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MULTIPLE HOMOCLINIC SOLUTIONS FOR INDEFINITE
SECOND-ORDER DISCRETE HAMILTON SYSTEM WITH
SMALL PERTURBATION

LIANG ZHANG, XIANHUA TANG

ABSTRACT. In this article, we sutdy the multiplicity of homoclinic solutions
to the perturbed second-order discrete Hamiltonian system

Alp(n)Au(n — 1)] — L(n)u(n) + VW (n,u(n)) + 6VF(n,u(n)) =0,

where L(n) and W (n, z) are neither autonomous nor periodic in n. Under the
assumption that W(n,z) is only locally superquardic as || — oo and even in
z and F(n,x) is a perturbation term, we establish some existence criteria to
guarantee that the above system has multiple homoclinic solutions by minimax
method in critical point theory.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS
In this article, we consider the second-order perturbed discrete Hamilton system
Alp(n)Au(n —1)] = L(n)u(n) + VW (n,u(n)) + 0VF(n,u(n)) = 0, (1.1)

where n € Z, u € RN, Au(n) = u(n + 1) — u(n) is the forward difference operator,
p(n) and L(n) are N x N real symmetric positive definite matrices for all n € Z,
and W, F: Z x RNXN — R, As usual, we say that a solution u(n) of is
homoclinic (to 0) if u(n) — 0 as n — +oo. In addition, if u(n) # 0 then u(n) is
called a nontrivial homoclinic solution.

System does have its applicable setting as evidenced by the excellent mono-
graphs (see [I,[3]), and some authors studied the existence of periodic solutions and
subharmonic solutions of using the critical point theory (see [2}[4] 2T], [22] 23]).
Moreover, the existence and multiplicity results of boundary value problems for
discrete inclusions, such as fourth-order discrete inclusion and partial difference
inclusions, have been established by the application of non-smooth version of crit-
ical point theory (see [8 [12] [I3]). It is obvious that system with § =0 is a
discretization of the following second-order Hamiltonian system:

d .
a(p(t)u(t)) — L(t)u(t) + VW (t,u(t)) = 0. (1.2)
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In recent years, the study of homoclinic solution of system is rapid by vari-
ational methods (see [B} [7, @, [T4], (17, 18]). It is well known that homoclinic orbits
play an important role in analyzing the chaos of dynamical systems. If a system has
the smoothly connected homoclinic orbits, then it can not stand the perturbation,
and its perturbed system probably produce chaotic phenomenon.

For system with § = 0, the existence and multiplicity of homoclinic so-
lutions of system or its special forms have been investigated by the use of
critical point theory (see [0 10} 1T} 19, 24]). If p(n), L(n) and W (n, x) are periodic
in n, some authors dealt with the periodic case in [0, [IT]. When the periodicity is
lost, this case is quite different from the one mentioned above, because of lack of
compactness of the Sobolev embedding. If W (n,z) is superquadratic as |z| — oo
uniformly for n € Z, the following well known global Ambrosetti-Rabinowitz su-
perquadratic condition is often required:

(A1) there exists u > 2 such that
0 < puW(n,z) < (VW(n,z),2), (n,z)€ZxRV\{0},
where and in the sequel, (-,-) denotes the standard inner product in R¥,
and | - | is the induced norm.
However, there are many indefinite functions not satisfying (A1). For example, let
W(n,z) = (n—1)z|*, 2<s<oo. (1.3)

It is obvious that W(n,z) is only locally superquadratic as |z| — oo. If W(n,x)
is even in z, the classical multiple critical point theorems can be applied to obtain
multiplicity results for system with 8 = 0. When 6 # 0 and F(n,z) is not
even in x, then the perturbation term F'(n,x) breaks the symmetry of the energy
functional of system . This case becomes different and more complicated. A
natural question is that whether multiple homoclinic solutions exist for system
with indefinite functions W (n,z) under broken symmetry situation. As far as the
authors are aware, there are few papers discussing this question. In this paper, we
give a positive answer to this question. In detail, we obtain the following theorems.

Theorem 1.1. Assume that L, W and F satisfy the following conditions:

(A2) L(n) is an N x N real symmetric positive definite matriz for alln € Z and
there exists a function l : Z — (0,00) such that [(n) — 400, |n| — oo, and

(L), 2) > W), (n,7) € Zx RV
(A3) W(n,0) =0, and there exist constants p > 2 such that
W (n,2) < (VW(n,2),2), (n,2) € Z x RY;

(A4) for every n € Z, W is continuously differentiable in x, and there exists
constants a1 > 0 and 1 < vy < vy < 00 such that

VW (0, 2)] < anlm)(Jol” + [o]),  (n,z) € Zx RY;
(AD) there exists an infinite subset A C Z such that
lim L/(n,x) =

= n €M
loj—oo |z ’ ’
and there exists rqg > 0 such that

W(n,z) >0, (n,z)€AxRY and |z| > ro;
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(A6) W(n,z) = W(n,—z), (n,z) € Z x RY;
(A7) for every n € Z, F is continuously differentiable in x, and there exists a
function v, € I*(Z,[0,+00)) such that

F(n,2)| <m(n), (na)€ZxRY;
(A8) there exists a function o € 1?(Z, [0, +00)) such that
IVF(n,z)| < v2(n), (n,z)ecZ xRV,

Then for any j € N, there exists €; > 0 such that if |0] < e;, system (L.1)) possesses
at least j distinct homoclinic solutions.

Theorem 1.2. Assume that L, W satisfy (A2)-(A6). Then there exists an un-
bounded sequence of homoclinic solutions for system (1.1)) with 6 = 0.

Remark 1.3. We would like to point out that even in the symmetric case, our
results are also new. In fact, the condition (A5) implies that W(n,z) is only of
locally superquadratic growth as |z| — oo, and our assumption (A5) is weaker than
the conditions presented in the reference.

Since F'(n,x) is not even in z in Theorem the classical multiple critical point
theorems fail to obtain multiplicity results for system . The main difficulty is to
find an appropriate class of sets due to indefinite character of the function W (n, z)
which is used to construct multiple critical values for the perturbed functional of
system . To overcome this difficulty, we construct an orthogonal sequence by
which a sequence of sets are introduced, then multiple critical values will be obtained
by minimax procedure over these sets, which correspond to multiple homoclinic
solutions of system .

The article is organized as follows. In Section 2, we present some preliminary
results and useful lemmas. The proof of Theorem and Corollary 1.1 are given
in Section 3. In Section 4, we present an example to illustrate our results.

Throughout the article, we denote by C,, various positive constants which may
vary from line to line and are not essential to the proof.

2. VARIATIONAL SETTING AND PRELIMINARIES
Let
S = {{u(n)}nez : u(n) eRN, nez},
E={ues: Y [(p(n +1)Au(n), Au(n)) + (L(n)u(n)m(n))] < 400}

ne”Z
For u,v € E, let
(u,v) = Z [(p(n + 1)Au(n), Av(n)) + (L(n)u(n),v(n))].
nez

Then F is a Hilbert space with the above inner product, and the corresponding
norm is

lull:= (3 [(p(n + 1)Au(n), Au(n) + (L(n)u(n), u(n))})”z, ueE.
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Moreover, we use E* to denote the topological dual space with norm || - || g~. As

usual, for 1 <p < oo, k=1or N, set

2R = {{ulm)nes s uln) €R, n € Z, D Ju(m)l < oo},
nez

1°(Z,R*) = {{u(n) }nez : u(n) € R*, n € Z, Sté;z)|u(n)| < 400},

and their norms are defined by
1/p
ulp = (X lumP) ™. weP@RY: ful = suplu(m), u e 7(2,RY).
nez n

If the condition (A2) holds, E is continuously embedded in IP(Z,RY) for all p €
[2, +00]. Consequently, there exists 7, > 0 such that

lullp < 7pllull, weE. (2.1)
Lemma 2.1. If condition (A2) holds. Then E is compactly embedded in 1°°(Z,RN).

Proof. Let {ux} be a bounded sequence in F, that is, there is a constant A such
that

lug < A, keN.

Since F is a reflexive space, passing to a subsequence, also denoted by {uy}, it can
be assumed that ug — ug, k& — co. Next we only need to prove

up — ug in 1°(Z,RY). (2.2)

For any given number ¢ > 0, by (A2), we can choose a positive integer Iy such
that

4A%

By (A2) and (2.3), we have

mmWs%ﬂuwmmmewﬂmw_%,wzmweN<u>

Since ug — up in E, it is easy to verify that ug(n) converges to ug(n) pointwise for
all n € Z; that is,

klim ug(n) = up(n), n € Z. (2.5)
In view of (2.4) and (2.5)), we have
lug(n)| <e/2, |n|>T. (2.6)

By , there exists kg € N such that
lup(n) —up(n)| <e, k> ko, |n| <Ip. (2.7)
In combination with , and
lug(n) —uo(n)| <e, k>ko, nez,

which implies that (2.2)) holds. The proof is complete. [
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Next we introduce a functional I : R x £ — R

Ip(u) : ”“” Y W(n,u(n) — 63" F(n,u(n)). (2.8)
nez nez
By (A2), (A4), (A7) and (AB), for fixed 0y € R, Iy, (u) is well defined and of class
CY(E,R). For u,v € E,
(Ig, (w),v) = > [(p(n + 1)Au(n), Av(n)) + (L(n)u(n), v(n))]
neZ (2.9)
- Z (VW(TL, u(n))v v(n)) - 00 Z (VF(na U(TL)), U(TL))
nez ne”Z

Furthermore, if ug € E is a critical point of Iy, (u), then ug is a homoclinic solution
for system (1.1)) with 6 = 6.
Lemma 2.2. Assume that all the hypotheses of Theorem [I.1] hold. Then
(1) for any fized 0y € R, Iy, satisfies the Palais-Smale condition;
(2) there exists a positive constant Cy such that
[Zo(u) — Io(u)| < Colf], (0,u) ERx E.
where Co := Y, oy [71(n)].

Proof. To prove (1), we first show that there exists a constant M such that {ux} C
FE is a sequence for which

[To, (ux)| < M and Ié (uk) — 0, (2.10)
then {ux} is bounded. For large k, it follows and (2.9) that

20 k|| + M > I, (ur,) — —<Ig,0 (ug), ug)
- a (2.11)
> o

2
gl = Cullurl = Ca,

which implies that ||ug|| is bounded in E, that is, there exists a constant A" > 0
such that

lur|| < A’ keN.
Since F is a reflexive space, passing to a subsequence, also denoted by {uy}, it can
be assumed that

ug — ug, k — 00. (2.12)
Moreover, ||ug|| < A" and it is easy to verify that

lim ug(n) =uo(n), ne€Z. (2.13)
k—o0

For any given number € > 0, by (A4), there exists a positive constant 6 < 1 such
that

VW (n,z)| <el(n)|z], (n,z)eZ xRN, |z| <6 (2.14)
Arguing as in Lemma [2.1] there exists a positive integer II such that
lug(n)] <6 and |up(n)| <4§, keN, |n|>I. (2.15)

It follows (2.13]) and the continuity of VW (n,z) on x that there exists ky € N such
that

Z VW (n,ux(n)) — VW (n,uo(n))||ug(n) —uo(n)| <e, k>ko. (2.16)
In|<Ig
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On the other hand, by and (2.15),
> VW (n,uk(n)) = VW (n, ug(n))|[u(n) — uo(n)|

n|>Ilp

|<| | 2% (I9W (1, i ()| + [V W (1, 10 ()]} (fus (] + g () )

<e ZH n)(fur ()] + luo ()] (fur (m)] + Juo (n)])

<2;>ZO ) (s ()] + [uo (m)[2) 210
n|>Ilp

< 2 :%;I n),ur(n)) + (L(n)uo(n), uo(n))]

< 2e([lugl® + [luol1?)
<4eA”?, keN.

Since ¢ is arbitrary, combing (2.16]) and (2.17)),
Z VW (n,ux(n)) — VIV (n, uo(n)||uk(n) —up(n)| — 0, k — oo. (2.18)
neL
y (A8), there exists a positive integer II; such that

( > \72(n)|2)1/2 <e (2.19)

|’I’L|>H1

In view of (A8), and (2.19), we have
Z IVE(n, ug(n)) = VE(n, uo(n))l[ur(n) — uo(n)

"I’L|>H2
1/2

<2 3 ) (X ) — wo(m) ) (2.20)

|n|>T1, [n[>II2
< 272 ||ug, — wo)?

< 275 [Juk — uol|"e

<472A”%e, keN.

where IIy := max{Ilp,II;}. Moreover, it follows from the continuity of VF(n,z)
on x that there exists k1 € N such that

> IVFE(n,up(n)) — VE(n,uo(n))|[ux(n) —uo(n)| <e, k>k.  (2.21)
|n|<IIz
Since ¢ is arbitrary, for any fixed 6y € R, in combination with (2.15) and ,

0o Z |IVF(n,ug(n)) — VF(n,ug(n))||ug(n) — up(n)] — 0, k — oo. (2.22)
nez

It follows from (2.10f) and ( - ) that

<I€O (ur) — Iy, (uo), up — ug) := € — 0, k — oc. (2.23)
It follows from (2.18)), (2.22) and (2.23]) that

lu = uol|* < D IVW (n,up(n) — VW (n, ug(n))||ug () — uo(n)]
ne
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+00 Y |VF(n,up(n)) = VF(n,uo(n))||ug(n) — uo(n)| + lexl,
nez

which implies that uy — uo in E. Hence, Iy, satisfies Palais-Smale condition.
To prove (2), by (A7) and direct computations,
[Io(u) — Io(u)| < Col0], (0,u) € R x E.
The proof is complete. O

Lemma 2.3. Suppose that (A5) holds. Then there exists a normalized orthogonal
sequence {¢;}5°, C E.

Proof. Since A C Z is an infinite set, there exist a strictly increasing sequence or a
strictly decreasing sequence {n;}%2,; C A. Without loss of generality, we assume

Ny <Ng < <My < -+ — 400.

Define

0T eRN, n=n,
dn(n)—{(()l’o’ 07 € R, Z#Z (2.24)

It is obvious that {¢;}$2; forms a linearly independent sequence in E. By Gram-
Schmidt orthogonalization process, also denoted by {¢;}, we can get a normalized
orthogonal sequence. The proof is complete. ([l

Let D,, = span{¢1, ..., dm}, m € N. It is obvious that D,, is a finite dimensional
subspace in E. Next we prove that there exists a strictly increasing sequence of
numbers R,,, such that

Ip(u) <0, we D,\Br (2.25)
where Bp,, denotes the open ball of radius R, centered at 0 in E, and Bpg,, denotes
the closure of Bg,, in E.

m 7

Lemma 2.4. Under assumptions (A5), for any finite dimensional subspace D,,, C
E,
Ip(u) — —o0, |ju|| = o0, u € Dy,. (2.26)

Proof. We prove by contradiction. If is false, there exists a sequence
{ug} C D,, with ||ug| — oo, there exists M > 0 such that Ip(uy) > —M for all
k € N. Set vy = ug/||ug||, then |lvgx]| = 1. Passing to subsequence, we may assume
vy — v in E. Since D,, is a finite dimensional space, then vy — v € D,,, then
|lv]| = 1. Set

D={neZ:vn)#0} and O ={ni,n9,...,nm},

then
M#0 and IIC O, (2.27)
moreover,
klim lug(n)| =00, mnell (2.28)
It follows from (A3) and (A4) that
W (n, )| < arl(n)(ja]" " + [a2Fh),  (n,2) € Z x RY. (2.29)

For 0 <a < b, let
Q(a,b) = {n €O :a < |up(n)| < b},
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it follows from (2.28) that IT C Qx(rg, c0) for large £ € N. By (A3), (A5), (2.27),
(2.28)) and (2.29) that

To(u)

. . 1 W(n,ug)
o< tim 204y L5 W)y
k—o00 HukHQ k—oo L2 Z HukH2

ne”Z

= lim P ,T;@ W(n,uk)]

k—oo L2 H’U,kHQ

- 1 W (n,ug) W (n, ug)
=imz- Y TaE X TaE ]

n€Qk(0,m0) n€Qy (r9,00)

) 1 5 y _ Wn,u
< lim sup [5 + mamar (rg* T + g2 lug )| 72 - Z Mh}kﬁ]

2
k—oo n€Qy (ro,00) ‘uk|

1 . . W(TL, uk‘) 2

5 ~lminf > T = oo
neQ (rg,00)

where a,, := max{l(n),n € ©}. But the above inequality can not hold. Thus (2.26)

holds. The proof is complete. ([l

<

3. PROOFS OF MAIN RESULTS

Next we introduce some continuous maps in E. Set
Ty, ={h € C(Fn,E)| hisodd and h =id on dBg,, N D, }, (3.1)

m

where F,, := B r,, N Dy, By (3.1), we define a sequences of minimax values
b = hinf max Io(h(u)). (3.2)
€

m UEF,

Since FE is a separable Hilbert space, there exists a total orthonormal basis {e;} of
E. Define X; = Rej, j € N and

Vi =@ X;, Zr=03,,,X;, keN (3.3)
It is obvious that
E=Y2®Zy, Zp=YF, keN

Next we give an intersection property which has been essentially proved by Rabi-
nowitz in Proposition 9.23 of [I6].

Lemma 3.1. For anym €N, p< R, and h €T,
h(F) NOB, N Zy—1 # 0.
Lemma 3.2. Suppose that (A2) hold. Then

Bk == sup lt]loo = 0, Kk — 0. (3.4)
u€Zy, |lul|l=1

Proof. In fact, it is obvious that By > Bxy1 > 0, 80 By — 6 > 0 as k — oo. For
k € N, there exists uy € Z; such that

lukll =1 and [uklloc > Br/2. (3.5)
By a similar proof in [20, Lemma 3.8], uy — 0 in E. By Lemma we have
up — 0 in 1°°(Z,RY). (3.6)

In combination with (3.5) and (3.6)), (3.4) holds. The proof is complete. O
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Lemma 3.3. Assume (A3) and (A4) hold. Then
by, — 00, M — 00. (3.7)

Proof. By Lemma for any h € T, and p < R,,, there exists u,, € h(F,) N
aBp n Zm—h then

I > ] > inf 1 . .
max lo(h(w)) 2 lo(um) 2 nf ~ To(u) (3:8)
In view of (A3) and (A4),
W (n,z)| < arl(n)(|z[* T 4 |z|2t1),  (n,z) € Z x RV, (3.9)
y (A2), (2.8), (3.4) and ( . foru e Z,,_1,
2
Ip(u |u|| Z W (n,u(n
nez
> o S i)+ ) (310)
neZ
2
2 Hu2|| . 1/1 1|| HV1+1 ay V2 1Hu||ll2+1'
In view of (3.4) and (3.10), when m is large enough, for v € Z,,_1,
2
o) 2 P g0 jul — ¢ (3.11)
Choose p := (8a1 6,1 1)1—1V2, if u € Zy—1 and |u|| = p,
Io(u) > (Salﬂ”l hem - s, (3.12)
In combination with (3.8]) and ( -, when m is large enough,
by > 4(8@15”1 1)1 v2 — (3,
which implies that (3.7) holds by (3.4). The proof is complete. O

Next we introduce some continuous maps in E. Set
Ap :={H € C(Uy,E)| H|p,, €T\, and H =id for_ (3.13)
u € Q= (0Br,,.; N Dimy1) U ((Brost \Br,,) N D) },
where
Up = {u=tdpi1 +w:t€[0,Rpi1], w€ Br,,,, N Dy, |Jul < Rpgr . (3.14)

In view of Lemma [3.3] it is impossible that by, 11 = by, for all large m. Next we
can construct critical values of Iy(u) as follows.

Lemma 3.4. Suppose by11 > by, > 0. For any 6 € (0,by 41 — b)), define

A (6) = {H € Ay |Io(H(w)) < by, + 8 foru € Fy,}. (3.15)
For any 0] < 2C5 ™ (b1 — by — ), where Cy is given in Lemma let
= inf Ig(H . A
om(0) = 2 o) 1)

Then ¢, (0) is a critical value of Tp(u).
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Proof. By (2) in Lemma [2.2] we have
To(u) — Col0| < Ip(u) < Ip(u) + Colb], (A,u) R X E. (3.17)

For any H € A, (0), since Fyy1 = Uy U (=Uy), then H can be continuously
extended to F3,41 as an odd function H. Moreover, H € T, 41. Since Io(u) is
even, by the construction of H, we have

max Iy(H(x)) = _Inax Io(H(z)). (3.18)

E€EFm+t1

It follows from (3.2)), (3.17) and (3.18)) that

max Iy(H(z)) = max Io(H(x)) - Colo|
= max Io(H(z))— Cold| (3.19)

€ Fm 11
> bmt1 — Cold|-
In view of and , we obtain
em(0) > b1 — Col0] > by + 0 + Co|6). (3.20)

If we choose H,, € A,,,(9), then H,, can be continuously extended to F,,;+1 as an
odd function H,,. Moreover, H,, € I';,;1. Define

Cm = ;relgi(n Io(Hp(2)). (3.21)

It is obvious that ¢, < +00 and ¢, is independent of 6. It follows from (3.2)) and

(B21) that

em = max Io(Hp(x)) = max Io(Hp(x)) > b1 (3.22)
zeUp, TEFm41
Moreover, by (3.16)), (3.17) and (3.21]),
em(0) < em + Colb). (3.23)

Next we show that ¢, () is a critical value of Iy(u). If ¢,,(0) is a regular value of

u), by , choose
€= (cm(0) —bm —6 —Colb))/2, (3.24)

By the Deformation Theorem in [I6], there exists € € (0,¢) and n € C([0,1] x E, E)
such that

n(lu) =u, Ig(u) & [em(l) — &, cm(0) + 2], (3.25)
and if Ty(u) < ¢ (0) + €, then
To(n(1,u)) < ¢m() —e. (3.26)
By (3.16), there exists Hy € A,,(8) such that
Inax Io(Ho(uw)) < em(8) + . (3.27)
Define -
Ho(-) = n(1, Ho()). (3.28)

Next we prove Ho G A (9). Tt is obvious that Hy € C(Up, E). In view of Hy €
9), @.15), B.I7) and (3.2,

IQ(HO( ) < IO(HO( )+ Col0] < b +0+Colf] < cm(0)—&, ué€F,. (329)
In combination with (3.25)), (3.28) and (3.29),
Ho(u) = n(1, Ho(u)) = Ho(u), u € Fy,,
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which yields

Holp, €T, and  Io(Ho(u)) = Io(Ho(w)) < by + 0, u € Fy,. (3.30)
In view of Hy € A,,(0) and the definitions of R,,, and R,,4+1
Ho(u) =u and Io(Ho(uw)) <0, u€ Qmn. (3.31)
By (3.17), (3.24) and (3.31)), we have
To(Ho(u)) < Io(Ho(u)) + Colf] < Colf] < cm(0) =&, u € Q. (3.32)
It follows (3.25), (3.31) and (3.32) that
Ho(u) =n(1, Ho(u)) = Ho(u) = u, u€ Q. (3.33)

In view of (3.30) and (3.33), Hy € A,,,(6). Moreover, it follows ([3.26) and (3.27)
that

[ = < -
Inax Ig(Ho(u)) Inax Io(n(1, Ho(u))) < cm(0) — ¢,
which is a contradiction to (3.16)). The proof is complete. O

Proof of Theorem[I.1. First we can choose a subsequence {n;} C N such that
bpn,+1 > by, > 0. In view of Lemma there exist two sequences {6} and
{cn, (0)} such that 0, > 0 and c,, (0) is a critical value for Ip(u) with |0] < 6.
Moreover, by (3.20) and (3.23)),

b, — Colf| < ¢, (0) < cpn,, + Colb). (3.34)
For any j € N, choose strictly increasing integers p; such that for 1 < < j,

pi € {ng} and ¢y, <by,,-

Next we can choose ¢; > 0 small enough such that ¢p, (§) with 1 <4 < j are defined
for |8] < ;. Moreover, if |8] < ¢j, for 1 <i <y,

ep; + Col0] < by, — Col]. (3.35)
In view of (3.34) and (3.35), for |6| < ¢;, Ig(u) has at least j critical values and
Cpy (9) < Cpy (9) < < Cp; (9)
Therefore system (1.1]) has at least j distinct solutions. The proof is complete. [

Proof of Theorem[I.3. By the Deformation Theorem and Lemmal[3.4, we can prove
that {b,,} is a sequence of critical values of Iy(u) which converge to +o00. Hence the
corresponding critical points are solutions of system with 8 = 0. The proof is
complete. O

4. EXAMPLES

In this section, we give an example to illustrate our results. In system (|L.1)), let
p(n) be an N x N real symmetric positive definite matrix for all n € Z, L(n) =
(n? 4+ 1)1y, and let

sin x1
w = (n*-10)[z[*> and F =—
(n,2) = (2 = 10)a and Fn,z) = 2%,
where = (x1, 2, ...2x). Thus all conditions of Theorem are satisfied with
1

p=3, vi=wr=2 v(n)="1y0n)= 14+ n2’
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By Theorem for any j € N, there exists €; > 0 such that if |§] < ¢;, then
system (1.1)) possesses at least j distinct solutions. Since F'(n,x) in our example is
not even in z, the results in [6, 10, 1T}, 19} 24] can’t be applied to this example.
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