,
we have

sup [(div (|Vun|p(z)_2Vun - F) V)V V|

llvllv<1

= sup |// 7|Vun|p(w)*2Vun-Vv+f’)'Vv) dx dt|
T

llvflv<t

= Iolver 21Vl 2Vt 3 V0 oo (@) + 2 F o1 () V0 oo ()
vllv

<omax{([[ 9wl arat) 7 ([[ 1w drar) "7}

N
+ 21 F| Lo ) (@)
It follows from (3.7) that

| div (|Vu, P@ =2V, — F)||,. <C, (3.10)

where C is independent of n. Thanks to the embedding relationship
L@ 0, T; W' @)(Q)) — V*

, (3.11)
— L@ (0, T; WP @)(Q)) = LE) (0, T; WL @) (),

from . ) and (| ., we conclude that 6“” is bounded in the space
L) (O,T, WL @)(Q)) + LY(Qr).

For a fixed s such that s > % + 1, the following embedding relationships hold
1° s > &, we have H§(Q) — L*°(Q), and then L'(Q) — H~%(Q); 2° s — 1 > &,
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one has H () — WP (Q), consequently, W12 (#)(Q) < H=5(Q). As a result,
we have

Oouy,
HW”L%O,T;H*S(Q)) <C, (3.12)

compact

where C is independent of n. Noticing that T/Vol’p(x)(Q) —  LPE(Q) — H5(Q)
and by (3.8]), we employ Simon’s compactness theorem in [I7] to obtain that u, — u,
strongly in LP (0,T; LP®)(Q)).

Step 4: The convergence Vu,, — Vu a.e. in Q. From the strong convergence
obtained in Step 3, one may choose a subsequence of u,, still denoted by w, for
simplicity, such that u, — u, a.e. in Q7. We now use Egoroff’s theorem (recalling
w(Qr) < +00) to obtain, for fixed § > 0, there exists a measurable closed subset
FEs5 C Qr such that

(1) u(@r — Es) < 6;
(2) up, =% uw uniformly on Ej. It follows that |u, — un,| < k, for fixed k > 0,
and sufficiently large m,n.

Let ¢ be a cut-off function satisfying ¢ € C§°(Qr); (=1 o0n Es; 0 < ¢ <1 on Qr.
Introduce the following truncation function
s, if|s| <k,
Ti(s) =<k, ifs>k,
—k, ifs<—k.
Subtracting Equations (3.2) for different parameters n and m, we have
Oty — Up)
ot
=B (min{|Vun|p(x), n} — min{\vum|P(ff)’m}) , (z,t) € Qr, (3.13)
(un - um)(x,t) =0, (ZL’,t) el'r,
(Un, — um)(2,0) =0, =z €.

— div <|Vun|p(m)_2Vun — |Vum|p(m)_2Vum>

Since T}, is Lipschitz continuous, one may take (Ty(u, — um) as a test function in

(3-13)); hence we have
T
o(u, —u
/ <%a CTk(un - Um»dt
0
+ // (|Vun|p(z)72Vun - \Vum|p(‘r)72Vum) . (Vun - Vum)CT,;(un — Uy, ) dx dt
T

+ // (IVun [P =2V, — [V [P 72 Vuy,) - VCTk (un — upm) dz dt
Qr

_ / / B (min{ [V, '@, n} — min { [V PO, m ) Tt — ) v i

(3.14)
Since ((z,0) = ((z,T), by Lemma we handle the first term on the left-hand

side of (3.14)) as follows,
T _ T Un—Um
/ <w,m(un—um)>dt= —// g/ Ty (s)dsdtdz.
0 aJo 0
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Noticing that T}, is an odd function, |Tx(s)| < k, we get

// (|Vun|p(m)72Vun - \Vum|p(m)72Vum) (Vup, — V) Ty (uy — uy,) do dt
T

< k// |Ce||tn, — | daz dt
Qr

+ k// [Vt [P =2V 1y, — [Vt [P 2V, || V€| da dit
+ bk / / | min{ |V, [P, n} — min{ |V, [P®), m}|¢ dz dt < kC(5).

Noting that T}, > 0, T}(s) = 1 on |s| < k and that w,, converges uniformly on Ej,
we obtain

// (|Vun\p(m)72Vun — |Vum\p(z)72Vum) (Vup, — Vuy,) dedt

Es

= // (|Vun|p(x)_2Vun — \Vum|p(’”)_2Vum) (Vup, — V) T (uy — up,) do dt
Es

< / / (V[P =2V, — [Vt [P 72V, - (Vg — V) (T (un — u,) da dt.

Hence, based on the above estimates, by (3.3)), (3.7) and the arbitrariness of k, we
have

lim sup // (|Vun|p(1)72Vun - |Vum\p(1)72Vum) - (Vuy, — Vuy,) dedt = 0.
n,m—-—4o0o
" (3.15)

From (3.15) and using the method in [I9] 24] (or the method to be used in Step
5 below), we may obtain that [[, [Vu, — YV, [P®) drdt — 0 (it is equivalent to
|Vun = V| o) (g;) — 0), which shows that {Vu, }72; is a Cauchy sequence in
(LP®)(Es))N. Thus, we can extract a subsequence of u,, still denoted by itself, such
that Vu,, — a, strongly in (L? (Es))". In step 3, we know that u,, — u, strongly
in LP (0, T; LP(*)(Q)), it is easy to say u, — wu, strongly in LP" (Fj). It follows
from above analysis that « = Vu, i.e. Vu,, — Vu a.e. in Fs5. The arbitrariness of
0 indicates that Vu, — Vu a.e. in Qr.
Step 5: The convergence [[, [Vu, — VulP(®) dz dt — 0. For the function 6

defined in Lemma it follows that 6(u,, — ;) € L®(Qr) NV since uy,, Uy, €
L>(Qr) N V. Therefore, 6(u, — un) can be taken as a test function in (3.13) to
yield that

/0 <w,0(un — Uy ))dt

+ // (\Vun|p(x)_2Vun - |Vum|p(’”)_2Vum) (Vg — V) 0 (uy, — upy,) do dt

= // B (min {\Vun|p(‘r),n} — min{|Vum|p(z),m}> O(wy, — Uy, da dt.
’ (3.16)
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Use (3.1) in Lemma [3.1] to estimate the first term on the left-hand side of (3.16)) to
obtain

4 O(un — um) _
[ 0t~ uhit = [ O~ )Tz 2 0.

After a simple computation, the right-hand side of (3.16)) can be estimated as
follows.

// B (min{|Vun|P(r)7 n} — min {|Vum|P(z)7 m}) Bt — ) da di
< b// (‘Vun|17(:r) + |Vum|17(w)) 10(un — wm)| da dt
Qr
= b// (\Vun|p(x)—2Vun -V, + |Vum|P(ac)—2Vum . Vun) 0(up, — um )| dx dt
+ b// (\Vun|P(fr)*2vun _ |Vum|p(“’)’zvum)

(Vup — Vum) |0(un — )| dz dt.
Consequently, (3.16)) can be estimated as

// (|Vun\p(””)_2Vun — |Vum|p(z)_2Vum>
(Vg — V) [0 (un — um) — b|0(uy — up)|] d dt

< b// (|vun|1’<w>*2wn Vit + [Vt [P @2V, - Vun) 10(tp — )| da dt.
T
(3.17)
With the help of (3.1) in Lemma (with @ = 1), since Vu,, — Vu a.e. in Qr
(Step 4), we may utilize Fatou’s Lemma in (3.17)) as m — +o0o to obtain that
E(n) := // <|Vun|p(z)72Vun - |Vu|p(x)72Vu) (Vuy, — Vu) dxdt
T
< 2b // <|Vun|p(””)_2Vun YV + [VuP®) =27y - Vun) 10(un, — )| da dt
Qr

< 4b||vun|p(m)_2vun‘Lp’(r)(QT) ‘e(un - u)vu|LP(I)(QT)
+ 40| |Vu|p(x)72Vu9(un - U)|LP’(I>(QT) |vun‘LP(m)(QT)

< Cmax{(// |Vun‘P(ac) dxdt)ﬁ}
Qr
X max { ( // 160(w,, — u)|p(z)|vu|p(w) dr dt) ﬁ}

1

+ C'max { ( // 0(u, — u)|p'(z)|vu|p(w) dx dt) @HE }

X max |V, [P@) da dt =
(1, )"
< C'max { ( // 10 (w,, — u)|p(z) |Vu|p(””) da dt) oE }
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+ C'max // w) [P @) P dg dt) 7 }
Qr

In view of (3.7)) and (3.3] . 0(u, —u) is uniformly bounded. The Lebesgue dominated
convergence theorem ylelds

E(n) := // (|Vun\P(m)_2Vun — |Vu|p(r)_2Vu> (Vu, — Vu) dedt — 0. (3.18)

We now estimate

/ / Vi, — VulP® dz dt

T
T

= / / Vi, — VP dz dt (3.19)
0 J{zeQ;p(x)>2}

T
+/ / |V, — VulP® dedt = TV + 12,
0 {ze1<p(z)<2}

Applying the following basic inequality, for any y, z € RY,

2—pt |y, _ |p(@) :
(P& 2y - |spo22) -y 2 2 WA, 22
(p —1)W, if 1 < p(x) <2.

we compute the two parts in (3.19):

1 T
I < — +/ / (|Vun|1’<f”>—2vun
22777 Jo J{weaup(e)>2)

- |Vu|p(x)72Vu> (Vuy, — Vu) dxdt

(3.20)

<27 "2F(n) — 0.

Using p(z)-Holder’s inequality, for I(?), by (3.7) and (3.18)), we have

T — p(z)
= e s (17l
0 J{zel<p(2)<2} (|Vu,| + |Vu|) (2—p(2))

o) (2—p(x))
+ \Vu\) dz dt

|Vu, — Vu|p z)

(V| + [Vl 5 e e
252 (2-p(a))

<2’

+ \Vu\)

2
L2772 (Qr)

Vaun — Va2 =3

(// . (|vun|u+ |VU\1)L2—P<<”> dadt) * }

X max (|Vun| + [Vu)P) dz dt S
(], ) )

1 * *

)7 (B

SC’max{(p__l
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S

X max{<// (|Vun|p(x) + \Vu|p($)) da:dt) : }—> 0. (3.21)
Qr

Combining (3.19)), (3.20) and (3.21)), we arrive at

// |V, — VulP® dzdt — 0, (3.22)
Qr

which implies

|Vun - vu|Lp(:l;)(QT) — 0 (323)
that is, u,, — w strongly in the solution space V' (simultaneously, u,, — u, strongly
in LP~ (0, T; Wy "™ ().
Step 6: Passing to the limit. It follows from , the property of Nemytskii
operator ([10, 20]) and generalized Lebesgue dominated convergence theorem that

, N
|V, [P =2V, — |[Vu[P® =2V, strongly in (L” (””)(QT)> ,
min{\Vun|p(C”),n} — |Vu|P®) | strongly in LY(Qr).
For every v € V,

’(— div (\Vun|p(””)_2Vun - \Vu\p(x)_QVu) ,U>V*,V’
_ |// (|Vun|p(””)_2Vun - |vu|P<w>—2vu) Vo dz di]
Qr

< 2||Vu, [P@) 2V, — ‘Vu‘?(w)—2Vu|Lp/(z)(QT)|VU|LP(1>(QT).
It follows that

|| — div <|Vun|p(”)_2Vun - |vu|p<x)—2vu) (=

< 2||Vu, [ 2V — [Vl 7V L gy — 0.
Therefore, for the principal term in the approximate equation (3.2)), we have
— div(|Vu,|P™2Vu,) — — div(|Vu[P®~2Vu), strongly in V*.

As a consequence, one has u,; — u, strongly in V* + LY (Q7).

On the other hand, as stated in Step 3, V* + LY (Qr) — LY(0,T; H~*())
for s sufficiently large. Therefore, from and , we deduce (accord-
ing to WHH0,T; H=%(Q)) — C([0,T]; H—*(Q)) in [§]) that u,, — u, strongly in
C(]0,T); H*(R)), from which u,(z,0) = up(x) makes a perfect sense.

Finally, since wu,(z,0) — u(x,0), strongly in H~*(Q), it follows that u(x,0) =
ug(z). This proves that u € V N L>®(Qr) is a weak solution to Problem (L.I). O

4. APPENDIX

Proof of Lemma[2.1] Note that

(s) = et s >0,
7 B Ae ™ s <0.

(1) Obviously, |¢(s)| = el — 1 > A|s|. Remember that A > 2 + 2. If s > 0, then

1
2

are™ —b(e —1) > (a)\ — b)e*® > ge)‘s.
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If s <0, then

are ™ —b(e™ —1) > (aX — b)e ™ > %e‘“.

s - A= _
(2) The inequality Ae*® < /\M[e)‘rf —1]P is equivalent to [ﬁ]p < M,

which, for s > d, is guaranteed by

exp()\i)
lim — =1.
§—+400 eXp( - — 1)

s P
Likewise, the inequality eM_1< M [eA P — 1} for s > d is ensured by the limit

exp(As)

B S/E——T
s—too exp(AE — 1)P”

(3) We prove the case 1 < p~ < 2 only; the proof of the case p~ > 2 is entirely
similar. The desired inequalities follow easily from the following limits:

h 2D -s 1 s -s
s—+00 (eAp‘T — 1)~ A s—Foo (6)‘? —1)2

O

Proof of Lemma[2.3. Since m € C! with m(0) = 0 and 7, 7’ are bounded, it follows
that m(u) € VN L>®(Qr). The left-hand side of exists. By Lemma 3.2 in [3]
or [15], it follows from u € V with u; € V* + L' (Qr) that u € C([0,T]; L*(Q)) and
hence IT(u) € C([0,T]; L*(Q2)). So, the right-hand side of does exist. For the
decomposition of the time derivative u; = o + a® € V* 4 L}(Qr), noting the
embedding relationship

L7 (0, T; Wy P (Q)) = V e L (0, T; Wy P (),

by standard molliﬁcation method in [I8], there exist u, € C([0,T]; W, ’p(x)(Q)),

(
U = i) + P, ol € ([0, T, W17 @ (Q)), ol € ([0, T]; L}(R)) such
that u,, — wu, strongly in V; 047(11) — o) strongly in V*; o? - @) strongly in
LY(0,T; LY(Q)). Because (u,) € CL([0,T); LY(Q)) and 7(u,) € V N L>®(Qr), we

have

T
m%w»4mmmzlﬁmmm
4.1
o (4.1)

, ’Z,Ln V*V+// Oé(z dl’dt
T

Since u,, — wu, strongly in C([0,T]; L' (), we have u,, — u, a.e. in Qp. (If
necessary, by a further subsequence to be denoted by the same w,,.) Furthermore,
the sequence 7(u,) — 7(u), a.e. in Q@ and remains bounded; hence 7 (u,) — 7(u),
weakly in L>(Qr). Combing with P - o strongly in L'(Qr), one has
Io, ol 7 (uy) dz dt — Io, a@ 1 (u) dx dt. Moreover, from u, — u, strongly in
V and the properties of 7, one has m(u,) — 7(u), strongly in V. Together with
oV = o), strongly in V*, it yields <a$Ll),7r(un)>V*7V — (@MW, 7(u))y~ y. Finally,
H(u,) — H(u) in C([0,T); L () — LY(Qr). Meanwhile II(u,(T)) — II(u(T))
and TI(u,(0)) — I(u(0)), strongly in L*(Qr). Consequently, [, II(u,(T))dz —
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Jo H(un(0))dz — [, I(u(T))dz — [, T1(u(0))dz. Hence follows from by

passing to the limit as n — oo. ([
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