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MULTIPLICITY OF SOLUTIONS TO THE SUM OF
POLYHARMONIC EQUATIONS WITH
CRITICAL SOBOLEV EXPONENTS

WEI LIU, GAO JIA, LU-QIAN GUO

ABSTRACT. In this article, we prove multiplicity of solutions for the sum of
polyharmonic equation with critical Sobolev exponent. The proof is based
upon the methods of weakly lower semi-continuous of the functionals and the
Mountain Pass Lemma without (PS) conditions.

1. INTRODUCTION

In this article, we discuss the multiplicity of solutions for the sum polyharmonic
equation

k
(=A)'u = Mul"2u+ [ulN " 2u+ puf(z), inQ,
=0 (1.1)

(2

u € Hg (Q),
where 2 C R™ is a bounded smooth domain, k is positive integer, ¢ is a real number
with 2 < ¢ < N, N = 2n/(n—2k) is the critical Sobolev exponent in the embedding

HE(Q) — LN(Q), A, p are both positive real parameters and f(z) is continuous
with not identical to 0 in 2. Our main result is the following theorem.

Theorem 1.1. Let Q@ C R™ be a bounded smooth domain, n > 2k and f(zx) be
continuous and not identical to 0 in Q. Then there exist \g > 0 and py > 0, such
that for any A > Ag and 0 < p < pg, problem admits at least two distinct
weak solutions uy with positive energy and us with negative energy.

Remark 1.2. For the highest order term (—A)*u of problem , we need to
discuss that k is odd or even. In fact, no matter k is odd or even, we obtain the
similar result of Theorem For the sake of simplicity, in the following discussion,
we let k be an even, that is k = 2m and m is positive integer.

Higher-order elliptic boundary problems have abundant applications in physics
and engineering [16] and have also been studied in many areas of mathematics,
including conformal geometry [12], some geometry invariants [5] and non-linear
elasticity [13].
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The existence of the solutions of the Brezis-Nirenberg problem [J] for the higher-
order equations has been studied in many papers [Il, 3] [7, [IT], T4, [I§]. Grunau [15]
considered the existence of positive solution for semilinear polyharmonic Dirichlet
problem with critical Sobolev exponent

(=A)fu = A+ [u|**u in B,

(1.2)
D% =0,|a| <k—1 on 9B,

where k € N, B is the unit ball centered at the origin, A € R, n > 2k, s =
2n/(n — 2k) is the critical Sobolev exponent. He proved the existence of a positive
radial solution for: A € (0, A1), if n > 4k; A € (X, A1) for some XA = A(n, k) € (0, \1),
if 2k +1 < n < 4k — 1, where ) is the first eigenvalue of (—A)* with homogeneous
Dirichlet boundary conditions.

Recently, Benalili and Tahri [6] considered the multiplicity of solutions considered
for the equation

APy — Vi(ap™7 Aju) +bpHu = Mul|T?u + f(x)|ul*"*u (1.3)
where the function a(z) and b(x) are smooth on M and 1 < ¢ < 2. s = -2 is the
critical Sobolev exponent. They proved that when 0 < 0 < 2 and 0 < p < 4, there
is A« > 0 such that if A € (0, \,), the equation possesses at least two distinct
nontrivial solutions in the distribution sense.

The multiplicity of solutions for higher-order equations can be founded in [4] and
the references therein.

Here, our motivation comes from the recent papers [0 [I5]. We consider the situ-
ation of the multiplicity of the higher-order equation with critical Sobolev exponent
when k£ > 1 and ¢ > 2.

The paper is organized as follows. In Section 2, we will introduce the Sobolev
spaces and the embedding theorem which is applicable to problem . In Section
3, since a lack of compactness, we use analytic techniques and variational arguments
to overcome the difficulty and establish some basic lemmas. In Section 4, we give
the proof of two distinct weak solutions of Theorem Our methods are mainly
based on the weakly lower semi-continuous of the functional and the Mountain Pass
Lemma without (PS) condition.

2. PRELIMINARIES

Suppose 2 C R" is a bounded smooth open domain. We let HZ™(Q) be the
Sobolev space which is the completion of the space C§°(€2) with respect to the
norm

el = (IA™ull3 + VA" |3+ -+ [Vl + [[ull3) 2. (2.1)

It is well known that a weak solution of the equation ([L.1)) is a critical point of
the following functional

I u(u) = 1/ (A™u)? + |[VA™ 1y

2
—;AZ|u|q—;/ﬂ|u|N_M/Qf(x)”'

P+ (Aw)? + [ Vul? + u?)
(2.2)
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Under the above assumptions, it is easy to know that I ,(u) € C*(HZ™(Q),R)
and with the Gateaux derivative

(VI u(u),v) =/ (A™uA™ ) + (VA™ Ly - VA™ 1) 4 -+« + V- Vo + uv)
Q

—)\/Q|u\q_2uv—/9|u|N_2uv—u/Qf(a:)v

for every v € HZ™ () (see [1H]).

(2.3)

Lemma 2.1 (Mountain Pass Theorem [2]). Let E be a real Banach space and let
I(u) € CY(E,R). Suppose 1(0) =0 and

(I1) there is a constant p > 0 such that I|5p,0) > 0,

(I2) there is an e € E\B,(0) such that I(e) < 0.

Set

C = inf sup I(y(¢)) >0 (2.4)
7€l te0,1]

where I' denotes the class of paths joining 0 to e. Conclusion: there is a sequence
{ur} in E, such that
I(up) = C and VI(up) — 0 in a dual space E'.

Lemma 2.2 (Sobolev-Rellich-Knodrakov Theorem [19]). Assume that Q@ C R™ is
a bounded domain with Lipschitz boundary, k is positive integer and 1 < p < 0.
Then the following hold:

o ifn > kp, then WFP(Q) — L*(Q), for 1 < s < p* = 22

n—kp ;
np

kp*

o the embedding is compact, for s <

3. BASIC LEMMAS
To complete the proof of Theorem the following lemmas are our main tools.

Lemma 3.1. For each fized A > 0, there exist 6 > 0, ug > 0 and n > 0, such that
for all uw € HF™(Q) with ||ul| g, =8 and any 0 < p < po, it holds I ,(u) > n > 0.

Proof. From (2.1, (2.2]) and the Holder inequality, we deduce that

I u(u) = %/Q((Amu)Q + (VA™ 1) + - (Au)? + | Vul? +u?)

S A ARy RiOY (3.1)

1 A _a 1 _ 1
> 5 llullfr,,, - E\Qll Vulfy = 5 lully = pmax @) [[ufl v

By (3.1) and Lemma we infer that

1 A _a 1
(@) 2 Sl = @)U F ulf,, — (O ul,,

pmax f(@)| QP Cllull s,

1 _
= (G = Acululy,
with some positive constants C7,C5,C3 and 2 < ¢ < N.

2 _
= Callul}72) -l sy, — G )l

m
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Thus for any A > 0, there exist 6 = 6(\) > 0, sufficiently small g = po(6) > 0,
and 79 = 1o(io) > 0, such that for all u € HZ™(Q) with ||ul|g,,, = § and for any

0 < p < po, it holds Iy ., (u) > no

O

Lemma 3.2. Suppose f(x) is continuous and not identical to 0 in Q. For any
po > 0, there exist \g > 0 and vo € HZ™ (), such that for any A > X\, we have

2
0 < sup Iy, (tvo) < —m(C*)_"/(Qm),
t>0 n

(3.2)

where C* is the best Sobolev constant of HZ™(Q) — LN (Q), N = 2n/(n — 4m).

Proof. By the conditions of f(z), we can choose vg € HZ™ (1), such that

/f(m)vo >0 and /|UO\N =1.
o Q

Thus from ([2.2)), we obtain
2

t A 1
I u(tvg) = —|lvoll, —t1= q——tN—t/ :
wton) = ol =172 [ uol? = 5#¥ =t [ poy
For any A, 4 > 0, we have

ilgrnoo I . (tvg) = —o0.

Using Lemma and (3.4]), there exists ¢, > 0, such that

I)\’M(f)\’ﬂvo) = Slip I,\”u(t’l)()) > 0.
t>0

By (3.3) and (3.5)), one gets
1, 9 A g 1
§t)\,;¢||v0||H2m - (Et,\,#HUOHS + Nt’\”‘) —lyul . f(x)vo > 0.

That is,

(A 1 N 1
(Gl 5357) < ool — i [ flobeo
By simple analysis, we obtain
A 1 no
i 2 g — 4N—ay _
i Clleollg + 563, %) = oo

and

lim t)\ =0.
A oo M

From ({3.3)) and (3.7, we obtain

lim A7 <o0.
A——+o00 Ap =

Taking into account of (3.5)), (3.7) and (3.8)), we obtain

lim sup I ,(tx,uv0) = 0.
A—+00 ¢>0

Then there exist Ay such that for any A > A\g, we have
2m
< PR

0 < sup I, (tvo) - (C*)y=/@m),

t>0

The proof is complete.
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Lemma 3.3. For any A > 0, there exists sufficiently small ug > 0, such that for
any 0 < p < po, the Iy ,(u) satisfies the (PS)c, ,-condition for all Cy , in the
interval

2
0<Cyrp< Tm(()*)*”/@m). (3.10)

Proof. First we prove that each (PS)c, , sequence is bounded in Hg™(Q). Let
{ur} € HZ™(Q) be a (PS)c, , sequence for Iy ,(u), defined by (2.2, i.e.,

I u(ur) — Cxpy and VI ,(up) — 0, in HOZm(Q)/, as k — oo.
That is,

1
Iy p(ug) = 2/((Amuk)2 + (VA™ L) + - (Aug)? + [Vug]? + uf)

=2 [t =5 [l =n [ s@m (3.11)

—CA”—l—o )

and

(Thp) ) = [ (A0 + (TA™ ) 4o+ (B + [V +d)

fA/|uk|q [l —u/f

= o(1)[|ur | s,
(3.12)

as k — oo. By (3.11)), (3.12)), the Holder inequality and Lemma we obtain

Iy () — <VIA,H(uk> we)

1 1 1
= (g = Dl + G =) [l = =2 [ sy
@ (3.13)
> (5~ ) el 1—1 /f
q Ham — q
> Dz, — - Ypmax r@)0nF (0 fu)
2 (5 = el - e || s,
It follows from (3.11)), (3.12)) and (3.13]) that
o(1) + Cxp + o(1) [kl 1,
1 1 1 1
> (5~ Dl — (1= Dumax A9 (),
i.e.
1 1
(3~ el
¢ (3.14)

< of1) + o+ [(1 = Dpema F@IR ™ () +o(1)]

where ¢ > 2. Hence, for each A, p > 0, fixed Cy, € R, we conclude that the
sequence {uy} is bounded in HZ™(Q).

Now, we show that the (PS)c, , sequence contains a strongly convergent sub-
sequence.
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Since the sequence {uy} is bounded in HZ™(f2) and the well-known Sobolev’s
embedding, there exists a subsequence, still denoted by {u;}, and u € HZ™(Q),
such that

up —u  weakly in HZ™(Q),
2n
n—4m’

ur — u strongly in LY(Q), for 1 <i < N =

Vuy — Vau  strongly in L*(),
Auy, — Au  strongly in L?(9),

VA™ tyy, — VA™ ty,  strongly in L*(Q),

up — u  a.e. in Q.

Q Q
/\Vuk|2—>/|Vu|2,
Q Q

/|VAm_1uk|2—>/ 2N
Q Q
[t = [ e, g < v,
Q Q
/ f@yu, — / f(@,
Q Q

as k — oo. By Brezis-Lieb Lemma [g], we have

1AM g3 — [ A™ ]2 = [|A™ (ur, — w)]3 + o(1),
/ (™ = ™) = / i — uf™ + o(1).
Q Q

Now, by doing some calculations, we obtain

Thus

1 1
Dolug) = Iy () = SIA™ = )3 =+ [ =l +0(1). (3.15)

N Jo
By (3.12)) and {uy} being bounded, we have
o(1) = (VI u(ur), up —u)

= [ @ =) = [ (al™ = )+ o)
Q Q
From and , we have
Tn(u) = Do) = (5 = IA™ = )3 + 0(1). (317)

On the other hand, the Vitali convergence theorem see [I7), chap. I11.2] yields

/|uk|N—/ (|uk|N72|uk—u\2)—>/ |u\N7 as k — oo. (3.18)
Q Q Q

(3.16)
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From (3.15)) and (3.18), one gets
Iy () = Iy u(u) = *||Am up —u)ll3 — */ Jur| ™ — ul® +o(1).  (3.19)

Using (3.19), Lemma- and Holder inequality, we obtain

1 * m

Tnln) = Tnulw) > (5 = Il |A™ (g — )B4+ 0(1). (3:20)
Taking account of (3.17) and (3.20), we obtain

1 1 m 2 1 N-2 * m 2

- — > (2 - — —

(5~ A — )l > (5 — 5 el ¥ 202 IA™ (e — )3 + o(1),
i.e.

(1= eIV 2C)? ) IA™ (k= w)[3 < o(1).

Hence

)

lim sup |Jul|y < (C*)" %2, (3.21)
k—+o00
which implies
[A™ (ug, — u)l3 = o(1), Kk — oo

Thus uy, — u strongly in H3™ ().

Now, we verify (3.21]). Using (3.11)), (3.12)) and that the sequence {uy} is bounded
in H3™(2), we have

1 1 1
G- Wlald+ G- DAwlg =5 [ fu=Cruvom. (322
By (3.14)), for any € > 0 and p is sufficiently small, we have
8 [ <
Q
Thus for any A > 0 and p is sufficiently small, we obtain
1 1
(5 = 3 urlly < Coe (3.23)
By the assumption 0 < Cy, < Z2(C*)~"/(?™) we have thus O

Lemma 3.4. For all A > 0 and p > 0, the function I ,(u) is weak lower semi-
continuous on the set

fue H™(9) : Jull,, <rob,
( N )1/(N—2)'

where rg = N—2(c)N

Proof. Let {ux} be a sequence in HZ™ (), and 0 < r < (W)I/W—D

that

, such

up —u, in HZ™(Q) and wrll g, <7
Then we have ||u||g,,, < 7. Up to a subsequence, we obtain
ug — u, strongly in LP(Q), for all p < N,
up — u  a.e. in Q.

Thus
/ lug|? — / lul?, 2<q<N, (3.24)
Q Q
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/Q flwyu — /Q f(@)u

By the Brezis-Lieb Lemma []], we have
1A 13 — A3 = 1A (u, — w)[3 +0(1), i=0,1,2,...,m,

VA |2 — VA2 = [VA (up — u)||5 4+ 0(1), i=0,1,2,...,m —

N
/Q<|uk| ) / g — ]+ o(1).
From and (3.27)), we obtain
luilZ, . — lul,, = luk — ul%,. +o(1).
Using (3.28) and Lemma [2.2] we have
/Q g — )Y < (C)N g — ul,,
< (C)V g — ullZ,, 22 (ull g, + [l 20 ) 2
< NN N2y 3,

To sum up (3.24), (3.25)), (3.29) and (3.30), we obtain

1 1 N
Tnlie) = Tnu) = gl =l = 5 [ o=l + o(1)

2 N

( N )1/(N—2)

N2 (c)N in above equation,

Taking r =179 =

1
Do) =~ Do) 2 S~y +o(0).
If lup — ully, —0,ask — oo, by the (3.15) and (3.16), we have

likm inf Iy, (ug) = Iy . (u).

If |luk — ul| gy, — 0, as k — oo, thus

liminf Iy ,(ug) > In ().

— 00

In brief, we obtain
liminf Iy, (u) > Iy .(u).

— 00

This completes the proof.

4. PROOF OF MAIN RESULTS

EJDE-2015/43

1
>( _92N—4 (C*)N N— 2)||uk_u\|%{2m+o(1).

(3.25)

(3.30)

Proposition 4.1. Suppose that f(x) is continuous with not identical to 0 in Q0 and
A > 0. For pg > 0 small enough such that for any 0 < p < pg, then (L.1) has a

solution with negative energy.

Proof. Since f(x) is continuous and not identical to 0 in Q, then there exists ¢ €

H3™(Q), such that [, f(x)¢ > 0. For any ¢ > 0, we have
1

Dou(t9) = 52161, = 5t I01% = 2geloly -t [ fa)o

(4.1)
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Hence, there exists to(A, ) > 0, such that 0 < t < ¢o(A, 1) and

I u(t¢) <O.
By Lemma there exist ro > 0 and v € HZ™(Q) with ||v||g,,, < 70, such that

Iy u(v)=inf I, ,(u) <O0. (4.2)

lullr,,, <ro

Thus v is a weak solution of ([L.1) with negative energy. O

Proposition 4.2. Suppose f(x) is continuous and not identical to 0 in Q. If A >0
is sufficiently large and p > 0 is enough small, then (1.1) has a weak solution with
positive energy.

Proof. Lemma implies that I ,(u) satisfies the condition (I1) in Lemma
On the other hand, from (4.1]), we obtain

t—1}+moo IA,u(t¢) = —0o0.
There exists a constant T' > 0, taking e = T'¢ with ||| gr,,, > 0 such that
I,\7M(6) <0,

where 0 > 0 is the constant in Lemma Thus the condition (12) of Lemma
holds. Denote

Chx, = inf sup Iy ,(y(t)), (4.3)
Y€l tef0,1]

where
I'={yeC([0,1], Hi™(?)) : 7(0) =0, ~(1) =e}.
From Lemma [3.2]and (£.3), it follows that

2
0<Cy, < Tm(c*)‘”/@m).

Applying Lemma there exists a sequence {uy} C HZ™(f2), such that
Iy u(ug) — Cxpy, and VI ,(ug) — 0, ask— oo.

By Lemma there exists a subsequence of {ug} which strongly converges to u
in H3™(Q). Thus I, ,(u) has a critical point u with I, ,(u) = Cy , > 0. Hence we
obtain a weak solution of equation (1.1)) with positive energy. (]

Proof of Theorem[I1.1]. From Propositions and problem (1.1)) has two dis-

tinctic solutions w1, us with I ,(u1) < 0 < I ,(u2). O
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