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POSITIVE GROUND STATE SOLUTION FOR KIRCHHOFF
EQUATIONS WITH SUBCRITICAL GROWTH AND ZERO MASS

YU DUAN, JIU LIU, CHUN-LEI TANG

ABSTRACT. In this article, we study the Kirchhoff equation
7(a+b/ |Vu|2dz>Au:K(:r)f(u), z € RN,
RN

u € DYERY),

where a > 0, b > 0 and N > 3. Under suitable conditions on K and f, we
obtain four existence results and two nonexistence results, using variational
methods.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

We consider the Kirchhoff equation with zero mass
—(a + b/ |Vu|2dx)Au = K(2)f(u), zecRY,
RN

u € DV3(RY),

(1.1)

where @ > 0, b > 0 and N > 3. The potential function K : RY — R satisfies:
(K1) K be a nonnegative function and K € L"(RM)\{0}, where r = 5=

T
2*:%and2<p<2*;
(K2) |(VK(z),z)| < K(z) for a.e. x € RN, where (-, ) denotes the scalar product
in RV,
The nonlinear term f € C(R4, R, ) satisfies:
(F1) Timsup, s 291 < ooy
zp(f)l < +0o0;

(F3) lims— 400 @ = +00.

(F2) limsup,_, o

When Q C RY is a smooth bounded domain, the equation

—(a—i—b/ |Vu|2dx>Au:f(x,u), x €,
Q
u=0, x¢€dN.
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is related to the stationary analogue of the Kirchhoff equation
Upt — (a + b/ |Vu|2dx) Au = f(z,u) (1.3)
Q

which was proposed by Kirchhoff [I1] in 1883 as an extension of the classical
D’Alembert wave equation for free vibrations of elastic strings. Kirchhoff’s model
takes into account the changes in length of the string produced by transverse vibra-
tions. Some early classical studies of Kirchhoff equations were those of Bernstein
[4] and Pohozaev [18]. However, equation received great attention only af-
ter Lions [16] proposed an abstract framework for the problem. Some interesting
results can be found in [1], [5], [6] and the references therein.

There are many recent articles studying the Kirchhoff equations with subcritical
growth in R see for example [7, [8, [0, 12} [3] [15, 17, 20, 1] and so on. But for the
Kirchhoff equations with subcritical growth and zero mass, to our best knowledge,
there are very few results up to now except [2] and [I4]. Azzollini [2] obtained the
existence of positive radial solution under K = 1 and f satisfies the Berestycki-
Lions conditions [3]. In [I4], Li et al. obtain a positive solution for b > 0 small
enough when the potential K satisfies

(K3) K € L=(RY),
and other conditions similar to (K1), (K3), and the nonlinear term f satisfies (F3),
and

(F5) lim,_ 400 24 =0,

i
(F6) lim, o+ 2% = 0.

Obviously, condition (F6) is stronger than (F1) and there exist functions which

satisfy (F1), but do not satisfy (F6), such as f(s) = sP~!. Thus, in the present

paper, we will remove the assumption (F6) to study equation . Inspired by

[14], we will use the monotonicity trick to investigate it. Set F(s) = [ f(7)dr.

Our results read as follows.

Theorem 1.1. Assume that a > 0 and b > 0. Suppose that (F1)—(F3) hold. Then
there exists by > 0 such that for any b € (0, by), equation (1.1 has a positive ground
state solution, under one of the following conditions:

(1) N >4 and (K1) holds,

(2) N=3,2<p<4and (K1) holds,

(3) N=3,4<p<6, (K1) and (K2) hold.
Theorem 1.2. Assume that a > 0, b > 0 and N = 3. Suppose that (K1) with
4 <p<6, (F1) and (F2) hold. In addition, | satisfies

(F4) lims— 400 % =400 and sf(s) > 4F(s) for all s > 0.

Then equation (1.1)) has a positive ground state solution.
Theorem 1.3. Assume that a > 0 and b > 0. Suppose that (F1), (F3), (F5) hold.

Then there exists by > 0 such that for any b € (0,by), equation (1.1) has a positive
ground state solution, under one of the following conditions:

(1) N >4, (K1) and (K3) hold,
(2) N =3, (K1)-(K3) hold.
Theorem 1.4. Assume that a > 0, b > 0 and N = 3. Suppose that (K1) with

4 <p<6, (K3), (F1), (F4), (F5) hold. Then (l.1)) has a positive ground state
solution.

- w
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Remark 1.5. Just like the example which was given by Li et al. in [I4], when
p € (max{2, %}, 2*), one can easily verify that the function K(z) = o€

(32*27:31), 1] satisfies (K1) — (K3).

1
1+ |z|o

For equation (1.1) with b > 0 large enough, we have the following nonexistence
results.

Theorem 1.6. Assume that a > 0, b > 0, N > 3 and f satisfies (F1) and (F2).
Suppose that when N =3, (K1) with 2 < p < 4 holds and when N > 4, (K1) holds.
Then there exists B > 0 such that for any b > B, equation (l.1) has only zero
solution.

Theorem 1.7. Assume that a > 0, b > 0 and N > 4. Suppose that (K1), (K3),
(F1), (F5) hold. Then there exists B > 0 such that for any b > B, equation (1.1
has only zero solution.

Theorems 1.1 and can be seen as an extension of the results in [I4].
This article is organized as follows. In Section 2 we give some preliminary knowl-
edge. Section 3 is devoted to the proofs of Theorem [T.1]and Finally, in Section

4 we complete the proofs of Theorems and
2. PRELIMINARIES

In what follows, we use the following notation.
e [ := DY2(RY) is the closure of the compactly supported smooth functions with

respect to the norm
/2
ul| = (/ Vuldr)
]RN

e L*(RY) is the usual Lebesgue space endowed with the norm
1/s
luls = (/ \u|sdx> . Vs e [l,400), |u|oo = esssup,cpn |[u(x)|.
RN

e S denotes the best constant of Sobolev embedding D*?(RY) — L? (RY), that
is,
S|u|§* < ||u||2, for all u € Dl’Q(RN). (2.1)

e (-,-) denotes the dual pairing.
e E* is the dual space of E.
e (', C; denote various positive constants.

Since we are looking for positive solution, we assume that f(s) =0 for all s <0.
By (F1) and (F2), there exists Cy > 0 such that

|f(s)] < Cy|s|P~", for all s € R, (2.2)
F(s)] < %|s|p, for all s € R. (2.3)
By (F1) and (F5), for any € > 0, there exists C. > 0 such that
1f(s)| <els|* 71+ Ccs|P7t,  forall s € R, (2.4)
1F(s)| < 25*|s\2* +C.JtP, forall seR. (2.5)
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By f € C(R4,R;) and (F3), for any L > 0, there exists C, > 0 such that
F(s) > L|s|* — Cyr, for all s € Ry. (2.6)

By (F4), one has
F(s) > L|s|* = Cyp, for all s € Ry. (2.7)
The energy functional I : £ — R defined by

I(u) = %/RN Vul2dz + Z(/RN |Vu|2dx)2 - /RN K (2)F(u)dz.

Obvious, I is of class C! and has the derivative given by

(I'(u),v) = (a +b - |Vu|2dx) /RN (Vu, Vv)dz — . K(z) f(u)vdz,

for all u,v € E. As well known, the critical point of the functional I is solution of
equation (1.1]). For proving our theorems, we need the following proposition.

Proposition 2.1. Let X be a Banach space equipped with a norm || - ||x and let
J C R* be an interval. We consider a family {®x}aes of C*-functionals on X of
the form

Dy (u) = A(u) — AB(u), VA€ J,
where B(u) > 0 for all uw € X and such that either A(u) — 400 or B(u) — +oo,

as ||lullx — +oo. We assume that there are two points vy, va in X such that

ey = ﬂl{ICilfl; tren[gﬁ] D) (y(t)) > max{®y(v1), Px(v2)}

where
['={y € C([0,1], X) : 7(0) = v1,7(1) = va}.
Then for almost every A € J, there is a bounded (PS),
there exists a sequence {un} C X such that
(i) {un} is bounded in X,

(il) Pa(un) — ca,
(ili) @\ (un) — 0 in X*, where X* is the dual of X.

, sequence for @y, that is,

Remark 2.2. The above result corresponds to [10, Theorem 1.1] which is reminis-
cent of Struwe’s monotonicity trick (see [19]) and can be viewed as its generalization.
In [I0, Lemma 2.3] it is also proved that under the assumptions of Proposition
the map A — ¢ is continuous from the left.

Let X :=FE, J:=[1/2,1] and ®5(u) := In(u) = A(u) — AB(u), where

A(u) = %/RN Vul2dz + Z(/RN |Vu|2dx)2,
B(u) = /RN K(x)F(u)dx.

Then I (u) = I(u). It is obvious that B(u) > 0 for all w € E and A(u) — 400 as
[uf| = +oc.
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3. PrRoOOFS OoF THEOREM [[.1] AND THEOREM
First we give some lemmas.

Lemma 3.1. Assume that a > 0, b > 0 and N > 3. Suppose that (K1), (F1),
(F2) hold. Then there exist p > 0 and o > 0 such that Ix(u)|ju =, > a for all
A€ 1/2,1).

Proof. By (2.3]), the Hoélder and Sobolev inequalities, for all v € E and all A €
[1/2,1], we have

¢ 2 — X u)axr
In(u) > i/RN‘V“‘ da /RN K (2)F(u)d

> D2 - / K(@)upds
2 p RN

. p/2"
> Sl = S ([l o)
2 p RN

> Collul|* = Cs]lul|?
= [[ull*(Ca — Csl[ulP~?).

2

Since p > 2, we can choose p = (2%"3)E Then I(u) > %(%)E = o for all

[lu]l = p. The proof is complete. O
For ¢y in Proposition 2.1} we have the following lemma.

Lemma 3.2. Assume that a >0, b >0 and N > 3. Suppose that (K1) and (F1)-
(F3) hold. Then there exists by > 0 such that for any b € (0,by), there are two
points v1, vy in E such that ¢y > max{I(vi), Ix(v2)} for all X € [1/2,1].

Proof. Choose a nonnegative function ¢ € C§°(RY) such that ||| = 1, anf

/Supw K(z)p*dx # 0, /Supw K(z)dx # 0.

Let
2a

fsupp o K(z)p?de

L =
in (2.6) and take
1/2
to = V2 max {p, (%/ K(x)dx) },
supp

where p is given by Lemma [3.1] Then ||to¢| > p and for all A € [1/2,1], one has

at? bt}
I(toy) = 70 + TO - K (x)F(top)dz
supp ¢
aty bty 1
<R3 [ K@@ - s
supp ¢
3 bty Lt}
=204 2P0y G K(z)dx — —2 K(z)p?dx
2 4 2 2
supp ¢ supp ¢
bté CL a 2
7T+7 K(:C)dl'fito

supp ¢
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4
< by _ Cr K(x)dx,

4 2 Jsuppe

which implies that there exists by > 0 such that for any b € (0, bg), one has I (top) <
0. Thus letting v; = 0 and vo = top, by Lemma [3.1] and definition of ¢y, we have

O<a§c1§c,\§c%<—|—oo.
and then ¢y > Ix(v1) > Ix(v2). O

Lemma 3.3. Assume that a > 0, b > 0 and N = 3. Suppose that (K1) with
4 <p<6, (F1), (F2), (F4) hold. Then there are two points vy, v in E such that
ey > max{Iy(v1), Ir(v2)} for all X € [1/2,1].

Proof. Choose a nonnegative function ¢ € C§°(R3) such that ||| = 1, and

/ K(z)p*dx #0, / K(z)dz # 0.
supp ¢ supp ¢

Let L = m in (2.7). Then for any ¢ > 0 and for all A € [1/2,1], one
has
t2 btt
In(ty) = 2+ 2 /\/ K (2)F(tp)dz
2 4 supp ¢
2 bt 1
<42 7/ K(2)(Lt'yt — Cp)dz
2 4 2 Jape
t2 bt Lt
LT L C K(x)de — — K(z)ptds
2 4 2 supp ¢ 2 supp ¢
at?  Cp bt

:——i——/ K(z)de — —,
2 2 Jsuppe 4

which indicates that there exists to > 0 such that ||top|| > p and Ix(top) < 0. Thus
letting v; = 0 and ve = top, by Lemma [3.3] and definition of ¢y, we have

O<a§01§c)\§c%<+oo.
and then ¢y > I\ (v1) > I)(v2). O

Lemma 3.4. Assume that {u,} is bounded in L*(RY™), where 1 < s < +00. Sup-
pose that u, (z) — uw(x) a.e. in RN. Then up to a subsequence, u,, — u in L*(RN).

Proof. Suppose that |u,|s < M and v € L5=1(RN) is fixed. Then for any ¢ > 0,
there exists 7 > 0 such that

‘/ unvdx‘ < \un|s(/ |v
|| >r |z|>r

Similarly, combining the Fatou’s lemma, we have

s B s—1
‘/ uvdx‘ < |u\‘z</ |v ﬁd:r)
|| > || >r
B s—1
:/ liminf|un|sdx</ v ﬁdx)
RN M—00 || >r
s s—1
Sliminf/ |un|9dx(/ |’U|sjdx)
n—oo JrN |z|>r

s—1
s

ﬁd;zc) " < Me.
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< M?e°.

Since v € L=1(B,(0)) with B,.(0) := {z € RV : |z| < r}, there exists § > 0 such

s a=1
that for any A C B,(0), when measA < §, one has ( [, [v|77dz) = <e. Thus for
all n, we have

s—1

‘/unvdx)g\un|s(/ |v\ﬁdw) " < Me.
A A

By Vitali’s theorem, one gets

/ upvdr = / uvdz + o(1).
Br(0) B..(0)

Hence we have
‘ / (U, — u)vdx‘ < ‘ / (Up — u)vdm’ + ‘ / (up, —u)vdz| < 2Me + o(1).
RN o> 7 B.(0)

By the arbitrariness of €, we complete the proof. O

Lemma 3.5. For any A € [1/2,1], if {u,} C E is a bounded and nonnegative
Palais-Smale sequence of the function Iy, there exists a nonnegative function u € E
such that, up to a subsequence, u, — u in E.

Proof. Since {u,} is bounded and nonnegative in F, up to a subsequence, there
exists a nonnegative function v € E such that u, — u in E, u,(r) — u(z) a.e. in
RY and there exists d > 0 such that d = [;y [Vu,|?dz + o(1). By and the
Holder inequality, one has

[ ) =0 de <0 [ =5 - ol F o
RN RN
. Bt . 1/p
SCl(/ |y, |2 dx) (/ |y, — ul? d;v)
RN RN

<C.
Combining f(un(z))(un(r) — u(z)) — 0 ae. in RY with Lemma up to a
subsequence, we get f(uy)(uy, —u) — 0 in LQT(RN). Since K € L"(RY), we have

K(x) f(un)(un, — u)dx = o(1).
RN

Thus by I} (u,) — 0 in E*, one has
0 = (I} (tn) tn — ) + o(1)

:a/ (Vun,V(unfu))derb/ |Vun|2d9:/ (Vtn, V(uy, — u))dx
RN RN RN

- . K(z)f(un)(un —u)dz + o(1)

= aflun® = [ull*) + bd(|lun]* — [[ull®) + o(1),

which implies ||uy| — |lu||. Combining u, — v in E, we get u,, — uw in E. The
proof is complete. O
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Remark 3.6. According to Proposition [2.1 and Lemma for almost every \ €
[1/2,1], there exists a bounded sequence {u,} C E such that In(un) — cx and
I (uy) — 0 in E*. Define u* = max{4u,0}, then

o(1) = (I\(un), u,,)

= (a + b/ |Vun|2da:) / (Vuy, Vu, )dz — A K(x)f(un)u, dx
RN RN RN
= —<a+b/ |Vun|2dx) / |V, |2dz,
RN RN

which implies u,, — 0 in E. Thus one has

ex = In(un) + o(1)

a

2
= 7/ |V, |2dz + b </ |Vun|2dx> - )\/ K(x)F(up)dz + o(1)
2 RN 4 RN RN

a
== Vu|?dx +/ Vu,, [*dz

2
+9(/ IVUIIdeJr/ IVuﬁlzdm) —A/ K(z)F(u})daz + o(1)
4 RN RN RN

2

= 9/ |Vu:[|2dm+é / |V |?dx —,\/ K(z)F(ul)dx + o(1)
2 ]RN 4 RN ]RN

= In(uyy) +o(1)

and

0= (I\(un), @) + o(1)

= (a + b/RN |Vun|2dm) /]RN(Vun, Vp)dz — A K(z)f(un)pdx + o(1)

RN

= (a+b/ |Vuj|2dm+b/ |Vu;|2dx>(/ (Vut, V)dr
RN RN RN

- /]R N(Vu;,w)dx) A K@) fu)pde +o(1)

RN
= (a + b/ |Vu:lr|2dx) / (Vul, V)dr — A K(x)f(u))pdr + o(1)
RN RN RN
= <I;\(uz)a §0> + 0(1)7
uniformly for all ¢ € E and ||p|| = 1. That is, {u}} is a bounded Palais-Smale

sequence of I. By Lemma [3.5, there exists a nonnegative function u € E such
that, up to a subsequence, u;f — w in E. Thus I)(u) = cx and I} (u) = 0 in E*.

Proof of Theorem[I.1. Set \; € [1/2,1] and A\; — 1~. Then there exists a sequence
nonnegative functions u; € E such that Iy, (u;) = cx; and I (u;) = 0. If N = 4,
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2<p<2" <4 By (K1), (2.2) and (I}, (u;), u;) = 0, we have
allw + bl =y [ | K@)y

< Cl/ K ()[u;|Pdz (3.1)
RN

< C1|K|p|u;

< Cllu |,

which implies |ju;|| < C. If N =3 and 2 < p < 4, by (3.1) with N = 3, we have
[uj[| < C. If N =3 and 4 < p <6, by (K1), (K2), I} (u;) = 0, one has the
following Pohozaev equality (see [14, Lemma 2.2])

a b
Sl + Sl =3y [ K@)P)de+; [ (VK (@).2)Fu;)de.

Combining (K2) with I, (u;) = cy;, we have

a b
Sl + Sl =33 [ K@F)de+ 3 [ (VKG@),a)F(u)ds

p
ok

> 2)\; /]RS K(z)F(u;)dx

= aljus | + 2 sy — 2,
which implies that
25, > Sl

Hence |[u;]] < C. Since I(u;) = Ix;(u;) +o(1) = cx; +0o(1) = ¢+ o(1) and
I'(u;) = I,(u;) + o(1) = o(1) in E*, according to Lemma there exists a
nonnegative function v € E such that u; — w in E. Thereby I(u;) — I(u) = ¢
and I'(u;) — I'(u) = 0 in E*. That is, u is a nonnegative solution of equation
. To obtain the ground state solution, we set 7 = inf, e I(u), where II =
{u € E\{O}I'(u) = 0,u > 0} and then @ < ¢. Obviously, 7 > —oo. Since
IT # 0, there exist a nonnegative sequence u, € F such that I'(u,) = 0 and
I(u,) — w. With the same method, we can obtain {u,} is bounded in E and
then there exists a nonnegative function u € E such that v, — u in E. Hence we
have I(u,) — I(u) = m, I'(u,) — I'(u) = 0. Because of the strongly maximum
principle, we know u > 0. So we complete the proof of Theorem [L.1 O

Proof of Theorem[1.3 By Lemma[3.1] Lemma[3:3]and the mountain pass theorem,
there exists a sequence {u,} C F such that I(u,) — ¢ and I'(u,) — 0 in E*. By
(F4), for n large enough, we have

1

e+ L+ flun| = I(un) — 1<I’(un),un>

> 7 luall®.

Thus {u,} is bounded in E. By Remark[3.6] {u;}} is a bounded sequence satisfying
I(u}f) — ¢ and I'(u}) — 0 in E*. By Lemma there exists a nonnegative



10 Y. DUAN, J. LIU, C.-L. TANG EJDE-2015/262

function u € F such that, up to a subsequence, u;, — w in E. Thus I(u) = ¢
and I'(u) = 0 in E*. The rest of proof is the same as Theorem The proof is
complete. O

4. Proors oF THEOREM [I.3] [I.4] [I.6] AND [I.7]
We establish parallel steps as Lemmas and

Lemma 4.1. Assume that a > 0, b > 0 and N > 3. Suppose that (K1), (K3),
(F1), (F5) hold. Then there exist p > 0 and a > 0 such that Ix(u)||juj=p > o for
all X € [1/2,1].

Proof. By (2.5) with € = 1, the Holder and Sobolev inequalities, for all u € E and
all A € [1/2,1], we have

szg/ VuPde ~ [ K(@)F(u)ds

> — H I? — /K Nul? de — C /K )| ulPdx
a
ZgWW*;W&/‘W2W*CWHWL
RN

> Col|ul® — Csflul® ~ Cyllull?
= [Jul®(Cz — Callul® = — CallulP~?).

Since p > 2, we can choose p > 0 small enough such that Co—C3p? ~2—CypP~2 > 0.
Then there exists « > 0 such that I (u) > « for all ||u|| = p. The proof is
complete. (Il

The proofs of the following two lemmas are the same as Lemma [3.2] and [3.3]

Lemma 4.2. Assume that a > 0, b > 0 and N > 3. Suppose that (K1), (K3),
(F1), (F3), (F5) hold. Then there exists by > 0 such that for any b € (0,bg), there
are two points vy, vy in E such that cx > max{I)(v1), Ix(v2)} for all X € [1/2,1].

Lemma 4.3. Assume that a > 0, b > 0 and N = 3. Suppose that (K1) with
4 <p<6, (K3), (F1), (F4), (F5) hold. Then there are two points v1, vy in E such
that cx > max{Iy(v1), Ix(v2)} for all X € [1/2,1].

Lemma 4.4. For any A € [1/2,1], if {un} C E is a bounded and nonnegative
Palais-Smale sequence of the function Iy, there exists a nonnegative function u € E
such that, up to a subsequence, u, — u in E.

Proof. Since {u,} is bounded and nonnegative in E, up to a subsequence, there
exists a nonnegative function v € E such that u, — u in E, u,(z) — u(z) a.e. in
R and there exists d > 0 such that d = [;x [Vu,[*dz 4 o(1). Since {|u, [P~ u, —
u|} is bounded in LZT(RN) and |uy, (z)[P~Hun(x) — u(x)] — 0 ae. in RN, by
Lemma up to a subsequence, we have |u,|P~*|u, —u| — 0 in L% (]RN). In view
of K € L"(R"), one has

K (2)|un [Py — ulde = o(1).
RN
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Combining this with (2.4), we have
‘ K () f (un) (up — u)dm)
RN

Sa/ K(x)|un|2*_1|un—u\dx—|—0€/ K(2)|un P~y — ulde
RN

< e Kloo|tin3-

— ulax +0(1) = Ce 4 o(1).
Hence by I} (u,) — 0 in E*, we deduce that
0= <I$\(un)aun - > + O( )

—a/ (Vg, V(up, —u dx—l—b/ (V| dx/ (Vug, V(u, — u))dz
RN

—)\/ K(x Up, — w)dx + o(1)
= al[funll* — flul?) + bd(llun||2 = JJull?) + o(1),

which implies ||u,| — [|u|. Combining u, — u in E, we get u, — u in E. The

proof is complete. U

According to Propositionand Lemma for almost every A € [1/2, 1], there
exists a bounded sequence {u,, } C E such that I)(u,) — ¢ and I} (u,) — 0 in E*.
By Remark we can assume that u,, is nonnegative. Thus from Lemma [£.4] we
know that there exists a nonnegative function u € E such that u,, — v in F and
then for almost every X\ € [1/2,1], Ix(u) = ¢y and I} (u) = 0.

Proof of Theorem[1.3. Set \; € [1/2,1] and A\; — 1. T hen there exists a non-
negative sequence {u;} C E such that Iy, (u;) = cy; and I} (u;) = 0. If N > 4,
2<p<2" <4 By (K1), (K3), (2.4) and (I} (u;),u;) = 0, we have

allus|? + bllus | = / K (2) f(u)uyda
§{—:/ K (x)|u;[* da:+CE/ K(z)|u;|Pdz
RN RN

<l [ sl do + CKL gl
RN
< Cellus || + Celfuy]?,
which implies |lu;|| < C, for e = %. If N =3, by (K1), (K2), I} (u;) = 0, one has
the Pohozaev equality

fHujH? 7|| uil|* = 3)\; / K(2)F(uj)dz + ), /RS(VK(:U),QC)F(uj)d:E.
Combining Iy, (uj) = cy;, we have
f||uj||2 7||u]||4 =3\ / K(x)F(uj)dz + \j RS(VK(m),x)F(uj)dz
> 2\ g K(x)F(uj)da

b
= allus|® + S llus " = 2ex,
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which implies
a 2
25, 2 Sl
Hence ||u;|| < C. The rest of the proof is similar with Theorem O
The proof of Theorem [[.4]is same as that of Theorem [I.2] and it is omitted.

Proof of Theorem [1.6. Suppose that u € E is a nonzero solution of (L.1)). Then
combining (2.1 , @ the Holder and Young inequalities, we have

allull? + bllull* = / K (2)f (w)uds

§C1/ K (z)|u|Pdz
RN

<Cy

< 18~ H K, Julp

= (f_”p)%”|\u||4*pcls*%|f<|r(4ép)%"||u|\2p*4
< allulP + 232 [CrsH 1 () T

< allul]? + bllull*,

for any b > B := % (015~ % \K|,«(42;ap)%7p]r%2, which is a contradiction. The proof
is complete. O

Proof of Theorem[I.7. Suppose that v € E is a nonzero solution of (1.1)). Then
combining (2.1), (2.4) and Holder’s inequality, we have

aljul|® + bljul|* = z) f(u)udx
ol + bl = | K(@)f)

gs/ K(x)|u|2*d:p+CE/ K (2)|u|Pda (4.1)
RN RN
< | Koo S~ F ||ul|?” + Co|K ]S~ |ul?.
When N = 4, 2* = 4. Choose ¢ = ﬁ. Using (4.1) and the Young
2|K|00S™ 2

inequality, one has

b »
alfull® + S llull* < ClE]57 |ul]”

2a 4-p _ _p 4 — 4-p _
:<4_p) Tl osE K] (=55) 7 ul*

4 — 2
< allul? + [CS"|K\< p) )

< allul]* + QHUII4

4-p_ 2
for any b > B := (p — 2) [CS*%|K|T(42_—GP) 2 | »72 which is a contradiction. When
N > 4,2 < 2* < 4. Choose ¢ = 1. Using (4.1) and the Young inequality, one has

allull? + bllull* < |K]ooS ™ ] + C|K]S™ % [lul?
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a 4-2% o x4 — 2F a2t .
= (2 Tl K s E () g
a Py a-p 4- 2p—4
+(4_p) [ul|*=PC'S ™2 K|, ( ) Jlu
2 2% 4-—2* 42" 2
< allu® + [1K]ooS™ % ( —) T
P 4 — ip. 2
+—[OS- 7 (S8 37
< alful® + blul*,
for any b > B := 22 UK|OOS_*(4 2 )TQ*]Q*Qi‘Q—i-L;Q[CS_ﬂKh({%”)FTP}%,
which is a contradlctlon. The proof is complete. (I
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