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BOUNDARY VALUE PROBLEMS WITH AN INTEGRAL
CONSTRAINT

ELISABETTA M. MANGINO, EDUARDO PASCALI

ABSTRACT. We show the existence of solutions for a second-order ordinary
differential equation coupled with a boundary-value condition and an integral
condition.

1. INTRODUCTION AND PRELIMINARIES

Ordinary differential equations are usually associated with further conditions,
such as prescribed initial or boundary values, periodicity etc. (see e.g. [Il [B]).
Apart from the previous ones, other classes of problems where ordinary differential
equations are coupled with more elaborate conditions have been studied (see e.g.
[2, 16, 7, [8, @), [10] and the references quoted in the survey [4]). The aim in these cases
is usually to get existence and uniqueness results from the assigned conditions.

In the present note we investigate a problem in which a general ordinary dif-
ferential equation of the second order is coupled with a boundary quasi-linearity
condition and an integral condition. More precisely we consider the problem

y'(x) = f(z,y(x),y' () a<z<b (1.1)
ay(a) + By(b) =, (1.2)

/by’(t)th =4, (1.3)

where —0o < a < b < +00, a,3,7,6 € R with § > 0 and f : [a,b] x R? — R is a
continuous function such that
(H1) There exist 01,02 € R such that 0 < o1 < f(z,u,v) < o9 for all (z,u,v) €
[a,b] x RZ;
(H2) there exists Ly > 0 such that for all z € [a,b] and all (ug,v1), (ug, v2) € R?,
we have

|f(x7u17vl) - f(xvu27v2)| S Lf(|U1 - U2| + |v1 - ’U2|).

We will prove that, under some additional condition on f, problem f
has at least two solutions if a4+ (3 # 0, while it has at least one solution if a+ 3 = 0.
The main tool will be the classical Shaefer’s Fixed Point Theorem (see e.g. [3]
Chapter 9]):
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Theorem 1.1 (Schaefer’s theorem). Let T be a continuous and compact mapping
of a Banach space X into itself, such that the set

{r € X :x= ATz for some 0 < A <1}
is bounded. Then T has a fixed point.
We start with some preliminary observations.
Lemma 1.2. Ify € C?[a,b] satisfies (L1)) and (L3)), then

= //fty ))dsdt}

(1.4)
/ /fty ))ds} dt—é}ZO
and either for every x € [a,b],
bt (s)) ds
y(@) = y(a) - Ja Ja f(s,y(t)724b£)id dt + /A(y) (z— )
/ / f(s,y(s),y'(s)) dsdt,
or for every x € [a,b],
bt "(s))dsdt —
y(2) = y(a) — Joda f(s,y(S),zl/) ( )cfd = VAW
/ / f(s,y(s),y'(s))dsdt.
Proof. By integrating (|1 , we obtain
T z 2
v @R = /(@2 +2y@) [ Sty @[ [ 0.y
Hence, by , y'(a) is a solution of the equation
b—a)+2z F(s,y(s),y'(s)) dsdt
[h »
/ /fsy ))ds} dt—6 =0.
Therefore,
/ / f(s,y(s ))dsdt]
/ /fsy ))ds} dt—é]zo
and
b ot ,
o) = A6,y dsd /BT "

b—a
We obtain the assertion by observing that, if y € C?[a, b] is a solution of (1.1)), then

y(z) = y(a) + ¥ (a)(z — a) //fsy '(s)) dsdt. (1.7)
]
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2. THE CASE a+ (=0

If a4+ B8 =0,a#0andy € C?a,b|is a solution of (1.1)—(1.3), then by (1.7),

b t
y@=mw+y@w—@+/ /fmmﬁy@ms

and therefore, by (1.2)),

y'(a) = - b_a—_a//fsy

But y/'(a) solves (L.)), therefore comparing (L.6]) and (2.1]), we get that A(y) =

and

-wimflv@mmy@m&

Thus problem (|1.1)—(1.3]) turns into
y'(x) = f(z,y(2),y'(z)), a<z<bh,

Integrating by parts (2.4)), we find that

b
6:/ y (z)?dx

= y(@)(y yw»—/yMNsm>y@w

b
/fsy (@)ds = [yl 0. ()i
Hence
b
/fsy (s =8+ [ y(s)1(5.u()./(5))ds
Assuming (H1), we obtain
/fsy s))ds > o1(b—a) >0
Therefore
o+ [y y(s),y'(s))ds
e I f Y (s))ds
and
5+ﬁw@> y@) _z—a
) = ) &//fsy

//fsy ) ds dt.
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As a consequence, we easily obtain the following characterization of the solutions
of @2)-E3).

Lemma 2.1. Assume that (H1) holds. Then y € C?[a,b] is a solution of (2.2])-
[2.4) if and only if y € C*[a,b] and for every x € [a,b]

O+ [T y()f (5, y(3),y (5)ds  w—a .
o 7 £(s,9(s) ())ds //f ¥(5),9/(5))ds

/ /fsy '(s)) ds dt.

We consider now the following assumptions:
(H1’) There exists o3 > 0 such that |uf(x,u,v)| < o3 for all (z,u,v) € [a,b] x R?.
(H2)" There exists L > 0 such that fore all = € [a,b] and all (uy,v1), (u2,v2) € R,

lur f (2, w1, v1) = ua f (2, uz,v2)| < L(Jug — ug| 4 v1 — va).

Theorem 2.2. If (H1), (H2), (H1’), (H2’) hold, then there exists at least one
solution of (12.2))—(2.4]).

Proof. Consider the map T : Ct[a,b] — C*[a, b] defined by

_ O L) (5.y(s). v/ (5)ds | w—a .
Ty(x) = fbfsy 7 (5))ds //f y(s), ' (s))ds

/ /fsy '(s)) ds dt.

By Lemma a function y € C?[a,b] is a solution of (2.2)—(2.4) if and only if
y € Ca, b is a fixed point of T
Observe that for every y € Cl[a,b] and every x € [a

0,8
() (@) = / / £s.9()- o/ s+ [ 1(s.(5).0/ ()
(z) = flz,y(z),y' (),

hence for every x € [a, b],

Ty()] < 272D | ap (2.5)
o1(b—a)

(@) (@) < 26~ a)or (2.6)

(Ty)"(z)| < oo (2.7)

|
Moreover, for every y, z € Ct[a,b], x € [a, b]:
Ty(x) — T2(z)]

) —
‘((“/by $,9(s),y/(s))ds /bf(s7z(s),z'(s))ds
5+/bz ))ds ) /fsy /(s))d )

-
([ ds/fsz ((5))ds)| + Ly(b— )1y — <l
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< Gobally = sllon + FE Ry — s + Ly = Pl — <l
and
(T @)~ (T2 @) < 3250 - a) -y — 2l
hence

4]

Lyos + Loy 30 a2 — Ny -
7 L (50 -+ -0+ ) [l =2l

1Ty~ T2llon < |

Thus T is continuous on C*[a, b].

We prove that T is also compact. Let (y,) be a sequence in C'[a,b]. Then
((Tyn))n is a bounded sequence of continuous functions such that ((Ty,)"), is
also bounded. By Ascoli-Arzela’s theorem there exists a subsequence (yy,, ), such
that ((T'yk, )’ )n is uniformly convergent on [a,b]. On the other hand, (Ty,)n is a
bounded sequence in C'[a, b], hence, passing to a subsequence if necessary, we can
assume that (T'yx, (a)), is convergent. It follows that (Tyx, )n converges in C[a, b].

Thus, observing that the set

{y € C*a,b] : y = ATy for some X € [0,1]}
is clearly bounded by ([2.5)) and ([2.6)), by Schaefer’s theorem, T" has a fixed point. [

An immediate application of the Schauder’s Fixed Point Theorem gives the fol-
lowing result.

Corollary 2.3. If

LfO'g + Lo
ot

0
(b— a)a%) <1

then problem ([2.2)—(2.4) has a unique solution in C*[a,b].

+Lf(g(b—a)+(b—a)2+

3. THE CASEa+ (3 #0
The main result of this section is the following Theorem.
Theorem 3.1. If a+ (8 # 0, (H1) and (H2) hold and
(H3) (303 —402)(b—a)3 + 126 > 0,
then there exist at least two solutions to (1.1])—(1.3)).
We need first some lemmas about A(y), defined for every y € C'[a, b] as in (1.4)).

Lemma 3.2. If (H1), (H2) hold, then for every y € C'[a,b),

(302 —402)(b—a)* + 126(b — a)
12
(303 —402)(b— a)* +126(b — a)
12

M1 =
(3.1)

<Ay) < My =
and for every y,z € C'la, b,

A) - A < foaL(b - ly - 2l (32)
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Proof. By (H1), it holds that

Aly) > o? [/ab(t - a)dlf}2 +6(b—a)—(b—a)os /ab(t —a)?dt

b— 4 b— 4
L 4") 506~ a) — o3 3“)
(3o —403)(b—a)* +126(b — a)
N 12 '
On the other hand,
b—a) (b—a)* (302 —40)(b—a)*+126(b — a)
< 2 ( N2 _ 2 1 .
A(y) < o3 5 +6(b—a) - o7 3 12
Moreover,
|A(y) — A(z)]

< //fsy dsdt /a/afsz dsdtH
/fsz sdt—/ /fsy ds dt‘

/b/ [f(s,y(s),9'(s)) — f(s,2(5),2'(s))] dsdt‘

a a

(b—a)

X

/ab /:[ﬂs,y(s),y’(s)) + f(s,2(5), 2 (s))] ds dt’

w0 [ [ [ 16006056 565,200, oD

<[/ 6y (9) + T, 2(6), 2 (5)]ds] |

b—a)* 2
< (022, 0 4 2000 a)) ly - e

7
= EUQLf(b — a)4||y — Z”Cl.
]

As immediate consequence we have the lemma.

Lemma 3.3. Assume that (H1), (H2), (H3) hold, and for every y € C'[a,b] define

b oa /
A(y) = o Ja Ty @) dbde + VAL

L (3.3)
tgly) = “Jade I 0.y @) dide - /AW )

Then, fori = 1,2, for every y, z € C'[a, b],
[Aiw)] < 5 i - [02 b _Za)2 + \/E} (3.5)
AW - A S L= 0[5+ G b-a?]ly=zlen (36)

where My and My are defined in Lemma[3.3
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Proof. First observe that A; and A, are well-defined on C*[a,b], since A(y) > 0
for every y € C'[a,b] by Lemma and (H3). For every y € C'[a,b] and i = 1,2,

by 7 we have
AWl <y (| [ ] v oydsd] + VA))
1 (b—a)?
< \/ .
“b—a (02 2 + MQ)
Moreover, by , for every y, z € Ct[a, b),

|4i(y) — Ai(2)]

’—ﬁﬁU@M%M®)f@4) #(s)) @wi@fvﬁn

b—a
1 b—a)? 1A - AR)

L -z 1
S Sl NN Eae

- —a 2 _ Py
< bia_Lflly—sz ® 5 i |A(Z)\/7A( )|]

_ —a 2
< bia_Lny—ZHcl ® 3 ) 12F02Lf( —a)4||y—zHcl]

O

Proof of Theorem [3l Observe first that if a + 8 # 0 and y € C?[a, b] is a solution

of , 7 then

y(x) = (x —a) / /fsy '(s)dsdt

aiﬂ[v By'(a)(b—a) Bf/fsy ))dsdt]

By comparing (3.7)) with (1.6) and by Lemma [3.3 m, we obtain that for ¢ = 1 or
i=2,

y(a) = (z —a) //fsy (s) ds dt

w[v BAi(y)(b—a) 6//fsy ))dsdt]

It is immediate to prove that, conversely, if y € C[a,b] satisfies , then y €
C?[a,b] and y is a solution of (T.I)—(T.3

Thus y € C?[a,b] is a solution of (1.1)—(T.3)) if and only if y is a fixed point of
one of the operators T; : C't[a,b] — C'[a,b], i = 1,2 defined by

Ty = A;(y)(z — a) //fsy /(s) ds dt

+aiﬁ{7 BAi(y)(b— a) ﬂ//fsy '(s) ds dt

(3.7)
+

(3.8)
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Observe that for every y € C'[a,b] and every x € [a, b],

(T (@ / F(5,5(5), 4/ (5))ds

(Tiy)”( ) = f(z,y(x),y' ().

By Lemma [3.3] we get that 7; : C'[a,b] — C'[a,b] is bounded. Moreover, if y, z €
Clla,b] and x € [a, b],

(@) - Tiata)] < (14 |L51) (140 = 4210 = ) + Lo - 02y~ 2lcn)
< (1415 b= o 14 57— 0] ly — 2l

while

(Ty) () = (Tiz) (2)] < [Ai(y) = Ai(2)[ + Ls (b = a)lly = 2]l e

3 70’2 2
< Li(b— { } — 2|l
<Lyb- a5 + Azt o?ly -2l
Thus T; is Lipschitz continuous with Lipschitz constant:
70’2
Loy =(1+ ) b—a)?[1 2
o)L a1+ = o)’ -
3 70’2 2 ’
L¢(b— .
L= )+ 5 (b )]
With the same argument as in the proof of Theorem we can prove that T; is
compact and that, by Schaefer’s fixed point theorem, T; has a fixed point. ([l

Corollary 3.4. For every a € R, «, 3,7, € R such that a + 3 # 0, for every
01,09 > 0,Ly > 0 such that (H2), (H1) hold, there exists b > a such that the
problem (L) —(1.3) has two solutions in C?[a,b].

Proof. First observe that
lim (302 — 403)(b —a)® 4+ 120 = § > 0,

—a

thus b can be chosen in such a way that (H3) is satisfied. Moreover, considering
the Lipschitz constant L p in (3.9) and observing that

(302 —402)(b—a)* +126(b — a)

M, = D ~6&6b—a) asb—at,
we obtain lim;_, .+ L4, = 0. Thus we can choose b in such a way that 77 and 15 are
contractions from C*[a, b] into itself and therefore have a unique fixed point. [

We conclude this article pointing out some problems that can be approached
with similar considerations.

Remark 3.5. Consider the problem

y'(z) = flz,y(x),y' (z)) a<z<b
ay(a) + By(b) =~

b
[ ety @yt =
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where —oc0 < a < b+00, a, 3,7,6 € Rwithd >0, a+3 #0, and f : [a,b] x R? — R

continuous. Then _
b [ 1) (s)ds

5 = exply/( /eXp /fsy (3))ds ) .

0
y'(a) =1og( ; p )
S exv (S £(s.9(s),/(5))ds) dt
It is immediate to prove that y € C?[a,b] is a solution of the problem if and only if
y € Cta,b] and y is a fixed point of the operator T : Ct[a,b] — C*[a, b] defined by

B 5
b—a)lo
o +ﬂ( Jlos (f(f exp ([ f(s,y(s), 9/ (s))ds) dw)

- s

)
z—a)lo
* Jlos <fb exp ([ f(s,y(s),y/(s))ds) dx)

//fsy )d8+%ﬁ

Remark 3.6. The approach we have used for the case a + 8 = 0 can be used also
to study the case a4+ 8 # 0. Indeed if we integrate by parts condition (1.3]), we

hence

Thus

Ty(z) =~

find that
b
52/ Y (z)%dx
’ b
=y(b)y'(b)—y(a)y’(a)—/ y(s)f(s,y(s), v/ (s)ds
—aula b
= VTy()y'(b) —y(a)y'(a) —/ y(s)f(s,y(s),y' (s)ds
=T ()4 [ 600,/ 0D — vl @
b
- [ w6 s s/ ()
Hence
y(@)[(0+ By (@) + o / F(s,5(s), 4/ (5))ds
=—p0+7y'(a) - B y( )f(s,y(s), 4/ (s))ds
I
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then
_ B+ (a — B[ y(s)f(s,y(5),/(s))ds
(a+B)y +ocfa f (5,9(5),9'(s))ds

and therefore

_ —Bi+y(a — B [Py(s)f(s,y(5), 4/ (s))ds
(a+ By +af fsy s),y'(s))ds

//fsy ((5))ds

As a consequence, we easily obtain that for y € C*[a,b] such that

+y'(a)(z —a)

(a+ B)y +a/fsy '(s))ds # 0,

the following conditions are equivalent:
(i) y € C?[a,b] is a solution of (L.1)—(L.3)
(i) y € C'la,b] and either for i = 1 or i = 2,
_ B+ Ay — B J2 y(s)f(5,y(s),y/'(5))ds
(a+ B)Ai( +afa f (s,y(s), 9/ (s))ds

+ Ao+ ' [ 1o/ s

Anyway, with this approach one has to require additional conditions on f such as
(H1’) and (H2).

Remark 3.7. Similar results can be obtained if (1.3) is replaced with

b
/ [o(x)[y (2)]? + B(z)y () + v(z)]de =6 € R

with suitable conditions on the functions «, 3,y and on §. Moreover it could be of
interest the study of systems such as

y™(x) = fla,y(z),y' (2),...,y" (@), a<z<b,
ay(a) + By(b) =~
b

/v
a
b

/ )
a

b
/ y " (z)dx = 8,

(z)%dx = 6,
(z)%dz = &,

or analogous problems.
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