Electronic Journal of Differential Equations, Vol. 2015 (2015), No. 291, pp. 1-10.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

MULTIPLE POSITIVE SOLUTIONS FOR A
KIRCHHOFF TYPE PROBLEM

WENLI ZHANG

ABSTRACT. In this article, we study the existence and multiplicity of positive
solutions of a Kirchhoff type equation on a smooth bounded domain Q C R3,
and we show that the number of positive solutions of the equation depends on
the topological properties of the domain. The technique is based on Ljusternik-
Schnirelmann category and Morse theory.

1. INTRODUCTION

This article concerns the multiplicity of positive solutions to the elliptic problem
— (52(1 + sb/ |Vu|2)Au +u=uftu, €
Q
u=0, x¢€d

(1.1)

where € is a smooth bounded domain of R3, € > 0, a, b > 0 are constants, 3 < p < 5.
In recent years, some mathematicians considered the problem

—<a+b/ |Vu|2>Au:f(x,u), z e
Q
u=0, x€d

(1.2)

where  C R? is a smooth bounded domain. See for example[2] [9, [10] 14 17, [18,
19, 20].
When a = 1, b = 0, R? is replaced by RY and |u|P~!u is replaced by f(u),
Equation (|1.1)) reduces to
2 ANutu=f(u), €

1.3
u=0, x€dN (13)

where ) is a bounded domain of RY. Benci and Cerami [4] used Morse theory to
estimate the number of positive solutions of the problem . They proved that
for € sufficiently small the number of positive solutions depends on the topology of
2, actually on the Poincaré polynomial of Q, P;(2), defined below. Candela and
Lazzo [8] considered the same equation with mixed Dirichlet-Neumann boundary
conditions and f(t) = [t|P~2t. It was proved that the number of positive solutions is
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influenced by the topology of the part I'; of the boundary 02 where ¢ is sufficiently
small. Recently, Benci, Bonanno, Ghimenti and Micheletti [3] [13] proved that the
number of solutions of with f(t) = [t|P~2¢ on a smooth bounded domain Q C
R3 depends on the topological properties of the domain. More recently, Ghimenti
and Micheletti [I2] extended the result in [3} 3] to the Klein-Gordon-Maxwell and
Schréedinger-Maxwell system and showed that the geometry of the 3-dimensional
Riemannian manifold has effects on the number of solutions of both systems.

Moreover, as far as we known, the existence and multiplicity of nontrivial solu-
tions to the Kirchhoff equation have not ever been studied by using Morse theory.
Motivated by the works described above and the fact, we will try to get the multi-
plicity of positive solutions to by using Ljusternik-Schnirelmann category and
Morse theory. So in this paper we shall fill this gap.

Our main results read as follows.

Theorem 1.1. Let 3 <p < 5. For e > 0 sufficiently small, the problem (1.1)) has
at least cat(2) positive solutions.

Theorem 1.2. Let 3 < p < 5. Assume that for ¢ > 0 sufficiently small all the
solutions of the problem (1.1) are nondegenerate. Then there are at least 2Py (2)—1
positive solutions,

2. NOTATION AND PRELIMINARY RESULTS

Throughout this article, we use the following norms for u € Hg (£2):

= (5 [ @vuPas) " luley = (55 [1rar)
l|lu|| = (/}RS |VU|2dx)1/27 ful, = (/RB ‘u|pdm)1/p

and we denote by H. the Hilbert space H}(Q) endowed with || - || norm.
Following the work by He and Zou [I5], we let U(x) be the positive ground state
solution of

—(a + b/ |Vu|2>Au +u=|uflu, zecR3
R3 (2.1)

u € HY(R?),u(x) >0, xcR3
and Io(U) = meo = infyepnr, Ioo(u), where

a 1 b 1
I _Z 2 - 2 e 4 _ - +p+1'
(1) = Gl + lulf+ Flull — =g}

Moo = {u € H'(R)\{0} : Goo (u) = (I (u), u) = 0}
For € > 0 we set Uz(x) = U(x/e). Obviously U.(x) is the solution of the problem
—(eza + 5b/ |Vu\2)Au +u=uftu, z€Q
Q
uwe Hy(Q), u>0, 2€Q
Now we shall recall some topological tools.

Definition 2.1 ([I6]). Let X a topological space and consider a closed subset
A C X. We say that A has category k relative to X (catx (A) = k) if A is covered by
k closed sets A;,i = 1,2,...,k, which are contractible in X, and % is the minimum
integer with this property. We simply denote cat(X) = catx (X).
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Remark 2.2 ([5]). Let X; and X» be topological space. If g; : X3 — X5 and
g2 : Xo — X; are continuous operators such that g o g; is homotopic to the
identity on Xi, then cat(X;) < cat(Xs).

Definition 2.3. Let X is a topological space and let Hy(X) denotes its k-th homol-
ogy group with coefficients in ). The Poincaré polynomial P;(X) of X is defined
as the following power series in ¢,

Pi(X) =) (dim Hg(X))t*.
k>0

If X is a compact space, we have that dim Hy(X) < oo and this series is finite. In
the case P;(X) is a polynomial and not a formal series.

Remark 2.4 ([4]). Let X and Y be topological spaces. If f : X - Y and g:Y —
X are continuous operators such that go f is homotopic to the identity on X, then
P,(Y) = P(X)+ Z(t) where Z(t) is a polynomial with nonnegative coefficients.

3. PROOF OF MAIN RESULTS

To prove our main results, we consider the functional I. € C?(H., R), defined
by
an e Lo by 4 1 +1
I€(u) = 5””“5 + §|u|e,2 + ZHUHE - m|u+|€,p+l
Obviously, there exists a one to one correspondence between the nontrivial solutions
of problem (1.1 and the nonzero critical points of I. on H..

As the functional I, is not bounded below on H., we introduce the manifold
M. ={ue H\{0} : G-(u) = (I(u),u) =0}
Next, we present some properties of I. and M..

Lemma 3.1. (1) For any u € H\{0}, there is a unique t. > 0 such that uy_(x) =
teu(x) € M.

(2) For any € > 0, M. is a C' submanifold of H., and there exists o > 0 and
K. > 0 such that for any u € M.

||7-LH5 > Oc,y Is(u) > K..
(8) It holds (PS) condition for the functional I. on M.

Proof. (1) For any u € H,\{0} and t > 0, set u¢(x) = tu(z). Consider
a 1 b 1 1
Ye(t) = L (ug) = §t2||UH§ + §t2|u|§,2 + Zt4||u\|;L - mtp+1|“+‘€;+1~
By computing, we known that Y. has a unique critical point ¢, > 0 corresponding
to its maximum. Then T (t.) = maxsso Y (t) and YL(¢t.) = 0. So G(us,) = 0 and
Ut, € Ms~
(2) By lemma [3.3] (1), M. # 0. If u € M., using that G.(u) =0 and 3 < p < 5,

we have
(GL(u),u) = a2 — (p+1)[[ullZ + (2= (p+ 1)[ulZ 2 +b(4 — (p+ 1)) Jullz < 0.
So M. is a C! manifold. Using that G.(u) = 0 and the Sobolev embedding, we

have

+1
allull2 + |ul? 5 + bllull2 = Ju* 234 < Cllull2*,
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a < Clul2™.
So the conclusion ||ul|e > o follows. For any u € M,
1 1 1 1 1 1
L) =a(z — —)ull2 + (5 — ——)|ul2y +b(> — ——)[Jul|*.
() = alg = )l + (5 = el + b5 = )l

Using 3 < p < 5 and ||u||. > 0., the conclusion I.(u) > K. follows.
(3) Let {uy} is (PS) sequence for I. on M., that is

I (up) — ¢, Iy (un) — 0.

Then it is easy to prove that ||uy,]|c is bounded. Going if necessary to a subsequence,
we can assume that [|u,||? — A(>0), u, — win He, u, — uin L*(Q) (1 < s < 6).
Obviously, we have

pe(w) = allul2 + [ul? 5 + bAul2 — [u¥|Z}5, = 0.
Set w,, = u, — u. By Brézis-Lieb Lemma, we have ||w,||? = [[un]|? — ||ul|? + 0n(1).
Since (I (uy),un) = 0,(1), we obtain
(a+bA)|wnllZ + pe(u) = 0n(1).
This concludes the proof. [l
By Lemma [3.1] (2), we obtain I.|, is bounded from below. By using Lagrange

multiplier method, we known that M. contains every nonzero solution of problem
(1.1), and define the minimax m. as

me = uien]&s I (u)

Proof of Theorem[1.]. Since the functional I. € C? is bounded below and sat-
isfies the (PS) condition on the complete manifold M., we have, by the classical
Ljusternik-Schnirelmann category result [7], that I. has at least catI? critical points
in the sublevel

I¢={ueH.  I(u)<d}
In the following, we will prove that, for € and § sufficiently small, it holds
cat(Q) < cat(M. N IM=*9)
To prove this, we build two continuous functions
OO — M, NIt (3.1)
B M NIt —Qf, (3.2)
where
QO ={2cQ:d(z,00) <r}, QN ={zxecR>:d(z,00)<r}

with 7 > 0 small enough so that cat(27) = cat(Q2") = cat(2). Following the idea
in [6], we can find two functions ®. and 8 such that So®. : Q= — Q7 is homotopic
to the immersion i : Q= — Q7. By Remark we obtain the inequality which
completes the proof. O
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Proof of Theorem[I.3 By Remark (3.1) and (3.2), we have
P(M.NIM="0) = P(Q) + Z(t)

where Z(t) is a polynomial with nonnegative coefficients. Since inf. m. = ¢ > 0,
we have

Py(I™=+3 [2) = tPy(M. 0 I+, (3.3)
Py(H., IM=0) = t(P,(I™=+0 I2) — 1) (3.4)

By Morse theory we have
>t = P(H,, I 40) + P10 12) + (14 1) Qe (1) (3.5)

uel.

where K. be the set of critical points of I, u(u) is the Morse index of u, Q.(t) is a
polynomial with nonnegative coefficients. Using this relation with (3.3)—(3.5)), we
obtain

Dt =tP(Q) + £2(P(Q) — 1) + (1 + 1) Q< () (3.6)
ueke
Theorem easily follows by evaluating the power series (3.6) for ¢ = 1. ([l

4. THE FUNCTION &,
For £ € 0~ we define the function

wee(x) = Ue(z = Exr(lz = €]) (4.1)
where x, is a smooth cut off function x, =1 for ¢t € [0,%5), x, = 0 for ¢t > r and
X ()] < 2/

We define ¢, : Q= — M, by
D (&) = te(we,e)we e ()

Remark 4.1. We have that the following limits hold uniformly with respect to
£eQ,
lweelle = U, weelep — [Up-

Proposition 4.2. For any € > 0 the map O, is continuous. Moreover for any
0 > 0 there exists g > 0 such that if € < gg then I.(P.()) < Moo + 6.

Proof. Obviously, ®. is continuous. We claim that t.(we ) — 1 uniformly with
respect to £ € Q7. In fact, by Lemma te(we,e) is the unique solution of

1
at|lwe |12 + tlwe e |2 2 + b8 lwe |12 = Plwf 231
By Remark [£.1] we have the claim.
Now, by Remark [£.1] and the above claim we have
1.(2:(¢))
1 1 1 1 1 1
= (5 "o 1)‘“?”%,5”5 + (5 - m)tﬂwﬁ,s@,z + (Z - ﬁ)bt;‘\lwsfll‘é
1 1 1 1 1 1
AU - NP G- U = mee
(3~ =)ol + G = DU + (G = o)
this completes the proof. O

Remark 4.3. Note that limsup,_,y m: < Meo.
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5. THE MAP 3

For u € M. we can define a point 3(u) € R? by

Bl Jo zluT P da
u)=“F—

fQ |u+ |P+1d$
The function 3 is well defined in M, since if u € M, then u* # 0.

We shall prove that if u € M. N I™=*° then B(u) € QF. First of all we consider
partitions of the compact manifold 2. Given € > 0, a finite partition P, = {Pjg} jeA.
is called a “good” partition if: for any j € A. the set P; is closed; Pf NP5 C
OPF NOP; for i # j; there exist 71(¢),72(¢) > 0 such that, for any j, there exists a
point ¢; € P; such that

B(q;,e) C P; C B(q;,m2(¢)) C B(g;,m1(¢)),

with r1(e) > rqo(e) > Ce for some positive constant C; lastly, there exists a finite
number ¢ € N such that every z € Q is contained in at most ¢« balls B(q5,r1(¢)),
where ¢ does not depends on €.

Lemma 5.1. There exists v > 0 such that, for any 6 > 0 and any € € (0,&0(9))
where €¢(9) is as in Proposition giwen any “good” partition P. of the domain
Q and for any u € M. N I™>*9 there exists a set Ps such that

1
3 lut|PHide > 5
E PE

J

Proof. Taking into account that G.(u) = 0 we have

1
+1
allulf? < Wt 25 =30 5 [l
j Py
+1 -1 2
§ Z |u;_|§,p+l - Z |u;_|£,p+l‘uj|s,p+1
J J
—1
< mac{luf P4} e 2
J

where u;' is the restriction of the function u* on the set Pr.
Arguing as in [3], we prove that there exists a constant C' > 0 such that

Dl 2y < Cellu™ )2,
J

thus
a

Cu
that concludes the proof. O

—1
max{[u )} >

Proposition 5.2. For anyn € (0, 1) there exists 5o > 0 such that for any 6 € (0, dp)
and any € € (0,e0(0)) as in Pmposition for any u € M. N IM>=F9 there erists
a point ¢ = q(u) € Q such that

1

-3
€” JB(g,3)

[t dz > (1 - n)

2(p+1) 2a? — 2av/a? + 3bm
o (4o + b )
p—



EJDE-2015/291 MULTIPLE POSITIVE SOLUTIONS 7

Proof. We prove only the proposition for any « € M. N I™<+2%. Indeed, by this
result and by Remark [£.3] we get

lim m, = meo
e—0

Hence it holds [T+ C [M<*+2 for §, & small enough. So the thesis holds.
We argue by contradiction. Suppose that there exists n € (0, 1) such that we can

find vanishing sequences {0y}, {e;} and a sequence {ui} C M., N 1777 such
that
me, S Iek (Uk)
11 , 11 , 11 A
- S S VA 5.1
(5~ sppalul, + G = il + G - il 6)

< mg, + 26, < Moo + 36k

for k large enough, and for any ¢ € €,

1 2(p+1 2a? — 2a+/a? + 3bm

S [ < 02 D + ) (52)

k& JB(a:5) -

By Ekeland variational principle and by definition of M., we can assume that

I (ug) — 0. (5.3)
By Lemma there exists a set P;* € P, such that

1
*3/ uf [P de > . (5.4)
9 sz

o]

So we can choose a point g € P;*, and define, for z € Q., = i(Q — qk),

wr(z) = uk(erpz + q) = ug(z),
where z € Q. We obtain that wy € H} (2, ). By (5.1), we have

2
@kl 0., ) < C-

So we obtain wy — w in H} (R?), wx — win L§ (R?)(2 < s < 6) and |lwi|* — A;.
Thus we prove that w # 0 and A; > 0 by (5.4).

Next we claim
o dist(qx, 0Q)

li = 0. (5.5)
k—o0 Ek
We argue by contradiction. Suppose that
; Q
im 95900

k—o0 Ek
It is easy to verify that w is a solution of
—(a+bA)Au+u=[uf'u, zeR3
3
u(z) =0, =€ dR

where Ri is a half space. We know that (5.6) has no nontrivial solution from the
work by [I II]. So w = 0, this contradicts with w # 0. This concludes the claim.

By (5.5)), Q. converges to the whole space R? as k — oo. Using (5.1)) (5.3) and
computing, we have

(5.6)

TIo(wg) = Moo, I (wi) — 0. (5.7)
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This implies {w} C My, is a minimizing sequences for mq,. Arguing as in [I5], we
have w, — w, w € My, Io(w) = Mo and I (w) = 0.
By using (5.7) and Pohozaev identity, we have

a 1 b 1 +1
§||wk||2 + §‘Wk|§ + Z“WkH4 — m|Wk|Z+1 = Moo + 0 (1),
allwil® + lwkl3 + bllwkll* — lwk P17 = ox(1)
a 2 3 2, b 4 3 +1
§||Wk|| +§\Wk|2+§HwkH - Zm|wk|§+1 = ox(1)

Thus, we obtain that

2(p+1
ol h — 2D (4 +

2a% — 2av/a? + 3bmoo)
b

So by wy, — w, for T and k large enough, we have

2 1 202 — 2 2 bmoo
/ lwi PHdz > (1— n)w(llmoo 4 2 ava? + 3bm )
B(0,T) p—1 b
On the other hand by (5.2)) and the definition of wy, for any T' > 0 we have, for
k large enough,

1
/ |w,:'\”+1dz <= |uk|p+1d:c
B(O,T) k B(qk,EkT)

1

< *3/ lug [P dae
€k JB(qx,5)

2(p+1 2a? — 2a+/a? + 3bm
< (1= D g o 2220 T
This leads to a contradiction. O

Proposition 5.3. There exists §o > 0 such that for any 6 € (0,8y) and any
e € (0,e(d0)) as in Proposition for any w € M. N I™=*9 it holds B(u) € Q.
Moreover the composition

Bod,.: 0~ —QF
is homotopic to the immersion i : Q= — QF.

Proof. Arguing by contradiction, we suppose that there exist sequences {8y}, {ex} C
R and {uy} C M., N IM=*% guch that &,c, — 0, as k — oo, and B(ux) & QF
for all k.

By Ekeland variational principle and by definition of M., we can assume that
I/ (ux) — 0. So by Proposition [5.2] we can find ¢, € Q such that

1 1 2_9q+/
5 g lwelPde (1) 2D (4 4 202 R )

>
o JolulP+ide 204D (4 (g + 6) + 22Vt )

b

Finally,
|B(ur) — qr]
12 fole — g+ de]

- % Jo lurPdz
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|é fB(qk,g)(-T - Qk)|uk|17+1d$| |é fQ\B(q]m%)({E — Qk)|uk‘p+1dx‘
- é Jo lu[Pida é Jo lug[PHidz

1-1n) ZEDpj-ll) (dmeo + 2a2—2a\/l(:2+3bmoo)
2(p+1) (4(moo + 63) + 2a°—2a+/ a2:3b(moo+5k))

p—1

IN

r .
3 + 2 diam(€2) (1 -

The above expression implies that 8(ux) € QF, which contradicts B(uy) € QF. O
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