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HOLDER CONTINUITY OF BOUNDED WEAK SOLUTIONS TO
GENERALIZED PARABOLIC p-LAPLACIAN EQUATIONS I:
DEGENERATE CASE

SUKJUNG HWANG, GARY M. LIEBERMAN

ABSTRACT. Here we generalize quasilinear parabolic p-Laplacian type equa-
tions to obtain the prototype equation
Du
uy — div (MDu) =0,

| Dul
where ¢ is a nonnegative, increasing, and continuous function trapped in be-
tween two power functions |Du|90~1 and |Du|91~! with 2 < go < g1 < oo.
Through this generalization in the setting from Orlicz spaces, we provide a
proof for the Holder continuity of such solutions which has much in common
with that proof of Holder continuity of solutions of singular equations.

1. INTRODUCTION

In 1957, DeGiorgi [5] showed that bounded weak solutions of linear elliptic partial
differential equations are Holder continuous, and his method was used by Ladyzhen-
skaya and Ural’tseva in [15] to show that bounded weak solutions of the quasilinear
elliptic equation

div A(z,u, Du) =0
are Holder continuous if there are positive constants p > 1, Cy, and C such that

A(w,u,€) - € > ColelP, | A(w,u, €)| < C1[€]P~!

for all ¢ € RY, where N is the number of space dimensions. (The theorem of De
Giorgi is really just the case p = 2 here.) For parabolic equations

up — div A(z, t,u, Du) =0, (1.1)

Ladyzhenskaya and Ural’tseva followed De Giorgi’s method with some modifications
but they were only able to prove Holder continuity under the structure conditions

A(.T,t,’lhg) 5 2 00‘5|p7 |A($,U7§)| S Cl|€|p_1 (12)

when p = 2.
There was little progress on the Holder continuity of solutions when p # 2 until
1986, when DiBenedetto [7] proved the Hélder continuity result for p > 2. A key
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new step was his introduction of the concept of intrinsic scaling (first introduced in
a simpler setting in [6]), which has since become an important aspect in the theory
and which is discussed at great length in [23]. It took several more years until the
joint work of Chen and DiBenedetto [2] [3] showed that bounded weak solutions are
Holder continuous also for p < 2. Unfortunately, these proofs are quite technical and
their exposition (for example, [8, Chapters III and IV]) is quite long. More recently,
Gianazza, Surnachev, and Vespri [I1] developed a more geometric approach to the
Holder continuity of solutions to equations when p > 2; their proof is simpler and
more natural than the original one, but several issues from that proof still remain
that we address here.

The more important ones are related to the distinction between the cases p > 2
and p < 2. All previously published proofs of Holder continuity have treated these
cases separately because of different qualitative behavior of solutions in the two
cases. For example, any nonnegative solution of which vanishes at a point
(20, 10) also vanishes in any cylinder with top center point (g, to) if p > 2; however,
when p < 2, nonnegative solutions generally become zero in finite time. (We refer
the reader to [8, Sections V1.2, VII.2, and VII.3] for a more complete discussion of
these phenomena.) Such behavior must be accounted for, but our proof points out
some significant common elements. A further issue is that the newer proofs (see the
Remark on [11] page 278] for the case p > 2 and [10] Section 4] for a related result
in case p < 2) give a Holder exponent which degenerates as p approaches 2; in both
cases, the proof must be further modified for p close to 2 if the Holder exponent is
to remain positive near p = 2 even though the original proof of Holder continuity
for degenerate equations in [7] allowed a stable Holder exponent in this case.

In this paper and its companion [13], we take a more general approach to the
problem: We study when there is an increasing function g such that

A(l‘,t,’lhf) 5 > COG(|§|)7 (133')
Az, t,u,§)] < Crg(l€]) (1.3b)

for some positive constants Cy and Cp, where G is defined by

Glo) = | " g(s) ds,

and we assume that there are constants gy and g; satisfying 1 < gg < g1 < 0o such
that

90G(0) < 0g(0) < 91G(0) (1.4)
for all 0 > 0. (The two inequalities in are essentially the Ay and V5 conditions
in Orlicz space theory as in [I4] Sections 1.3 and 1.4] and in [22] Section 2.3]. The
precise connection between and these conditions is the topic of [20].) Our
primary concern here is with the case go > 2 and the companion paper [13] is
concerned with the case 1 < go < g1 < 2, but since many of our intermediate
results are true (with the same proof) for the full range of go and g¢;, we shall
pay attention to these two possibilities carefully. The case go > 2 is known as
the degenerate case, and the case 1 < gg < g1 < 2 is known as the singular case.
In [13], we analyze the singular case, taking advantage of the results from the
degenerate case that are still relevant to that one. The structure is contained
in this model as the special case g(s) = sP~! for p > 2, in which case we may take
go = g1 = p, and p = 2 will fit into the degenerate structure studied here as well as
the singular structure from [13]. In addition, our structure allows consideration of
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more general equations; as shown in [I8], pages 313 and 314], for any « and 8 with
1 <a< f < oo, we can find a function g satisfying such that
lim sup @ >0, liminf@ < 00,
5—00 S §—00 8§

so we consider a class of structure functions g much wider than that of just power
functions. In this way, we obtain a uniform proof of Holder continuity (with ap-
propriate uniformity of constants) for all p € [2,00) at once under the structure
condition as well as a proof of Holder continuity under more general struc-
ture conditions. We note especially that our main estimates do not depend on gg
(although the condition go > 2 will be critical to the results), so our result in this
case is stable as p approaches 2. We also point out that if we replace G and g
by suitable multiples of these functions (and appropriately modifying Cy and C),
we can achieve any number of normalizations: for example, G(1) = 1, g(1) = 1,
Co =1, or C; = 1. It is interesting to note that our estimates are independent of
the normalization.

The motivation for considering comes from [I8] in which corresponding
results for elliptic equations were proved. The extension of the methods used in
[18] for proving Holder continuity of weak solutions to parabolic equations is not
straightforward; this paper and [13] present the only such extensions known to the
authors.

We could consider the full quasilinear equation

uy — div A(z, t, u, Du) = B(x,t,u, Du),
satisfying the structure conditions

A(ZE,t,U,E) ! g > OOG(|§|) - tpo(z,t),
|A(x,t,u,§)\ S Clg(|£|) + QDl(.’ﬂ,t),
[B(x,t,u, )| < C2G([E]) + pa(a,t)

for constants Cy > 0, C; > Cp, Co > 0 and suitable nonnegative functions ¢y,
1, and . In the special case G(o) = oP, the choice of function spaces (for g,
1 and @9) is easily determined from the parabolic Sobolev imbedding theorem.
We refer the reader to the introduction of [7] for a detailed description of these
spaces. In our more general case, the extension is complicated by the lack of a
general parabolic Orlicz-Sobolev imbedding theorem (which would, presumably, be
based on the work of Cianchi [4] for general Orlicz-Sobolev imbedding theorems).
Alternatively, one can use the approach in [I8] and use much smaller Lebesgue
spaces. In the first case, the description of the nonhomogeneous terms involves an
unnecessary technical complication, and, in the second case, the nonhomogeneous
terms are handled by a straightforward but messy adaption of the arguments in [7]
and [8]. Hence, we omit this extension.

For our investigation, we also need a suitable definition of weak solution, which
we present here. For an arbitrary open set  C R**!, we introduce the generalized
Sobolev space W& (Q), which consists of all functions u defined on  with weak

derivative Du satisfying
// G(|Du|) dz dt < .
Q
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We say that u € Cioe(Q) N WHE(Q) is a weak supersolution of (1.1 if

US*// ucptdxdtJr// A(z,t, u, Du) - Do dz dt
Q Q

for all ¢ € C'(Q) which vanish on the parabolic boundary of §2, which we also denote
by 0p€); a weak subsolution is defined by reversing the inequality. A weak solution
is then a function which is both a weak supersolution and a weak subsolution. In
fact, a standard approximation shows that we need only assume that ¢ € L>(Q) N
WHE(Q) with ¢, € LY(Q).

We mention here the paper [I1] of Gianazza, Surnachev, and Vespri, which gave
a different proof for the Holder continuity from that in [T, [7]. One of the key ideas
in [I1]) is to use a more geometric approach in place of alternative based on the size
of the set on which |u| is close to its maximum. The geometric approach is very
useful in the study of Harnack estimates, which we do not discuss here: however,
the geometry in [II] will reappear in [I3]. Our main justification for avoiding the
geometric simplicity of [T1] is that, unlike the alternative approach used here, the
geometric approach must look separately at the cases p large and p close to 2.

We begin by discussing the two alternatives, which refer to nonnegative weak
supersolutions u of in a scaled cylinder. The first alternative states that, if
u is large on most of one subcylinder in a suitable family of subcylinders of the
original cylinder, then w is bounded from zero on all of a subcylinder with the same
center-top point as the original cylinder. The second alternative states that, if u
is large on a fixed fraction of every subcylinder in this family of subcylinders, then
u is bounded from zero on all of a subcylinder with the same center-top point as
the original cylinder. Eventually, we shall see the precise quantitative description
of these results.

In Section [2] we provide some preliminary results, mostly involving notation
for our geometric setting. In Section [3] we use the two alternatives to show that
if the oscillation of a solution u of over a cylinder is less than or equal to
a number w appropriately connected to the cylinder, then the oscillation over a
smaller subcylinder is less than or equal to ow with o € (0, 1); this oscillation control
is then used to prove Holder continuity. We also prove an oscillation estimate near
the initial surface in this section, and discuss briefly oscillation estimates near the
lateral surface. The reason for discussing initial regularity in detail here is that it
can be proved rather simply while regularity near the lateral boundary is proved (as
shown in, for example, 7, Sections 7 and 8]) via a simple but tedious modification
of the interior regularity results. Moreover, as we shall see in [13], our proof of
initial regularity applies also to singular problems with an interesting twist. The
same integral estimate is used in the degenerate and singular cases, proved here as
Proposition [L.5 for the full range 1 < gy < g1, but different geometric and algebraic
considerations are used for the two cases. We prove the alternatives in Section [4]
after first developing some estimates for nonnegative weak supersolutions. With
one exception, these supersolution estimates will reappear in [13]. Finally, Section
presents some integral inequalities which are used to prove our other results. For
the most part, the results in Section [b| are standard results, but some of them are
interesting variations of standard results. We provide proofs for the variations but
refer the reader to other sources for the standard results.
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2. PRELIMINARIES

2.1. Notation. (1) The parameters go, g1, N, Co, and C; are the data. When we
make the additional assumption that gy > 2, we use the word “data” to denote the
constants g1, N, Cy, and C1.
(2) Let K} denote the N—dimensional cube centered at y € RYN with the side
length 2p, i.e.,
KY:={z¢ RV 121%55\[|xl —y'| < p}.

(Here, we use superscripts to denote the coordinates of x; we’ll use subscripts to
indicate different points.) For simpler notation, let K, := Kg. We also define the
spatial distance | - | by
_ _ i _ i
|2 = Yloo = max [2* —y'|
In fact, all of our work can be recast with the ball
Bf{:{xeRN:pﬁ—y\ < p},

where |x — y| is the usual Euclidean distance, in place of K} with only slight
notational changes. This observation is more important to the singular case in [13],
and we shall comment on it there in more detail.

(3) For given (z¢,t9) € R¥*1 and given positive constants 6, p and k, we say

Ty p(0) := HkQG(%)_l,

Q30 (0) == K5° x [to = Trp, to],
Quep(0) = QP0(6).
The point (zo,to) is called the top-center point of Qi?f;to (0). We also abbreviate

Tk p =Tk p(1), Qi?,;to = Qi?,;to(l)v Qrp = Qr,p(1).

2.2. Geometry. The local energy estimate plays a crucial role in this paper
which is nonhomogeneous unless gy = g1 = 2. By controlling the length of the time
axis, we make two competing terms in equivalent; that is, find T} , from
r—1/% 542 1 ~ (T ﬂ s
¢ (p)w T, "¢ (p)w ’
for some constants r and s which directly leads to our definition of T} ,.

This choice of the time scale is called intrinsic scaling. It was introduced by
DiBenedetto [6] (but see also [8, 23]); roughly speaking, a weak solution of para-
bolic p-Laplacian type equation behaves like a solution of the heat equation in an
intrinsically scaled cylinder.

The parameter 6 is introduced to simplify some arguments. It should be noted
that the arguments in [7, 8] also introduce various similar constants.

Now, suppose that u is a function defined in some open subset Q of RV*1 let
(zo,t0) € Q, and let w and 6 be positive constants. Since €2 is open, there are
positive constants r and s such that K*° x (g — s,t9) C Q. If we set

w

1
= qmin{r G gems Ty b

we conclude that Qi?ﬁ%(@) c .
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Without loss of generality, we let (xg,t9) = (0,0). Then for any 6 and w, we can
fit the cylinder @, 4r(0) in 2 by selecting R properly. Basically, we are going to
work with the cylinder @, 4r(0) to find a proper subcylinder where a solution has
less oscillation eventually leading to Holder continuity.

2.3. Useful inequalities. Because of the generalized functions g and G, we are
not able to apply Holder’s inequality or the typical Young’s inequality. Here we
deliver essential inequalities which will be used through out the paper.

Lemma 2.1. For a nonnegative and nondecreasing function g € C[0,00), let G
be the antiderivative of g. Suppose that g and G satisfies . Then for all
nonnegative real numbers o, o1, and oo, we have
(a) G(o)/o is a monotone increasing function of o.
For 8> 1, p9°G(0) < G(Bo) < B9*G(0).
For0< p <1, p9G(0) < G(Bo) < B9%G(0).
o19(02) < 019(01) + 029(02).
(Young’s inequality) For any € € (0, 1),

0'19(0'2) é El_glglG(Jl) + EglG(O'Q).

(b)
(¢)
(d)
()

Proof. This lemma is essentially [I8, Lemma 1.1]. We include a proof for the
reader’s convenience.
(a) For o > 0, due to the left hand side inequality of (1.4)), we easily obtain

T (Ey - 2D ZEO 5 (g - 50

because gy > 1.
(b) The left inequality of (1.4]) gives

90 _ 9(§)
= < === for € (0,00).
¢ =a e
By taking the integral from o to Bo, we obtain
po G(po)
— <1
s =8 G(o)

go log
which implies
B9%°G(o) < G(Bo).
A similar argument with the right hand side of (1.4]) completes the proof.

(c) Like the proof for (b), but take integrals over the interval [So, o].
(d) Tt is clear because g is nondecreasing function, so either

019(02) < o1g(01) or o1g(02) < 029(02).
(e) For any 0 < € < 1, because of (d) we obtain
019(02) = € g(02) < e[ Fg(7) + 02g(02)].
Applying the right inequality of and (b) leads to
o19(o2) < 6[91G(%) + g1G(02)] < egie P G(o1) + €g1G(02).
(]

The next inequalities will be used to derive the logarithmic energy estimate
(5.11)) which plays a crucial role in Proposition
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Lemma 2.2. For any o > 0, let

1 [ea g
h(o) = ;/0 g(s)ds, H(o)= /0 h(s)ds
Then we have
goh(o) < g(o) < g1h(o), (2.1a)
90H(0) < G(0) < 1 H(0), (2.11)
(90 — Dh(o) < oh'(0) < (91 — 1)h(0), (2.1¢)
ioh(cr) < H(o) < iJh(a), (2.1d)
g1 9o

p*H(o) < H(Bo) < 7 H(o) (2.1¢)

for any B> 1.

Proof. Here we note that h acts like g and H acts like G. Dividing (1.4) by o gives
(2.1a]), and integrating (2.1a)) gives (2.1b]). Since

Wiey =270

o o
we infer (2.1c|) by applying (|1.4).

We infer (2.1d)) from (2.1b]) since G(o) = oh(o), and the proof of ([2.1€) is similar
to the proof of Lemma b). O

In fact, because of this lemma, we could have assumed initially that g € C* and
that g satisfies the inequalities

s9'(s)
9(s)
for all s > 0. Our choice for using g and G to describe the structure conditions

is more consistent with the published literature although [I8] uses the stronger
hypothesis g € C.

go—1<

<g—1

3. THE TWO ALTERNATIVES AND THE PROOF OF HOLDER CONTINUITY

In this section, we prove the Holder continuity of solutions of for degenerate
equations (that is, equations with go > 2). Our proof is based on some estimates
for nonnegative supersolutions of the equation, and these estimates will be proved
in the next section. These estimates are usually described as the first alternative
and the second alternative.

For notational convenience, we take vy to be the constant from Proposition [4.4]
corresponding to # = 1 and, with w and R given positive constants, we set

W\2 ., W —1

Our first alternative is that, if u is a positive subsolution u of a degenerate equa-
tion which stays close to its maximum on most of one suitable small subcylinder,
then u is bounded away from zero on a suitable subcylinder.

Lemma 3.1 (The first alternative). Let 6y > 1 be a given constant and suppose u
is a nonnegative supersolution of (1.1 in

Q = KQR X (700A, O) (32)
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with go > 2. If there is a constant Ty € [—0pA, —A] such that
Kar x (To, To + A) N {u < T}| < vl KarlA,
then there is a constant 61 € (0,1) determined only by 6y and data such that
essinfg u > d1w
with
Q = Qu/4,R/2- (3.3)

The proof of this lemma will be given in the next section. Our second alternative
states that if u is a positive subsolution u of a degenerate equation which stays close
to its maximum on a suitable fraction of all suitable small subcylinders, then w is
bounded away from zero on a suitable subcylinder.

Lemma 3.2 (The second alternative). There are constants 0y > 1 and d2 € (0,1)
(determined only by data) such that, if u is a nonnegative supersolution of (1.1 in
Q (given by (3.2)) ) with go > 2 and

w
‘KQR X (To,TO + A) n {u < 5} < (1 — VO)'KleA

for all Ty € [—00A, —A], then there is a constant o2 € (0,1), determined only by
data, such that
essinfg u > dow

with Q given by (3.3)).

Also, we prove this lemma in the next section. From these lemmata, we infer a
decay estimate for the oscillation of a bounded solution of . It is interesting
to note that, unlike the usual proofs of Holder continuity, we do not estimate the
oscillation of a bounded over a cylinder in terms of its oscillation over a larger
cylinder. Instead, we estimate the oscillation over the smaller cylinder in terms of
a quantity larger than the oscillation over the larger cylinder.

Lemma 3.3. Let Cy, C1, go, 91, p, and w be positive constants with Cy < C1 and
2 < go < g1- Suppose also that w is a bounded weak solution of (L.1) in Q. , with

ess0scq,, , U < w.
Then there are positive constants o and X\, both less than one and determined only

by data such that
eSS 08CQ,,, 5, U < Ow.

Proof. We begin by introducing some constants. First, we take vy from Proposi-
tion (corresponding to # = 1) and then d2 and 6y from Lemma With this

6o, we also take 6; from Lemma [3.1] Next, we set
0
b1 =2(1+(7)"")

and R = p/6;. Then, we define A by (3.1), and we set A = 1/(26,) and o =
1 — min{dy, d2}. Moreover, we define

Uy :u—essianwpu, Uy = W — UY.

To begin the proof, we observe that §; > 2 and 6; > 2(6y/4)'/9* and hence Q,
defined by (3.2)), is a subset of Q. ,.
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If there is a Ty € (—0pA, —A) such that
‘Kp x (To, To + A) N {uy < g} < | KA,
then Lemma [3.1] applied to u; implies that
essinfg up > w
with Q defined by (3.3). and hence
essoscg u < ow. (3.4)
On the other hand, if
Ky (To, To + 8) N {un < 5} = wol K,
for all Ty € (—6pA, —A), it follows that
\K,) % (To, To + A) N {uz < g}] < (1- )| K, |A,

SO Lemmaapplied to ug gives essinfg us > dow, which implies in this case.
The proof will be complete once we show that Quu ., C Q. To prove this
inclusion, we first note that
R
Then we use the definition of A to infer from Lemma 2.1] that

w w ow
LN () < (o) 0q(2E).
Glop) = Glgy,) < W)™ G(T)
It follows that
-1
9 [ OW 9—an (WY2 w~!
thed < g0 (2 el
(ow) G(Ap) < (40) (4) G(QR)
Since o > 1/2, it follows that (40)?*7% <1 and Quu .2y C Q. O

As we shall see in [I3], this lemma is also valid for singular equations although
the proof in that case is quite different.

For our Holder continuity estimates, we define a time scale in terms of the func-
tion G, the function u and the set 2 on which u is defined. We shall now include u
and €2 in the notation for simplicity. Specifically, for any real number 7, we define

B U
"o = Gy
where U = ess oscq u.

With this time scale, we define the parabolic distance between two sets such Iy

and Co by

distp(K1; K2) = inf max{|x — Y|oo, [t — slc}
(z,t)eKy
(y,8)EK2, s<t

with |- | as defined in Section (Note that, strictly speaking, this quantity is
not a distance because it is not symmetric with respect to the order in which we
write the sets. Nonetheless, the terminology of distance is useful as a suggestion of
the technically correct situation.)

Because of the generalized function G, it is natural to obtain a modulus of
continuity in terms of G. We are also able to derive a Holder estimate written in
terms of exact powers.
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Theorem 3.4. Let u be a bounded weak solution of with in 2, and sup-
pose gg > 2. Then u is locally continuous. Moreover, there exist positive constants
a < 1 and v, depending only upon the data, such that, for any two distinct points
(x1,t1) and (x2,t2) in any subset Q' of Q with distp(Q;0,Q) positive, we have

(3.5)

|21 — 22|00 + [t1 —752|G)CY

_ <
R [ L e )

In addition (with the same constants),

1 — oo + 1] max{|ty — o] /50, [t, — tzl”‘“})a

(s, 1) = u(s, t2)] < AU )

(3.6)

Proof. If U = 0, then this result is true for any choice of v and «, so we assume
that U > 0 and set wg = U. We also set

PO — diStP({(.L“o, to)}, 8PQ)

We then define ¢ = min{\, 0(279)/90} (where A and o are the constants from

Lemma ,

Pn = EHPOa wp = 0" wp,
and define a sequence of cylinders (Q,,) by
Qn = ii’,tpln'
It is easy to check that Q¢ C  and that Q,,+1 C @, for any n. Combining Lemma

with an easy induction, we find that essoscg, < w, for any n. If (z2,t2) € Qo
with x1 # xo and t; # to, then there are nonnegative integer n and m such that

Prt1 < |71 — 22| < pny (3.7a)
-1 1
w?n+1G ((:mjr_ll) < |t1 — tz‘ S wfnG (%) . (37b)

As a result, we obtain that
lu(z1,t1) — u(ze, ta)| < max{wn,wm}-
From the first inequality of (3.7a)), we derive
|1'1 - £B2| > €n+1 _ (Ulogag)nJrl
Po
which implies
|71 — @3 ) o

wp = "Wy < aflwo(
Po

for a; =log, 0.
On the other hand, the first inequality of (3.7b)) implies that
U
U2W;11G(wm+1 )) .

Pm-+1

[t1 — ta|la > Gfl(

We now estimate the expression in the denominator of this fraction:
-2 Wm+1 - Wm+1
U2wm+1G( m ) -0 2(m+1)G<L)
Pm+1 Pm+1
> G(U—2(m+1)/go(g)m+1@).
B € Po
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To proceed, we now define § = e0(2790)/9 and note that the choice of € implies
that 8 < 1. We then have

U
[t1 — ta]g > W = gmHlp,.
PO

Hence by letting as = logg o, we have

ty — to]a o2
Wy < B*2 Mg < (@) wp.

Bpo
Therefore, for some v > 0,

o) () ()

This inequality implies (3.5) with o = min{ay, as} because pg > distp(Q'; 9pQ).
If ©1 = x5 or if 1 = ta, then a similar (but simpler) argument yields the result.

If (22,t2) ¢ Qo, then |z — za| + |t1 — t2|e¢ > po, so (3.5) follows, for any «, by
taking v > 1.
To prove (3.6]), we consider two cases. First, if |t; — ta2] < 1, then

—1 2
G( G~ YU*) )2 1 02,
[t1 = ta]Y/90) = |t — 1o
SO U
t1 —tola < === |t1 — ta] /9.
| 1 2|G = G_l(U2)| 1 2‘
Second, if |t; — ta] > 1, then
—1 2
G( G~ 1(U?) )2 1 02,
|t — ta| /o |t1 — Lo
SO U
t1 —tolg < ==t — to| /91,
| 1 2|G = Gil(U2)| 1 2‘

Combining these inequalities with (3.5)) and the observation that U/G~1(U?) = |1|g
then gives (3.6)). O

For initial regularity, we have the following variant of Lemma [3:3] To simplify
notation, we define the following cylinders:

TE0(0) = K3 x (o, to +9k2G(%)_1), Qf (0) = QL")
and we set QZ" R = Qz r(1). With 1 the constant from Proposition and U a
given constant, we also define Qr(U) to be the cylinder Q$)R(V0/9).
Our shrinking lemma, analogous to Lemma takes the following form. Note
that the result of this lemma is essentially the same as [7, (6.10)], but the proof is
much simpler.

Lemma 3.5. Let Cy, C1, g0, 91, p, U, and w be positive constants with Cy < C1,
2<g9 < g1, andw < U. Suppose also that u is a bounded weak solution of m
Q2r(U) with essoscq,,wyu < w. Then there is a constant A € (0,1), determined
only by data, such that

5
eSS 0SCQ () U < max {gw, 3 €88 0SCx,  x {0} u}
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Proof. We begin by setting
w" = e8S 0SCf, p x {0} U
If w < 3w*, the result is immediate, so we suppose that w > 3w*. We also set
/906 (%)
(s9e (%)
and note that Qr(U) = Q:/B,QR(G)' Since go > 2, it follows that

v*6(3) <6 (57)

Moreover G is increasing so G(w/(2R))~! < G((w/3)/(2R)), and therefore 6 < vy.
We now set k = w/3 and we consider two cases. First, if

-1

essinfr, .« (o) u1 > K, (3.8)

we apply Proposition 4.5 to u; in Q;QR(H) to infer that

. k
essinfg oy u1 > 3

It follows that

5
€SS 0SCQ, () U < W — 5= g% (3.9)

If (3.8) does not hold, then some straightforward algebra shows that
essinfr,, (o) u2 >k,

so we can apply Proposition [4.5| to us, again obtaining (3.9). O

From this lemma, we infer a continuity estimate near the initial surface. When 2
has the form O X (t1, t2) for some bounded open subset O of RY and numbers t; <
to, the initial surface is just O x {t1}, but we wish to provide a result that applies
also to non-cylindrical domains €2, so we introduce some additional terminology
and notation.

First,we recall from [19] that B is the set of all (xq,ty) € OpQ such that, for
some positive numbers r and s, the cylinder

K;EO X (to,to + S)

is a subset of 2. Here we consider the following subset of Bf), which we call an
initial surface for Q and which we denote by B’Q2. Specifically, B'Q) is the set of all
(x0,t0) € BQ such that K, x{tg} C Ip§2 for some ' > 0. When = O x (t1,t2), we
have that BQ = B’Q = O x {t1}, but the sets BQ and B’} are usually different for
non-cylindrical domains. For example, if Q = {(z,t) € RN "1 |z|* — |22 <t < 1},
then BQ = {(0,0)} but B'Q2 is empty.

We also define a slightly different distance function. Let (xq,%p) € B'Q2 and let
w > 0. Then we write distg(xg,to) for the supremum of the set of all numbers r
such that Qfro-'o C Q and Koo' x {0} C 9pQ.

Theorem 3.6. Let u be a bounded weak solution of (L.1) with (1.3) in Q, and
suppose 1 < gg < g1. Suppose also that the restriction of u to B’ is continuous at
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some (zg,tg) € B'Q. Then u is locally continuous up to (xo,to). Specifically, if there
is a continuous increasing function @ defined on [0, dist (o, t0)) with ©(0) =0,

g&)(%) < o(r) (3.10)
for all r € (0,distg(zg, to)/2), and with

|u(zo,t0) — u(x1,to)| < &(|lwo — z1])

for all 1 with |xo — x1] < distg(z to), then there exist constants v and o € (0,1)
depending only upon the data such that, for any (x,t) € Q with t > to, we have

[u(wo, to) — u(w,1)|

(|$o — x|+ |to — t[c

<~U
v diStB ({,130, to)

o - 18
) +3w(2|$0—$‘w+*|t0—t|g).
2

Proof. We start by taking wy = U and py = distp(wo, to). If (x,t) ¢ Q%" then
the result is immediate for any « as long as v > 1.
If (z,t) € Q"0 then we define p, = A"pg and Q,, = Q,, (U). We also define

wo,P0

w}, for n > 0 inductively as w], ,; = max{2w/,,3w*(p,)}. It follows from Lemma
that essoscq, u < w},, but this estimate must be improved. To this end, we set

on = max { (20,300 1)}

and we claim that w!, < w, for n > 0. The claim is immediate for n = 1, and if it
holds for n equal to some positive integer m, then

W41 = max { (%)w;n, 3@ (pm) }
< max {(2)" w0, 3(2)8(om-1), 35 (om) }

and the claim follows for n = m + 1 from this inequality by using (3.10) with
r = pm. Hence the claim is true for all n and we infer that
€ss 0sCq,, U < Wy
As before, we assume that x # x¢ and t # ¢y, so there are nonnegative integers n
and m such that
Pn+1 < [T — Tloo < pn,
and

U2G( v )_1 < |t0—t|<U2G(£)

Pm+1 Pm
With o = log; /5(5/6), it follows that

(G < (BT} ) < (ol —alu),

Po
and that
5\m 2\(9/1/0)(%*75)\@)“ N _ 18
2" < <O(=lto — t|ao)-
("= (7 » @lom) <&Mo — )
We now observe that, for any 3 > 1 and 7 > 0, if we set 0 = G=1(U?/7), we have

v Ly
5 = 8700 2 G5 0).
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Since
U g (Uj)
pr pr/’
it follows that
U U
a1z < G-1(22y)’
(57) (£)
In particular, for 7 = [ty — t| and 0 = 9/v, we infer that
9 9 1/g0
— (o —t <(— t—to|g-
VO(O )‘G_(VO) | O|G
Easy algebra now completes the proof. O

At this point, we remark that condition (3.10), which seems quite unnatural, is
just a technical restriction on the description of the modulus of continuity of the
restriction of u to B’). There is no loss of generality in assuming that there is a
concave, increasing function w’ such that

|u(wo, to) — u(x1, to)| < w'(|zo — 2l)

for all x1 with |z —x1| < distg(xo, to) (see |21, Section 5] for a detailed explanation
of this statement), and then we can take

@(r) =’ ((distp(zo, to)' ~*r®)

(with v = log; /5(5/6)) to obtain a function satisfying the hypotheses of the theo-
rem.

We shall not discuss regularity near the lateral boundary in any detail. We
just note that the proof of interior regularity can be modified along the lines of [7],
Theorems 3 and 4 | to give such results.

4. PROOF OF THE TWO ALTERNATIVES

Throughout this section, let u be a bounded nonnegative weak supersolution of
in a suitably scaled cylinder with (L.3)). The proof of the two alternatives rests
on some estimates which show that, if u is bounded away from zero on some set
(with a suitable lower bound), then it is bounded away from zero (with a different
but related lower bound) on a different set. Then Proposition implies that a
spatial cube at some fixed time level can be found on which u is away from its
minimum (zero value) on arbitrary fraction of the spatial cube. From the spatial
cube, positive information spreads to later time and over the space variables with
time limitations (Propositions and . Controlling the positive quantity 6 > 0
on T}, is key to overcoming those time restrictions. Once we have a subcylinder
centered at (0,0) in @, 4r with arbitrary fraction of the subcylinder, we finally
apply modified De Giorgi iteration (Proposition to obtain strictly positive
infimum of u in a smaller cylinder with top-center point (0, 0).

4.1. Basic results. Our first proposition shows that if a nonnegative function is
large on part of a cylinder, then it is large on part of a suitable time slice. Except
for some minor variation in notation, our result is [, Lemma 4.1] or [8, Lemma
IT1.7.1]; we include a proof for completeness.
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Proposition 4.1. Let k, p, and T be positive constants. If u is a measurable
nonnegative function defined on Q = K, x (=T,0) and if there is a constant v, €
[0,1) such that

QN {u <k} < (1—w)Q],

then there is a number
141

ne(-T, - T)

271/1
for which
14
{z € K, :u(z,n) <k} < (1- 51)|Kp|.

Vi

Proof. To simplify the notation, we set 7 = G

we would have

T. If there were no such 71, then

0

|Q N{u <k} :/ Hz € K, : u(z,t) < k}|dt

-T

> /7T|{x € K, : u(w,t) < k)| dt

-T

ST
= (1 -un)|Q|

O

Our next proposition is similar to [7, Lemma 4.2] and [8, Lemmata I11.4.1, I11.7.2,
IV.10.2]. If go > 2, then the next proposition can be replaced by [I1], Corollary 3.4]
which does not involve the logarithmic energy estimate.

Proposition 4.2. Let v, k, p, and 0 be given positive constants with v < 1. Then,
for any e € (0,1), there exists a constant 6 = (v, €,0, data) such that, if u is a
nonnegative supersolution of (1.1)) in K, x (—7,0) with go > 2 and

(o€ K, e, —7) <K} < (1- 1) |, (4.1)

for some
1

k.-
T <OKPG(=) (4.2)
p
then
Hz € K, ru(z,t) <0k} < (1—(1—¢ev)|K,|
for any t € (—1,0].
Proof. Here we apply the logarithmic energy estimate (5.11)) in a parabolic cylinder
K, x [—7,—s] for any —s € [-7,0). For some ¢ € (0,1) to be determined later, we
introduce a piecewise linear cutoff function independent of the time variable; that
is,
‘= 1 inside K(1_q), X [~T, —8]
0 on the lateral boundary of K, x [—7, —s].
satisfying

1
ID¢ < —, G =0.
op
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From (|5.11)) by letting ¢ = g1, it follows that

/ H(U?)(9 dx

K,x{—s}

< H(U?)¢9" da 4.3
/KPX{T} ( )

s D
+2Cé’glclglgfgl/ / h(\Il2)|\I/||\II’|2G(%) da dt,
-7 K,
where h and H are defined in Lemma Let 6 = 277 where j is to be chosen

large enough. We recall
k ] o 1
(1+8k—(u—Fk)_"’ (u—k)_ — (148K’

and that ¥ = ¥/ = 0 when u > (1 — 0)k. Since 0 < (u — k)_ < k, we also have

\I/:ln+[

1 1
U<InTé6l=4jn2 —— <|¥|<=.
S =i < s g

The first integral term on the right hand side of (4.3)) is bounded by

/K o }H(\Iﬂ)ggl dr < H (*(n2)?) [{z € K, : u(z,—7) < (1 — 0)k}|
< (1-v)H (j(n2)%) |K,|

because of the assumption (4.1).
Now to handle the second integral on the right hand side of (4.3]), we make
observations of upper bounds of the quantity

|D¢|
wPe(y)
We use the inequalities 1 < (1+§)k|0’| and § < 1. Hence we derive from (4.2)) that
D¢
\1}/

WEG(Y) < (1 + RN ((1+ 8)k) 7 G (1 + 8)k|DC))

< 291579 k72G(%)

because 2 — go < 0 and 1 < 14§ < 2. Therefore, for any —s € (—7,0] (which
implies that |7 — s| < 7), we have

[ [ wewiwralod) e

—T K, |\II|

<290h (j*(In2)?) (j In2)o 9| K| (4.4)

H(5%(In2)?)
jln2

To obtain the lower bound of the left hand side of (4.3]), we integrate over the
smaller set {u < 0k} = {u < 277k}. Note that

< 299,06 oK.

U >Int(20)" = (j —1)In2
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on this set. Therefore the left hand side of the inequality (4.3) is lower bounded by

/K " }H(\Iﬂ)(gl dex > H ((j — 1)2(1n2)2) ‘{x € K(i—o)p : u(z, —s) < 5k;}\ .

It follows that

Hz € K, : u(z, —s) < 0k}

< [{z € Koy - ul@,t) <0k} + [Kp \ Ko,

- [(1 ) H.(j2(ln2)2) . COH §j2(ln2)2)
H((j—1)*(In2)?)  jouH ((j —1)*(In2)?)

+ Na] K|

upon combining upper bounds of (4.3, where C' depends on Cy, C1, and ¢g;. For

brevity, set
H (j%(In2)?)
H((j—1)*(In2)?)’

Hy =

For any given € € (0,1), we choose an integer j large enough and ¢ € (0,1) small

enough so that the following three inequalities hold:
Hy <1+ ev,

COHy  e?
- < —,
jo9r 2
2
€V
No < —.
7=

Then inequalities (4.5)) yield our conclusion.

(4.5a)

(4.5b)

(4.5¢)

Now we complete the proof by going back to (4.5) and finding j and o. From

(4.5¢)), first fix

61/2

o=—.
2N
Then assuming (4.5a)), the inequality (4.5b]) holds if
i Co(1 + ev)
2091 ev?

which gives
S C(1+ ev)(4N)%
- 261""91 y2(1+91)

It is sufficient to choose
. —1-
] 20(007017917N) (67/2) 91.
Finally, (4.5a)) is satisfied if j is so large that
()" <1+e,
j—1
which is equivalent to
(1+ ev)t/on
(1+ev)t/or —1°
So the proof is completed by taking j to be any integer greater than
(14 ev)t/9
(1+ev)t/or —17"

j>

max {C(Cy, C1, g1, N)O(ev?) 179",
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The following proposition demonstrates the spreading of positivity over space.
When we have some portion of positive data along all the time, then a mixture
of Poincaré’s inequality and a local energy estimate generates arbitrary fractional
control over that cylinder. Especially when g; > 2, somewhat large length of the
time interval for the initially given positive data collected place is required to spread
positivity properly. Propositionis analogous to [7, Lemma 4.4], [IT, Lemma 3.5],
and [9, Proposition 6.1].

Proposition 4.3. Suppose go > 2. Let k and p be positive numbers and sup-
pose u is a nonnegative supersolution of in Ko, x (—271,0) for some T > 0.
Then for any v and o« in (0,1) and any 0 > 0, there exists a constant §* =
0* (v, v, min{1, 8}, data) € (0,1) such that, if

6%k 1
0(6*k)*G .
r > 00°k)G(% 1) (4.6)
and if
o € Koy () < BY| < (1— )| Ky (47)
for all t € (—=27,0], then we have
{(@t) € Ky x [-7,0) u(a,t) < SR} < v [, x [-r,0). (48)

Proof. Let k; =277k for j =0,1,2,...,5* with j* to be determined later. Denote
§* = 279" For simplicity, denote

A;j={(z,t) € K, x [-7,0] : u(z,t) < k;}.
We work with a piecewise linear cutoff function
= 1 inside of K, x [—7,0]
0 on the parabolic boundary of Ks, x [—27,0]
with

N

1

The local energy estimate (5.2)) (by ignoring the first term on the left hand side)
provides

0
[, [ v e (B ey
—27 J K>, P)
Dl g (Sl k) ]
=M [27 A2PG 1(%)(’“_%)—4_2((1 1Ctd56dt (4.9)
0 r(Slu= k) s ~q—1-2g;
+v2/_27 szG (f]yu_kj)fc 12291 qg dt.

Here note that for j =0,...,5"

1 ks

kG < -G(—

JCt =9 (p)

because (4.6 implies that, for any j =0,..., 7%,
L.

)
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The integral estimate (4.9) simplifies to

0 .
/_/KG(|D(u—kj)_|) dxdtva(%HKgpx[—Qr,OH. (4.10)

Owing to the assumption (4.7), we may apply the Poincaré type inequality,
Lemma [5.3] For any ¢ € [—,0], it follows that

(kj — kj+1) |{$ S Kp : ’LL(.’E,t) < ]Cj+1}‘

N+1
< 0P

~ fapV /I(pﬂ{kj+1§u<kj}
Note k; — kj11 = kjq1. After integrating over the time variable from —7 to 0, we
obtain

|D(u — kj)_|de.

kj+1 ¥ //
A < — D(u—k;)_ . 4.11
P |Aj1] < Ocr A\ Aye |D(u — kj)—|dz dt ( )

After dividing (4.11]) by |A; \ A;41] and assuming (without loss of generality) that
the constant ~ in this inequality is at least 1, we apply Jensen’s inequality and
Lemma [2.1(b) to infer that

[Aja| Ky A //
G < G(|D(u—k;)_|) dedt (4.12
(lAj\Aj+1| p ) AN Al Jaasn (|D( i)-1) (4.12)

with

. _ ( Y )91
T min{l,0}a/
Because of (4.10), the inequality (4.12)) generates

|Aj+1] ki N1« [ Ep X [=7,0]] , kj

G(Ji J ) < qoNF1yx e X T A G By, (4.13)
|4\ Ajal p A\ Ajal e )

Denote €, := K, x [-7,0]. There are two cases to consider for any j: either

|Ajal >[4\ Ajial,

or
[Ajal < A5\ Ajal.
First, if |[Aj41| > |A4; \ Aj+1], then we have
[Ajral N gy (K [Ajra] Kjn

— ) 279G(—) <G| .

(\Aj\Ajﬂ\) (P) <|Aj\Aj+1| p )
Therefore, (4.13) generates

| Aj1]\ 0T oy 145\ Ayl
< Sk M ke k1 :
( o) ST (4.14)

Second, if [Aj41] < |A; \ Aj41|, then we observe that
[Ajal g o (Ki [Ajal Kjn
— ) 279NG(—=) <G|—T—— .
(\Aj\AjH\) (P) (|Aj\Aj+1| p )
The inequality (4.13)) gives

|Aja] N9 Q]
V) 2" <
<|Aj \Aj+1|) |A;\ Ajal
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and hence

|Aj ]\ o oy jt1l
< 1-g
()™ =000 =g

Since |A;j41]/Q] <1 and g1/(91 — 1) < go/(g0 — 1), it follows that

Gy < ()™

In addition, since v* > 1 and 1/(g1 — 1) < 1/(go — 1), it follows that
(YYo=l < ()t (oo D)

Therefore, ([4.14) is valid for all j € {0,...,5* — 1}.
Next we take the sum for j =0,...,5* — 1 of the inequality (4.14]). Noting that

N

|Aj- j41| for j=0,...,7% — 1, we conclude that
(A go/(go—1) . B
(llﬂj |> < Yy ) /o),

We now reach our conclusion (4.8)) by choosing j* such that

j* > Lys0/(1-00) () 11=00).
=
O

The following proposition is modified DeGiorgi iteration with generalized struc-
ture conditions . Basically, our Proposition [4.4]is equivalent to [7, Lemma 3.1]
and [8] Lemmata HI.4.1 and IV.4.1]. (We shall have more to say about [8, Lemma
IV.4.1] in [13].)

Proposition 4.4. For a given positive constant 0, there exists vy = vo(0, data) €
(0,1) such that, if u is a nonnegative supersolution of (L.1)) in Qg 2,(0) with

|Qr,20(0) N {u < K} < 10|Qp,20(0)]

for some positive constants k and p, then

N |

essinfq, (o) u(z,t) >

Proof. First, we construct two sequences {pp 152, and {ky}52, such that
k k
Qn, ky, = 2+2n+1 forn=0,1,....
Because G is increasing, the sequence {Q,}52, given by
Qn = Kpn X [_Tk7pn (9)7 0]7

is a nested and shrinking sequence of cylinders. Let us take a sequence of piecewise
linear cutoff functions {¢,}22, such that

¢ = 1 inside of Q41
" 10 on the parabolic boundary of @,

satisfying

n+1
DG < 2,
p
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1
= RGE) -GG

Pn+1

Let us note that
2n+1 2n+2
>

P Pn
because p, < 2p. We also need a different upper bound for (¢,):. As a first step,
we write

k-1 k-1 ok k. ko
G(—) -G = —g(=)G(=)"*ds.
(Pn) (pn+1) /pn+1 529(5) (5) 5

By using the first inequality in (L.4) and Lemma [2.1(b), we conclude that

k k kE._o 90 k.1 9 k-1
o> =~ > Vol > Do
F9)6E) = L) > Do)
for any s € (pn+1, pn) and hence
1 k Pn
n)t < —
(n) 0k*go (pn Pn = Pn+1
M4,k
= k=G (—
9o0 (pn)
ontl k
< E2G(—).
~ gof (pn)
Note that
G(IDCn|Cn(u — kn)—) < 2(n+1)g1G(M)_
Pn

Therefore, the local energy estimate ([5.2)) yields, for some constants vy and 77, that

sup/ Gt (Cn(upnkn)_) (u — kp)*T2¢2 da

t JKp,
+f G(D(— k) G (Gl pnk”)—)(u — k)G dardt
Cnlu—ky)—

< //Q ch (T) (u = k) P2 (Co) e da dt

+712(n+1)g1 // GT(M)W — ky)® da dt.

Pn

(4.15)

We now observe that
(u—kp)- =max{0,k, —u} <k, <k,

and that G""!(0)o®*? and G"(0)o® are increasing with respect to o. Since ¢ > 1,
we conclude that the right hand side of (4.15]) is bounded by

DA k
7 + 712(n+2)91}Gr(p7)k_s | Al

RHS < {0
90

where A, = Q, N{u <k,}.
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Using u, := (u — k,,)— for simpler notation, we obtain

272(n+2)k2G(£)71 sup/ Gr(cnun)ufl gdz
Pn t JK,, n

+/ G(\Dun|)GT-1(C” ")u ¢4 da dt (4.16)
Qn

<929 (1+ )GT( )ks |4, .
We now consider the function

Cnln
0= (g,
After differentiating v and applying Lemma we derive, for some constants cg
and cq,

n 2"
1Dv| < LG(IDu )G [ 2 ) s+ S,
p 2p

n n p?’L

It follows from this inequality and (4.16]) that

SUP/ vdr < ’Y(l + é)Qn(91+2)k572Gr+1(pﬁ) A,

t pn

and that L
// |Do| da dt < ~(1 + 9) : 2”91kSG”(p )| Al

Hence, from Theorem (and recalling that p/2 < p,, < p), we conclude that

/ / a( C”“" wd ¢4 d dt

<~y(1+ ,)Qn(g1+2)ks—2/(N+1> —N/(N+1) (4.17)
- 0
% Gr+1/(N+1>( )| A | (N+2/(N+D)
p

To find a lower bound for the left hand side of (4.17)), we observe that in the set
{u < kp41}, we have

uy, = max{0,k, —u} > kp — kpt1 = ¥

It follows that, in A, 41, we have

GT(M)qu > GT(L)]CSQ—SUHQ)
Pn 2n+2p"
because ¢, =1 in @Q,11. Since G" is increasing, we infer that

nvn — _ k:
GT(%)“%C% > 9 (s+91)(n+2) glkSG”‘(;

)

in A, 41, and therefore it follows that
1
|Apsr] <v(1+ g)N/(N“)Q"(%“”)

x k2 (N+1) ) N/(N+1)G1/(N+1)( )| A ((N+2)/(N+1),
p
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Hence (5.15) is satisfied with

Yn:|An|; 027(14’l)N/(N+1)k_Nilp;N]ilGN£rl (ﬁ)7

¢ p
1
b = 9291+s+2 _ )
YT N
Applying Lemma [5.5| completes the proof because
1,-~N-1 k-1 oN
C e =y(1+ 2 PoNG(Z) =y 0).

O

Note that v has the form v1 6™ (1+6) = ~! with 11 determined only by the data.
A variant form of this proposition will also be useful in our study of degenerate
equations. This variant is analogous to [7, Lemma 3.3] and [8, Lemma II1.6.1].
We do point out, however, that [, Lemma 3.3] does not explicitly mention the
dependence of the integer s on the parameter 7. Moreover, the proof of [8, Lemma
II1.6.1] needs some clarification to see that the constants are stable as p / 2: the
inequality 27P(2°1/A)P~2 > 1 means that s; — oo as p — 2. Fortunately the
choice s; > log, A guarantees that 277(2%1 /A)P~2 > 1/4 and this weaker inequality
suffices for the proof.

Proposition 4.5. There exists v* € (0,1), determined only by the data, such that,
if u s a nonnegative supersolution of (L.1)) in Qg 2,(0) with

l/*
[{(z,2) € Qr2p(0) : ulz,t) <k} < 5 [Qr.20(0)] (4.18a)
for some positive constants k, p, and 0 and if

u(m, _Tk,2p(9)) 2 k (418b)
for all x € Ky, then

N |

ess ianpx(ka,gp(e),O) u >
Proof. With p,, and k,, as in the proof of Proposition [4.4] we set

Qn =K n X (_Tk,Qp(e)aO)a
and we take (, to be a time-independent cut-off function. In other words,

¢ = 1 inside @41,
" 10 on the lateral boundary of Q,,

with ¢+ = 0 and |D(,| < 2" /p,,.
In place of (4.15), we now have

r—1 Cn(u_k")— _ s+2 ~q
sgp/KpnG <7pn )(u k)2l dx

+ // G(ID(u—ky)_|) G (M)(u — kn)® O da dt

Pn

< 712(n+1)_z;1 // Gr(@(“;kn)—)(u — ky)® da dt.
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Arguing as in the proof of Proposition we now infer that ((5.15)) is satisfied with

s Nk
Y, =|A, C = ~k~NFip, VTIGNF (= b — 9291+s+2 _
[4nl, - €= k77T () .

The proof is completed by noting that

ot %|Qk,p(9)| > g|Qk,2p(0)|‘

O

Let us emphasize that Propositions [£.4] and [4.5] are valid for the full range 1 <
go < g1 < 00.

4.2. Proof of the first alternative.

Proof. First, with A as in Section [3] we set

2y

2R

and we use Proposition [f.4with § = 1, k = w/2 and p = R to infer that

T =Tp+A - (3)"G(

uzgonKRx{Tl}.

It then follows from Proposition with p =R, v=1,17=-T1, and k = w/4
that, for any e € (0,1), there is a constant § € (0,1) determined only by data, €,
and 60y such that

]
{z € Kp :ula,t) < IWH < e|Kg
for all ¢ € [T1,0). We now choose € = v* /6y, with v* from Proposition and set

-7
(6w/4)2G(dw/(8R))~L

We first observe that

a(2) < (D a()

and that —T7 < —Tp, so

00(5)"G (5%) _Lsg—2

S st _1—45 o < 0.
(%) () "G (%)

For k = dw/4, and p = R/2, we now have that (4.18)) holds. The proof is completed

by applying Proposition and noting that

n<-(%6(55) < (5)¢(5s) -
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4.3. Proof of the second alternative.

Proof. First, we set
Vo

o =
2—V07

and we apply Proposition with 0 =1, 1y = v, k=w/2, p=2R,and T = A
to infer that, for each Ty € (—09A, —A), there is a number 7, € (Tp, Tp + aA) such
that

’{.’E S KQR : ’LL(.’E,Tl) § %}‘ § (1 — %) ‘K2R|.

We momentarily fix Ty € (—6pA, —A). It follows from Proposition with
p=2R, v=1y/2, €= %, and 6 = 1 that there is a constant ¢ € (0,1), determined
only by data, such that

5
{z € Kon : u(x,t) < 7“’}| <(1- %)|KQR| (4.19)

for all t € (71, min{m + A,0}). Since Ty is arbitrary, we conclude that holds
for all t € (=00 + 1)A,0).

For our next step, we take 6* to be the constant from Proposition [£.3] corre-
sponding to o = vp/4, v = 1y and § = 1/2. We also choose

fo =1+ (6%6)* 9.

Since

) *6w) -1
2R ’
we infer from Proposition {4.3| with 7 = $(fy — 1)A (which is easily seen to satisfy

(4.6)) that

(6 — A > (6*6w)2G(

6*w
|Qs+50/2, N {u < ?H < vo|Qs+ 5w, R|-
We then use Proposition with 6 =1, k = §*0w/2, and p = R to infer that
. 1.,
ess 1nf<195*6u/2ﬂ/2 u > 16 ow.

We now observe that 6* < 1 and § < 1/2, and hence

0*dw 2 ., 0% 0w, —1 0" 0WN2 1y o — w
e R )

= (26%8)2 %0 (%)2 G (%)_1 .

The proof is now complete because this inequality implies that Q@ C Qs«5u/2,r/2- U

-1

5. PROOF OF AUXILIARY THEOREMS

‘We now present the basic results used in the previous sections of the paper. Some
are proved here because their proofs are slightly different from the corresponding
results for the parabolic p-Laplacian equation, but the others, which are already
known in the form we need, are just quoted.
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5.1. Local energy estimate. This estimate is a fundamental inequality that plays
an important roles in several proofs, especially those of Propositions and
The inequality is essentially equivalent to [7, (1.17)], |8, Proposition II.3.1],
and [23, Proposition 2.4] if go = g1 = p. Some techniques come from Section 3 in
[18]. We point out here that Propositions and as well as their proofs are
valid for the full range 1 < go < ¢1.

Proposition 5.1. Let G satisfy structure conditions (1.3) in a cylinder Q, =
K, x [to,t1], and let ¢ be a cutoff function on the cylinder Q,, vanishing on the
parabolic boundary of Q, with 0 < { < 1. Define constants r, s, and q by

1
7,,:1_77 s:gi, q:2gl (51)
91 9
(a) If u is a locally bounded weak supersolution of (1.1)), then there exist constants
co, €1, and co depending on data such that

/K,,x{tl} ¢ (C(u_pk)_) (u—k)* T2 da

+CO/Q G(|D(u—k)_)Gr—l(““[)’“)—)(u—k)ichxdt

< e //Q GH(L ; k)_>(u— k)G dedt

(5.2)

+ e // G (I1DC|¢(u— k)_) GrL (C(“,_Ok))(u — k)® dadt

for any constant k.
(b) If u is a locally bounded weak subsolution of (1.1)), then there exist constants
co, €1, and co depending on data such that

/pr{tl} ¢ (C(upk”) (u— k)32 do

+CO/Q G(D(u—k)+|)GT1(4(“_/“”)(u—k)igqczxdt
= //Q GT_I(W)W — k)R G| dadt

vo [ pG<|D<|<<u—k>+>GT-1(W/f)+)<u—k>idxdt

for any constant k.

Proof. To prove (a), we assume that u is differentiable in terms of the time variable.
Such an assumption is removed by applying Steklov average. The choices (5.1)) are
made to satisfy

(r—=1)g1+(s+1) >0, (5.4a)
(r—1)go +s <0, (5.4b)
(r—1)g1+¢ >0, (5.4¢)

Inequality (5.4a) implies that G™=1(o)o*T! is increasing with respect to o, and
inequality (5.4b)) implies that G"~!(o)o® is nonincreasing with respect to o.
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‘We use the test function

o(w,

in the integral inequality

t) =qr-1 (C(U ; k)— ) (u — k)**H1¢e,

// ugp dx dt +/ Dy - Adzx,dt > 0. (5.5)
Qp

Q@

For simple notation, let @ :=

(u—k)—. Then we have

Dp— {(r—l)%g(%) 4 (s+1)G (Cu)}Gr 2(<§)aquDﬂ

+{ (r—1) C (CU) (—)}Gr_z(@)ﬁs—i_lcq_lDC.

p

From the second inequality of and the definition of 7, it follows that

(u

-0 + <s+1)G(%‘> > (= Dgr + (5 + DIG(D)

—sG(5).

In addition, the second inequality of (1.4) and (5.4c) imply that

<r—1>%g(

)+ a6(S) 2 [ = Vor + 4G5

C'L_L)

> 0.

It then follows from the first inequality of (| . ) that
Cu QU qu  Cu ca
—1 + =(r—1)=— +qG
= 029(5) 4 4650 = (- 1)L (F) 446 ()

Hence

< [(r—1)go+ q]G(%)-

/ A(z,t,u, Du) - Do dx dt

< ff e

u)G 1( ) @ ¢ du dt (5.6)

+{(r— Do + }Cr // (|Dul) D¢ ( p) @10 dedt.

In Lemma [2.1)(e), set o1 =

|D§\u/§ and oy = |Dul to obtain, for any ¢; > 0, that

6 (Byarg <|Du|>' Sl < e g1 G(IDu G (O

_|_€1 glg1G<Dg|U> G~ 1(C ) scq

In particular, if we choose

and if we use Lemma [2.1]

SCO
2g1[(r — 1)go + qJC1
to estimate

i
6 (") < ¢ (peien).

€1 =
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we infer that

/ D(p . .AdJC dt S 716()[0 + 1CQIQ, (57&)
Q, 2 2
with
Co = SCQ, (57b)
co = 26%79191[(7" —1)go + q]C1, (5.7¢)
Io = // G(|Dﬂ|)GT’1(%)ﬂ5Cq da dt, (5.7d)
Qp
Iy = // G (|D¢|¢n) Gr—l(%‘)asgq—% dx dt (5.7¢)
Qp

Now, by setting
F:/ G“l(c—a)oﬁr1 dov,
0 P

we infer that

t
// upp(x, t) de dt = —/ F¢ldx
K,x{t}

1+q// FCl¢ dedt. (5.8)
, to Q

We now note that F > 0 and that, because G"~*(c0)o® is increasing with respect

to o,
F< Gr—l (C:U) as+2.

o P
Hence

/QP F¢r ¢ daedt < //pG”(Cp“)aS“gql |Ct| da dt. (5.9)

S—

In addition, because G"~1(o)o*~! is decreasing with respect to o, we infer that

i Cuy oy [ 1 ,_q Cly
F>GT17 51/ d :7GT17 s+1,
> e (a ! [Cada= 56 (S

Therefore,

t 1 1
‘< ”/ G (S5 g+ de. (5.10)
2 JK,x {0}

/ F(ldx

K, x{t} to p

The proof is complete, with ¢y and co given by (5.7b) and (5.7¢) and ¢; = 2¢q, by
combining (5.5), (5.7), (-8). (-9), and (510).

The proof of (b) is essentially the same with (u — k)4 in place of (u — k)_. O

Note that, if we assume (5.4) and the inequality ¢ > 2¢; in place of (5.1)),
then (5.2) for supersolutions (or (5.3) for subsolutions) holds with the constants
determined also by 7, s, and q. We have made the choices in (5.1)) for convenience
only.
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5.2. Logarithmic energy estimate. The logarithmic energy estimate ([5.11)), used
to prove Proposition is modified from [8, Proposition II.3.2] and similar to [7],
(1.6)] and [23, Proposition 2.6]. The functions h and H are defined in Lemma [2.2]

Proposition 5.2. Assume that G satisfies in a cylinder Kg x [to, t1]. Let ¢ >
g1 and 6 € (0,1) be constants, and let ¢ be a cut-off function which is independent
of the time variable.

(a) Let u be a nonnegative weak supersolution of and let k be a positive
constant. Then

ty
/ H(qf2)gwx+co(4go—2)/ G(|Du)h(W?)(V")?¢ da dt
KRX{tl} to Kgr (5 11)
t1 :
H(V)(dz + C* R(I2) W (TG D] 991 dg d
s/mw (W) d + //K< PO ) ddt

where

«_ Co(291C1\ % B k
= (5G7) = )

(b) If u is a nonpositive weak subsolution of and k is a negative constant,
then holds with
k
(14 0)k+ (u— k)+]'
Proof. As before, to prove (a), we assume that u is differentiable in terms of the

time variable and later such an assumption is removed by applying the Steklov
average. Define the test function ¢ = 2h(¥?)U¥’(4, and note that

T(u) =In' |

U (u) = = (1)
[(1+8)k — (u—Fk)_)?
Since u is nonnegative, it follows that 0 < (u — k)_ < k, and therefore
1 1
— < V| < =
(1+0)k — ¥l < ok’

Moreover, ¢ € L>® and Dy € L*, so ¢ is an admissible test function.
First, we have

t1 ty
/ / ut2h(\112)\11\11’(‘1dxdt:/ / [iH(\Iﬁ)]qumdt
to Kpgr to Kgr dt

:/ H(\Iﬂ‘)chx—/ H(U?)( da.
Krx{ti}

KRX{t()}

og\pghﬁ%.

Second, we take the derivative of the test function
Dy = [AR (U?) (W) + 2h(V2) ()2 + 2h(U) WU Dy
+ 2qh(U?) T¢I DC.
Using the inequality and the observation that U” = (U/)2 we estimate
40/ (U2 (TW)2 + 2h(V2) (V') 4 2R(TH) WU > [4gy — 2 + 2U]h(T2)(T')2
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It follows that

ty
/ Az, t,u, Du) - Do dz dt
o YKr
t1
> co/ / G(|Du|)h(¥?)[4gy — 2 + U)(¥")?¢? da dt
Kr

ty
—2qC’1// (| Du|)h(T2) |¥| ¢4 DE| da dt.

Using Lemma e), we infer that
g(IDul)h(¥*) W [@'| ¢*= | D¢|

= h(T) (W) Ctg(|Dul) 2]

¢l
D
< () [ GDu) + 06 (Lot )]
for any €3 > 0. Choosing €2 = Cy/(2¢g1C1) leads to (5.11)).
Again the proof of (b) is similar. O

5.3. A Poincaré type inequality. We shall use the following Poincare inequality
which is inequality [I6], (5.5) Chapter 2] (see also [8, Lemma 1.2.2]).

Lemma 5.3. Let v € Wh! (K;f“) nc (Kﬁ") for some p > 0 and some xq € RN
and let k and | be any pair of real numbers such that k < l. Then there exists a
constant v depending only upon N,p and independent of k,l, v, xq, p, such that

N+1
p

I—RK)IKN{v>}| <vige———
( ) p { H K5 N{v <k} K3on{:k<v<l}

|Dv| dex.

5.4. Embedding theorem. Our next result is a variation on the Sobolev imbed-
ding theorem.

Theorem 5.4. For a nonnegative function v € Wol’l(Q) where Q = K X [tg, t1],
K c RY, we have

// vdzdt < C(N)|Q N {v > 0} ¥
¢ N (5.12)

1
X {esssuptogtgtl/ vdx} o [// |Dv| dx dt} A
K Q

Proof. First, by Holder’s inequality, we obtain

//defcdt<|QO{v>0}|Nl+1[//Qv”}v“dxdt] W (513)

Second, by Hélder’s inequality and Sobolev’s inequality for p = 1, we have

/KUNJ1 < [/KvNNldx}NNl[/dem]l/N
SC(N)/ |Dv|dx[/ vdm]l/N.

Combining two inequalities ([5.13)) and ( - produces the inequality - (I

(5.14)
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5.5. Iteration. Finally, we recall [8l Lemma 1.4.1], which is the same as [I7]
Lemma 2.4.7].

Lemma 5.5. Let {Y,,}, n=0,1,2,..., be a sequence of positive numbers, satisfying
the recursive inequalities
Y1 < CH"Y,HT (5.15)

where C,b > 1 and a > 0 are given numbers. If
Yo <Cwbar,
then {Y,,} converges to zero as n — oc.
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