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CONTROLLABILITY OF NEUTRAL STOCHASTIC
INTEGRO-DIFFERENTIAL SYSTEMS WITH
IMPULSIVE EFFECTS

ABBES BENCHAABANE

ABSTRACT. This article concerns the complete controllability for nonlinear
neutral impulsive stochastic integro-differential system in finite dimensional
spaces. Sufficient conditions ensuring the complete controllability are formu-
lated and proved under the natural assumption that the associated linear con-
trol system is completely controllable. The results are obtained by using the
Banach fixed point theorem. A numerical example is provided to illustrate our
technique.

1. INTRODUCTION

The problem of controllability is one of the fundamental concept in mathematical
control theory and engineering. The problem of controllability is to show the exis-
tence of a control function, which steers dynamical control systems from its initial
state to the final state, where the initial and final states may vary over the entire
space. The controllability of nonlinear deterministic systems in a finite dimensional
space has been extensively studied, [T} 2].

Stochastic differential equations have been considered extensively through dis-
cussion in the finite dimensional spaces. As a matter of fact, there exist broad
literature on the related to the topic and it has played an important role in many
ways such as option pricing, forecast of the growth of population, etc., and as an ap-
plications which cover the generalizations of stochastic differential equations arising
in the fields such as electromagnetic theory, population dynamics, and heat conduc-
tion in material with memory and stochastic differential equations are obtained by
including random fluctuations in ordinary differential equations which have been
deduced from phenomenological or physical laws. Random differential and inte-
gral equations play an important role in characterizing numerous social, physical,
biological and engineering problems. For more details reader may refer [3, 4 [5]
and reference therein. For a dynamic system the simplest continuous stochastic
perturbation is naturally considered to be a Brownian motion (BM). In general,
a continuous stochastic perturbation will be modeled as some stochastic integral
with respect to the (BM). However, the (BM) has the strange property that even
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though its trajectory is continuous in ¢, it is not differentiable for all ¢ . So for a
stochastic integral with respect to (BM) one has to use a different approach, Ito
approach is used to define it (see [6, [7] for details).

Controllability of non-linear stochastic systems in finite-dimensional spaces has
been investigated by many authors. Klamka and Socha [8] derived sufficient condi-
tions for the stochastic controllability of linear and nonlinear systems using a Lya-
punov technique. Mahmudov and Zorlu [9] derived sufficient conditions for complete
and approximate controllability of semilinear stochastic systems with non-Lipschitz
coefficients via Picard-type iterations. Balachandran et al. [I0, 1] studied the
controllability of semilinear stochastic integrodifferential systems using the Banach
fixed point theorem.

The theory of impulsive differential equations has provided a natural framework
for mathematical modeling of many real world phenomena, namely in control, bio-
logical and medical domains [12], 13, [T4]. In these models, the processes are charac-
terized by the fact that they undergo abrupt changes of state at certain moments
of time between intervals of continuous evolution. The presence of impulses implies
that the trajectories of the system do not necessarily preserve the basic properties
of the non-impulsive dynamical systems. To this end the theory of impulsive differ-
ential systems has emerged as an important area of investigation in applied sciences
[15]. Yang, Xu and Xiang [I6] established the exponential stability of non-linear
impulsive stochastic differential equations with delays. More recently, Liu and Liao
[T7] studied the existence, uniqueness and stability of stochastic impulsive systems
using Lyapunov-like functions.

Many of the physical systems may also contain some information about the
derivative of the state component and such systems are called neutral systems.
Therefore, the investigation of stochastic impulsive neutral differential equations
attracts great attention, especially as regards to controllability [I8] [19].

In this article, we consider the impulsive neutral semilinear stochastic integrod-
ifferential system

d{z(t) — G(t, z(t), g(nz(1))}
= A(t)z(t)dt + B(t)u(t)dt + Fi (t, (1), f1,1(nz(t)), f1,2(02(2)), f1,3(Ex(1))) dt
+ F (t,2(t), f21(n2(t)), f2,2(02(1)), f2,3(€2(1))) dw(t),
te0,T], t#t,
Am(tk):Ik(x(t;)), t:tk, k:1,27...,7’,
z(0) = xo € R",
(1.1)
where, for i =1, 2:

fir(ne(t)) = / Finlt,s,x(s)ds,  fia(da(t)) = / Fialt, s, 2(s))ds,
g(nx(t)) = / olt,s,2(s))ds,  fia(€x(t) = / fis(t, 5, 2(s))duw(s).

Here A(t) and B(t) are continuous matrices of dimensions n x n, and n x m respec-
tively
Fi:[0,T] x R* x R" x R” x R" — R",
F:[0,T] x R" x R" x R" x R" — R™*",
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G: [O7T} X R" x R" — Rna fi,lvfi,Q : [O7T} X [O7T} x R" — Rna
fis:[0,T] x[0,T] x R* — R™™"™,  ¢:[0,T] x [0,T] x R — R".

I, € C(R™,R™), u(t) is a feedback control and w is a n-dimensional standard (BM).
Furthermore, 0 = tg < t1 < -+ < t, < tpp1 =T, m(t;:) and x(t, ) represent the
right and left limits of x(t) at ¢t = 4, respectively. Also Axz(t) = x(t]) — z(t;,),
represents the jump in the state x at time ¢, with I determining the size of the
jump, the initial value xq is Fo-measurable with E|zg||? < oco.

The system is in a very general form and it covers many possible models
with various definitions of f171, fl,g, ng7 f271, f272, f273 and g. We would like
to mention that Balachandran and Karthikeyan [11] studied the case I, = g =
fi1,3 = f2,3 = 0. The controllability problem with g = f; 3 = f2.3 = 0 was studied
by Sakthivel [20]. The system with fi3 = fa3 = 0 was investigated by
Karthikeyan and Balachandran [21].

Motivated by the above references, we extend the results to obtain the complete
controllability for wide class of impulsive neutral integro-differential equations un-
der basic assumptions on the system operators. In particular, we assume the com-
plete controllability of the associated linear system. To prove the main results,
Theorem we use stochastic analysis and fixed point theorem. Our work is or-
ganized as follows. The next section contains definitions, preliminary results and
a mathematical model of impulsive stochastic systems with control. Section 3 is
devoted to analyzing complete controllability results of the problem via a fixed
point technique. Section 4 contains an illustrative example.

2. PRELIMINARIES
The problem of controllability of a linear stochastic system of the form
dx(t) = [A(t)x(t) + Bt)u(t)]dt + o(t)dw(t), t€[0,T],
z(0) = o,

has been studied by various authors [22, 23] 24] where o : [0,7] — R™*™. In this
article, the following notation is adopted.

(2.1)

e (Q,F, P) is the probability space with probability measure P on Q.

o {F: |t € [0,T]} is the filtration generated by {w(s) : 0 < s < t} and
F=Fr.

o Ly(Q, Fr,R™) is the Hilbert space of all Fr-measurable square integrable
variables with values in R".

e U,y = LI ([0,T], R™) is the Hilbert space of all square integrable and F-
measurable processes with values in R™.

e PC([0;T];R™) is the space of function from [0; 7] into R™ such that z(t) is
continuous at ¢ # ¢, and left continuous at ¢ = #; and the right limit X ()
exists for k =1,2,...r.

e Hy := PCY% ([0,T], L2(Q, F;,R™)) is the Banach space of all bounded F
-measurable, PC([0; T]; R™) valued random variables ¢ satisfying

lpll* = sup E[p()]*.
t€[0,T]

e L(X,Y) is the space of all linear bounded operators from a Banach space
X to a Banach space Y,

6(t) = exp(At).
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Now we introduce the following operators and sets.
e The operator L§ € £ (L7 ([0,T], R™),Ly (2, Fr,R™)) is defined by

T
Lt = / &(T — s)B(s)u(s)ds.
0
Clearly, the adjoint (L7)" : Lo(Q, Fr,R™) —LZ ([0, T], R™) is defined by
(Lg)"z = B ¢"(T — )E(2| 7).
e The controllability operator IIZ" associated with is

T
()= [ 6T - 0BE (T - (| At

which belongs to £ (L2(Q, Fr,R™),La(2, Fr,R™)) and the controllability
matrix I'T € £(R",R")

T
7 = / ¢(T —t)BB*¢*(T — t)dt, 0<s<t.

e The set of all states attainable from xg in time T > 0 is
Ri(xo) = {x(t,zo,u) : u € Uya},
where x(t,xo,u) is the solution of corresponding to zg € R"™ and
u(.) € Ugq.
Definition 2.1. System is completely controllable on [0, T] if
Rr(zg) = La(Q, Fr,R™),

that is, if all the points in Lo (€, Fr,R™) can be reached from the point g at time
T. See Example (4.1) for Motivated application.

3. CONTROLLABILITY

In this section we derive controllability conditions for the non-linear stochastic
system (|1.1)) using the contraction mapping principle.
We impose the following conditions on data of the problem

(H1) The functions F;, f; ;, G, g, %1 = 1,2, j = 1,3 satisfies the Lipschitz condi-
tion: there exist constants L1, Ny, K1, C1, g > 0 for xp, yn, vn, 2n € R™,
h=1,2and 0 < s <t <T such that

| Fi(t, @1, 51,01, 21) — Fi(t, 2, 42,02, 22) |2
< Ly ([lzn = 22l” + llyn = woll® + lor = val® + [|21 — 22[|*)

IG(t, 1, 91) — Gt 22, 92) 1> < Ny ([lon — m2l” + [l — v2l?)

1£i.g(t 5,21 (s)) = fig(t,s,22(5))II° < Kiflan — a2,
lg(t,s,21(s)) = g(t, s, 22()|* < Cillzr — 2|,
(@) = @)* < arlle —yl? ke {l,...,r).

(H2) The functions Fj, f; ;, G, g, i = 1,2, j = 1,3 are continuous and there are
constants Lo, No, Ko, Cy, di, > 0 for x,y,v,2 € R™ and 0 < ¢t < T such
that

1Fs(t, 2, y,0,2)[1* < Lo (14 [ll|® + Iyl + llo* + [121%) ,
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Gt 2,y < No (L4 [|l2]1* + [ly[1?) ,
I £i.i(t s, 2(s)I* < Ko (1+ ||2]f)
lg(t, s, @)1 < Co (L +||z]|?)
1 (2)]|* < dy (1—|—ch||2)7 ke{l,...,r}
(H3) The linear system is completely controllable.
Now for our convenience, let us introduce the following notation:

= max{[[¢(t)|%, t € [0,T]}, I =max{|A®)?, t € [0,T]},
M = max{|[T{]%, s € [0,T]}.

The following lemma will play an important role in the proofs of our main results
(see [A]).

Lemma 3.1 (Ito isometry). Let ¥ : J x Q@ — R™ be measurable and Fi-adapted
mapping and such that EfOT ¥ (s,w)||?ds < co. Then

Bl [ ) =B( [ |vE)Ps). orten)

Lemma 3.2 ([25]). For every z € Ly(Q, Fr,R™)
o E|f2|* < ME|2|.
o Assume (H3) holds, then there exist I3 > 0 such that

E[|(T15) 7 <.
We define the operator V' from Hy to Hy as follows:

(Vz)(t) = (Gz)(t) + / Ap(t — 5)(Ga)(s)ds + /0 o(t — s)(Fia)(s)ds

0

/¢t—8 (Fyz)(s)dw(s Z Bt — i) Ie(z(ty,)),

0<t) <t
where, for i = 1,2,

(Fsz)(t) = F; (t,2(1), fia (1), fi2(52(1)), fia(€a(?))),

(Go)(t) = G (t,2(t), g(na(t)))
The following results will be used throughout this paper.

Lemma 3.3. Under conditions (H1) and (H2), there exist real constants My, My >
0 such that for x,y € Hy, we have

B|(Va)(t) - (Vi)(0)]> < Mi( sup Blla(s) - y(s)]2), (3.1)
s€[0,T)
E|(Va)OI < Ma(1+T sup Ella(s)I?) (3.2)

Proof. First, we prove inequality (3.1]), since (3.2]) can be established in a similar
way. For i = 1,2, let x,y € Hy. It follows from condition (H1), Holder inequality
and Ito isometry that

I(Fi)(t) = (Fiy) ()]
<Ly (Ill‘(t)) —yO)? + 1fia () — fia(ny (@)
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+ 1£52(62(8)) = fi2(0y®) 2 + | fia(€x(t)) = Fia(€y(t)I3),
< LU+ 2K £ TE) sup o)~ y(s)
T

sE€
from which it follows that
/ (Fiz)( )l ds) < LiT(142T%K, +TK,) sup E|z(s) —y(s)|*
s€[0,T]
We have

1(Ga)(t) = @)W < N (Il2() = y (@) + lg( () — gy,

<M+ 10 sup fl2(s) - (o))
s€l0,

Then we obtain

/ 1(Ga)( s)l| ds) <N1T(1+T26’1)( sup E||x(s)—y(s)||2>. (3.3)

s€[0,T]

It follows from the above inequality, Holder inequality and Ito isometry that

E[|(Va)(t) — (Vy)(0)?

< 5E| / Ad(t - 5)[(Gar)(s) — (Gy)(s)]ds]?
L 5E / ot — )(Frz)(s) — (Fry)(s))ds?

158 / ot — )[(Fox) (5) — (o) ()] du(s)
5B ST ot — tT(aty) — T(w(ti DI + SEN(Ga) (1) — (Cu) (012,
0<tp<t

then, we have
E[(Va)(t) - (Vy)(©)|?

< 5T1L1E / 1(G)(s) — (Gy)(s)|%ds + 5THE / (B2 (s) — (Fry)(s)]Pds

+ 5l1E/0 1(F2)(s) = (Fay)(s)Pds + 5lar Y BllZ(2(t;)) — Iu(y(t))|?

k=1
1 5E(Ga) () — (Gy) D1
Thus we have
E[|(Va)(t) — (Vy)(@t)|?
< <1OT21112N1(1 +T2CY) + 151(T + 1)L, T(1 + 272K, + TK))

+ 507 (qu> +10N(1+T2Ch)) sup Efla(s) - y(s)?

=1 s€[0,T)

=M, sup Ellz(s) —y(s)|?,
s€[0,T]
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where

My = 5T?1113Ny (1 + T2Cy) + 5y (Z qk> + 5N, (14 T2Cy)
k=1

+ 501 (T + 1) L1 T(1 + 2T° K, + TK,).
O

For a given initial condition and any u € U,y for ¢ € [0,T], one can prove
the existence and uniqueness of solution z(t, zg, u) of the of the nonlinear impulsive
stochastic integrodifferential state equations based on the fixed point technique
[26]. The solution of the which can be represented in the following integral form:

w(t) = ¢()[wo — G(0,20,0)] + (G)(t) + /0 Ag(t — 5)(Gr)(s)ds

4 /0 ot — 5) (Bu(s)+(F1x)(s)) ds + /O o(t — 8)(Faz)(s)dw(s)
+ Y ot —ti)In(z(ty)),

= ¢(t)[zo — G(0,z0,0)] + (Vz)(¢) —l—/o ¢(t — s)Bu(s)ds

The following lemma gives a formula for a control steering the state xy to an
arbitrary final point 7.

(3.4)

Lemma 3.4. Assume I} is invertible, then for arbitrary xp € Lo(Q, Fr,R™) the
control

u(t) = B*¢*(T — ) E{(II5) " (x1 — &(T)[wo — G(0,20,0)] = (Va)(T)) | F:} (3.5)
transfers the system from xg € R™ to xp € R™ at time T.
Proof. By substituting (3.5)) in , we obtain
z(t) = ¢(t)[zo — G(O 0, )] (Va)(t)
/ ot — s)BB*¢* (t — s)¢™ (T — t)
x B{(II§) ™" (21 — &(T)[z0 — G(0,20,0)] — (V) (T)) | F}
= ¢(t)[zo — G(0, 20, 0)] + (V) (t) + (™ (T — t)(ITg)
X (zr — ¢(T)[xo — G(0,20,0)] — (Vz)(T))).

Writing ¢ = T in (3.6)), we see that the control u(.) transfers the system (3.4) from
Ty to xp. O

(3.6)

To apply the contraction mapping principle, we define the nonlinear operator
T: HQ — H2 by

(Ya)(t) = ¢(t) [0 — G(0,20,0)] + (V)(t) + /0 ¢(t — s)Bu(s)ds
where

u(t) = B*¢"(T — )E{(1§) ™" (a7 — ¢(T)[wo — G(0,20,0)] = (Va)(T)) |F:}. (3.7)
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From Lemma (3.4), the control transfers the system from the initial state
x( to the final state zp provided that the operator T has a fixed point. So, if the
operator T has a fixed point then the system is completely controllable. As
mentioned above, to prove the complete controllability it is enough to show that T
has a fixed point in Hs. To do this, we use the contraction mapping principle. To
apply the contraction principle, first we show that T maps Hs into itself.

Theorem 3.5. Assume that conditions (H1)—(H3) hold. If the inequality
2M1(1 + Ml1l3) <1 (3.8)
holds, then the stochastic control system (L.1) is completely controllable on [0,T).

Proof. To prove the complete controllability of the stochastic system it is
enough to show that T has a fixed point in Hy. To apply the contraction principle,
first we show that T maps Hy into itself. Let x € Hy. Now by Lemma , for
t € [0, T] we have

E|[(Yz)(®)]?
= E[|¢(t)[zo — G(0,20,0)] + (Va)(t)
+ 5™ (T = 1) (Tg) ~" (2 — ¢(T)[xo — G(0,20,0)] — (Va)(T)) |1?,
< 3E||¢(t)[xo — G(0, 20, 0)][|* + 3E[|(Vz) (1) ||?
+ 3E([ie" (T — )15 )~ (wr — ¢(T) [0 — G(0,20,0)] — (Vz)(T)) |1*.
From Lemma it follows that
E[(Ta)()|?
<6l (J|lzoll” + [IG(0, 20, 0)|1%) + 3E[| (V) (8)[|*
+9MUls (Elzr|? + 20|20l + |G (0, 20,0)[1*] + E[[(Va)(T)]?) ,
<61 ([lzo]l* + [|G(0,20,0)]1?)
+9MUyl3 (El|lzr|? + 24 [[|lzol* + |G(0, 20, 0) %))
+3(1 + 3Mlyls) Mo (1 YT sup E||x(s))||2),
s€[0,T)

therefore, we obtain that [|(Yx)(¢)||f;, < co. Since T maps Hy into itself.
Secondly, we show that T is a contraction mapping. To see this let z,y € Hy,
so for ¢t € [0,T] we have

E|(Tz)(t) — (Ty)(®)]?
=E|(Va)(t) — (Vy)(t) + o™ (T — t)(15) " (Va)(T) = (Vy)(T)) |I?,
< 2E(|(Va)(t) — (Vy)@)|* + 2M L IE||(Va)(T) — (Vy) (1),
<2(1+ Mhls) sup E[V(x(s)) = V(y(s))]?,
s€[0,T]
<201+ lezg)Ml( sup Elz(s) — y(s)||2).
s€[0,T]

It result from Lemma (3.2)) and inequality (3.1)) that

sup B (Ta)(s) - (T)(s) | < 2001 (1+ M1ala)( sup Ellats) — (s)[P).
s€[0,T] s€[0,T7]
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Therefore T is contraction mapping if the inequality (3.8) holds. Then the mapping
T has a unique fixed point x(.) in Hy which is the solution of the equation (1.1)).
Thus the system ([1.1)) is completely controllable. O

4. APPLICATIONS

Example 4.1. A rocket in vertical motion may be modeled by
}.’L =
. (4.1)
mi = —mg + f

where h is altitude, v is velocity; m is mass, f is thrust force. Let 1 = h, x5 = v,
u = % — g, then becomes

T =T

To=u
The complete controllability is to find a (continuous) control u(t) over the period

[to,tf] to move the state of the system from a given initial state z(tg) = o to a
desired final state x(ty) = xy.

Example 4.2. Consider the nonlinear impulsive neutral stochastic systems in the

form of (1.1J),
d{x(t) — (Gz)(t)} = —5x(t)dt + {e > u(t) + (Fyz)(t)}dt
+ (Fya)(D)dw(t), t€[0,T], t # tn,
Az(ty) = 0,24e%%(x(t ")), t=1tx, where ty =tx_1 +0,5for k=1,2,...7.
z(0) = o € R™.

(4.2)
where w(.) is one-dimensional Brownian motion. (BM) is any of various physical
phenomena in which some quantity is constantly undergoing small, random fluc-
tuations. If a number of particles subject to (BM) are present in a given medium
and there is no preferred direction for the random oscillations, then over a period
of time the particles will tend to be spread evenly throughout the medium. (BM)

is a Gaussian process with independent increments which are normally distributed.
Here

A(t) = =5, B(t) = e 2.

Moreover,
(Frz)(t) = z(t) + 2%t + /0 se”*x(s)ds
T ¢
—l—/o arctan(z(s))ds —|—/O cos(xz(s))dw(s),
(Fox)(t) = e sin(x(t)) + /0 (252 + 3)x(s)ds
T 1 t
+/0 mds +/0 log(1 + |z(s)])dw(s),

(é’x)(t) = log[e%’ /0 e *(xz(s) + 1)ds| + 1],
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Note that the above functions satisfy the hypotheses (H1)-(H2). For this system,
we have

T
rT:/O (T, s)B(s)B*(s)¢* (T, s)ds,
T

= / e Tds=Te 4T >0, for some T > 0.
0

Hence, the stochastic system (1.1]) is completely controllable on [0, T].
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