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TRAVELING CURVED FRONTS OF BISTABLE
REACTION-DIFFUSION EQUATIONS WITH DELAY

XIONGXIONG, BAO WEN-HUI HUANG

ABSTRACT. This article concerns the existence and stability of traveling curved
fronts for bistable reaction-diffusion equations with delay in two-dimensional
space. Using the comparison principle and establishing super- and sub- solu-
tions, we prove the existence of traveling curved fronts. We also show that
such traveling curved front is unique and stable.

1. INTRODUCTION

Traveling wave solutions of reaction-diffusion equations with delay have been
widely studied because of its significant in physics and biology, for example, see
[2, 13, [, @ 01, 02, @3, 14l 19 21], 26, 27, 28| 30, B1, B2] and references therein.
Recently, the nonplanar traveling wave solutions of reaction-diffusion equations in
high dimensional spaces have attracted a lot of attention, see [T}, 4} 5L [6] [7), 15} [16], 22]
23], 24] for the existence and stability results of nonplanar traveling wave solutions
of autonomous reaction-diffusion equation and see [20, 29] for non-autonomous
case. Moreover, we refer to [I7, 25] for the existence of nonplanar traveling fronts
to reaction diffusion system. Compared to the planar traveling wave, the profiles
of nonplanar traveling wave solutions become more complicated and have various
new types in multidimensional space. Since many practical problems from physics,
chemistry and ecology are high-dimensional problems, the nonplanar traveling wave
solutions have important applications to describe multi-dimensional chemical waves
and ecology phenomena in multidimensional space, see [I}, 6] [7, 15, 17, 22, 25] and
so on. It is then natural to ask whether such traveling curved fronts of reaction-
diffusion equations with delay exist and are stable. Resolving this issue is the main
contribution of our current paper.

More precisely, in this paper, we are interested in two-dimensional V-shaped
traveling fronts of the following bistable reaction diffusion equations with time
delayed

ou

a :Umm+uyy+f(u(xayat)7u(xayat7’r))7 (‘T7y) ERza t>0a (11)
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where 7 > 0 is a given constant and f(u(z,y,t), u(z,y,t — 7)) satisfies the following
structure hypotheses:
(H1) f € C(I?,R) for some open interval I C R with [0,1] C I and 0a f(u,v) > 0
for (u,v) € I?%;
(H2) £(0,0) = £(1,1) = 0, 81£(0,0)+82£(0,0) < 0 and dy £(1,1)+dof(1,1) < 0.
(H3) There exists a monotone traveling wave solution U(xe; + yes + ct) of
connecting 0 and 1, that is U’(§) > 0, U(—o0) = 0, U(oo) = 1 and U(&)
satisfy U” — cU’ + f(U(£),U(€ — ¢7)) = 0. Furthermore, assume that wave
speed ¢ > 0.
Note that the assumption (H1) and (H2) are standard. Assumption (H3) implies
that a traveling wave solution of with the form U(xze; 4+ yes + ct) is a planar
traveling wave solution in R2. A typical example of f satisfying (H1), (H2) and
(H3) is the typical Huxley nonlinearity

Flu )_{u(l—u)(v—a)7 for0<u<1veR,
0 e —w)(u—a), wu e (—00,0)U(1,+00)

with 0 < a < 1. Let f: I? — R be a smooth extension of f : [0,1]> — R, then
f satisfies (H1) and (H2), see Smith and Zhao [2I, Remark 3.1]. Following from
Schaaf [19], for Huxley nonlinearity, there exists a unique function U(§) : R — R
and a unique constant ¢ € R such that

U" — U + f(UE),UE —cr)) =0, VEER,
U(+oc) =1, U(—o00) =0, (1.2)
U'(€)>0 inR.

As usual ¢ is called the wave speed and U is the wave profile of front. In partic-
ular, equation with the typical Huxley nonlinearity f(u,v) has an increasing
traveling wave solution for wave speed ¢ > 0 if a € (0,%). Smith and Zhao [21]
proved the global asymptotic stability, Lyapunov stability and uniqueness of travel-
ing wave solutions of under the assumption (H1), (H2) and (H3). It is known
from Wang et al.[28] (see also Schaaf[19]) that when (H1)-(H3) hold, there exist

positive constant (31 and C; such that
max {U(=€), [U(€) = 1|, [U"(£&)], [U"(£&)[} < Cre™™M%, Ve > 0. (1.3)

Generally the curvature effect is excepted to accelerate the speed. Assume ¢ > 0.
Fix s > ¢ and we try to find two-dimensional V-shaped traveling fronts with wave
speed s to . Without loss of generality, we assume that the solutions travel
towards the y-direction. Take

w,y,t) =w(@,z2t), z2=y+st

we have
ow ow
a = Wgy + Wyy *35

U/(l’,Z,T):(i)(l',Z,T), (1’,2) esz e [_7_30]'
We denote the solution of (1.4)) with w(z, z,r) = ¢(z, z,r) by w(z, z,t; ¢).
The purpose of the current paper is to seek for V(z, z) with

LIV]i=-Vye — Voo + sé;—‘z/ — f(V(z,2),V(z,z—s7)) =0 for (z,2z) € R% (1.5)

+ flw(z, z,t),w(x, z — sT,t — 7)), (1.4)
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Let m, = V/s? — ¢2/c, we know that U (< (z — m,x)) and U (£ (z + m,x)) are two
planar traveling waves of (|1.1)). Then the function

v (x, 2) := max {U(S(z —m.x)), U(g(z +m.a))} = U(S(z + m.|z|))

is a subsolution of ([1.5). In particular, v; (z,2) > 0.
The following theorem is the main result of this article.

Theorem 1.1. Assume that (H1)-(H3) hold. Then for each s > c, there exists a
solution u(x,y,t) = V(x,y + st) of (1.1) with V(x,z) > v~ (z,2) and
lim sup |V(z,2)—v (z,2)|=0.

R—o0 22+22>R2
Let ¢(z,2z,7) with ¢(x,z,r) > v~ (x,2) for (z,2) € R? and r € [-7,0] and

lim sup |p(z,2,7) — v (z,2)| = 0.
R—oo 12+222R2,T€[*T,0]

Then the solution w(x, z,t;¢) of (1.4]) satisfies
tlirgo |w(z, z,t;¢) — V (2, 2)|| oo (r2) = 0. (1.6)

In the following, we call V(z,y + st) a traveling curved front of . Note that
for every 7 > 0 there is exactly one ¢ and one unique (up to translation) planar
traveling wave solution of and the sign of the wave speed ¢ can be obtained
by the sign of fol fo(r)dr, where fo(r) = f(r,r), see [I9, Theorem 3.13 and 3.16].
Because of the curvature effect, the speed of traveling curved front must be greater
than c. Following Theorem|[I.1} for every given s > ¢, there exists a traveling curved
front V(x, z) of and it is unique and stable for the initial value ¢(x, z,7) with
(z,2,7) > v~ (x,2) in R? and r € [-7,0]. However, as the effect of time delay
7, it is difficult to prove that the traveling curved front is stable for initial value
d(x,z,r) < v (x,2) in R? and r € [—7,0] as that in [16, 29]. It remains as an
interested open problem. Furthermore, for with nonlocal decay

% = Uggy + Uyy + g(u(m,y,t), (h * S(u))(m,y, t)), for (z,y) € R?, t >0, (1.7)
Wang et al [27] established the existence of traveling wave solution for . There
are some difficulties to construct the supersolution of and the existence of
traveling curved fronts of remains as an open problem. It is worth to point out
that, for some special kernels, the traveling curved fronts of can be obtained,
see [25] Example 2] for the details proof of existence of traveling curved fronts to a
Lotka-Volterra competition-diffusion system with spatio-temporal delays.

This article is organized as follows. In Section 2, we make some preparations
which is needed in the sequel. In Section 3, we establish a super-solution and prove
the existence of traveling curved fronts of . In Section 4, we prove that the
traveling curved front is unique and stable.

2. PRELIMINARIES

In this section, we establish a comparison theorem for equation on R?. Let
fo(-,) : I — R be defined by fo(u) = f(u,u), u € I. By the continuity of f; and
assumption (H2), it then easily follows that there exist dg, a=,at € (0,1) with
[—00,1+do) C I and a= < a™ such that fo(-) : [=dp, 1 + dg] — R satisfies

fo(0) = fola™) = fola™) = fo(1) =0,
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fo(w) >0 for ue€ (—6y,0)U(a™,1),
folu) <0 for we (0,a7)U (1,14 ).

Let X = BUC(R? R) be the Banach space of all bounded and uniformly con-
tinuous functions from R? to R with the usual supremum norm. Let Xt =
{p € X : ¢p(z,y) > 0, (z,y) € R?*}. Let C = C([-7,0],X) be the Banach
space of continuous functions from [—7,0] into X with the supremum norm and
Ct = {peC:¢(s) € XT,s€[—7,0]}. Then CT is a positive cone of C. We
identify an element ¢ € C as a function from R? x [—7,0] into R defined by
¢(x,y,8) = &(s)(z,y). For any continuous function w(:) : [-7,0) — X, b > 0, we
define w; € C, t € [0,b), by wi(s) = w(t+s), s € [-7,0]. For any ¢ € [—dp, 1+do)c =
{¢p€C:¢(z,y,s) €0,1],(z,y) € R?, s € [-7,0]}, define

F(d))(xay) = f((b(x,y,o),qﬁ(x,y, _T))v (x,y) € R?.

By the global Lipschitz continuity of f(-,-) on [~dg, 1 + dg]?, we can verify that
F(¢) € X and F : [—dp, 14 dolc — X is globally Lipschitz continuous. In addition,
it follows from assumption (H1) that F' is quasi-monotone on [—dp, 1 + dp]c in the
sense that

i dist (9(0) — 6(0) + hF() ~ F(8)}; X*) =0
for all 9, ¢ € [—d9, 1 + dolc with ¢ > ¢. Let

x —x1)? — )2

for (z,y) € R?, ¢t >0, and ¢(-,-) € X.

)¢(x1,y1)dx1 dyn,

Definition 2.1. A continuous function v : [—-7,b) — X, b > 0, is called a mild
supersolution (subsolution) of (1.4]) on [0,b) if

v(t) > ()T — s)v(s) + / T(t —r)F(v,)dr (2.1)

for all 0 < s <t < b. If v is both supersolution and subsolution on [0,b), then we
call it a mild solution of (L.4]).

Remark 2.2. Assume that there is a v(x, z,t) € BUC(R? x [-7,b),R), b > 0, such

that v(z,z,t) is C? in (z,2) € R? and C' int € [0,b], and

0 0

a—qtj > (L)vge +Vzp — sa—v + fv(z, z,t),v(x, 2 — s, t — 7)), (x,2) €R?, t€(0,b).
z

Then by the positivity of the linear semigroup T(t) : X — X implies (2.1) holds.

In this case v is called a smooth supersolution (subsolution) of (L1.4) on (0,b).

Similar to [2I, Theorem 2.2] and [27, Theorem 2.3], we have the following exis-
tence and comparison theorem, here we omit the details of the proof.

Theorem 2.3. Assume that (H1) and (H2) hold. Then for any ¢ € [—dp,1 +
dole, has a unique mild solution w(x,z,t;¢) on [0,00) and w(x,z,t;¢) is a
classical solution of for (z,2,t) € R? x [1,4+00). Moreover, suppose that
wt(z, z,t) and w™(z, z,t) are supersolution and subsolution of on R? x RT,
respectively, and satisfy w*(x,z,t) € [~6p,1 + &) for (z,2) € R?, t € [~T,+00)
and w™(z,2,8) < wh(z,2,5) for any (z,2) € R? and s € [-7,0]. Then one has
w™(z,2,t) <wh(z,2,t) for (v,2) € R? and t > 0.
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3. EXISTENCE OF TRAVELING CURVED FRONTS

In this section, we establish the existence of traveling curved fronts of (1.1]) by
constructing a suitable supersolution v*(z, 2) with v*(z, 2) > v~ (x, 2) in R2.

For any s > ¢, it follows from [I5] and the reference therein that there exists a
unique function ¢(z, s) with asymptotic lines y = m.|x| satisfying

_ ua 5
5= 1+w%+c\/1+<pz. (3.1)

About the shape of the function ¢, the readers can refer to [I5, Fig. 3]. Following
from [I5 Lemma 2.1], there exist positive constants G2, C; (i = 2,3,4) and p+ such
that

max {|¢" ()], [¢" ()|} < Cy sech(B,), (3.2)
C3sech(fax) < \/Tigﬂi — ¢ < Oy sech(fax), (3.3)
m.laz] < o(z), (3.4)

p— < pl@) < pg (3.5)

for all z € R, where

u(x):w’ 5228 s2 — ¢2

s—cy/1+ 2 ¢ '
The following lemma constructs a supersolution of (|1.5)).

Lemma 3.1. There exist a positive constant 53' and a positive function aa' (e) such
that, for 0 < e <ed and 0 < o < af (¢),

vi(z,256,a) = U(w + esech(fa0x)
1+ ¢ (o)
is a supersolution of (L.5)) with
lim  sup |vt(z,256,0) — v (2,2)| < 2, (3.6)

R—00 24 25 R2
v (2, 2) < vt (x,256,a), for (z,2) € R?,
vi(z,26,0) >0,  for (z,2) € R% (3.8)

z

Proof. Let
z+ ¢lazx)/a

1/1+<,0’2(ozx)’

Then a direct calculation yields (see [15])

E=ax, (= o(&) = esech(B8).

N /

(= 2P, 2
! 1+ ¢ V1t ?
2 2
C _ 70“)0//2 + O‘Q‘Pl@///g 305290/ S0//2C B a(go/ o 1)90//
- 1+ L+¢?)27  (L+g?)32

Then vt (z,z;e,a) = U(C) 4 o(§). Since U(() is a solution of (L.2)), we have
Uee —cUc+ f(U),U(—cr))=0 for ¢ €R.
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By assumptions (H1), (H3) and (3.3)), we have that
FUQ) +0(),U(C —en) +0(©) 2 F(U(Q) +0(6),U (¢ - —==5) +0(©)).

Direct calculations yield

ovt
Llvt] = —vt —vl + SW - f (v+(x,z),v+(m,z — ST))
1 sU,
S G T N P S SO
~ (U +0(6),U(¢ - ——) +0(¢)
( ( 1+<p’2(€)) )
+ £ (U(Q),U (¢ —e¢7)) + Ue¢ — U
1
>Uec(1-C - —5—) —Uclys + (———=—¢)U.
2 U= = )~ e+ L+ 0(9) )
—fU) +0(8),U(C—cr)+0(8))
+ £ (U(C), U —cr)) —a?a”(€)
=5+ I+ I3+ 14
Let
h=te(i-¢ - —L )= Kﬂ)zaga_ﬂq
1- ¢¢ x 1+80/2(§) (¢ 1+§0/2 (1+@/2)3/2 ’
o B CPHZﬂLSDISDN B 350/290//2 (90/2*1)90”
12 T U(CIT —Ol|: 1+S0/2 O[C (1+<’0,2)3O‘§ (1+¢,2)3/2C:| ¢
s
I3 = ————=—¢)U¢
( 14 ¢%(¢) )
and

L= f(UQ)UC—er) = fUQ) +0(€).UC —er) +a(€)) — a?a” (€)
1
=~{[ 011 0@ +016). U = er) 4 10(9)

0 (U(C) +1o(€), U(C = 1) +no(€)]dn b (€) — a®a” (€).

Then by (1.3) and (3.2)-(3.5), we have
|| < Csasech(52€), |I2] < Csarsech(B2€), I3 > CsUesech(B2€) > 0

for 0 <@ <1and 0 < e <1, where C3,C5 and Cg are positive constants indepen-
dent of @ and . By assumption (H2), there are

(u,v,ﬁl)iil?(O,O,O)(alf(u7v) + 82f(ua U) + ﬁ) = 81f(070) + 82f(0a 0) < 07

(u’v’ﬁl)igl(l’lm(@lf(u, v)+ daf(u,v)+6) =01 f(1,1)+ d>f(1,1) < 0.

Then we can fix 3y > 0 and choose §* € (0, dp) such that [—6*,1 4 6*] C I and
O f(u,v) + Do f (u,v) < —Bo, for (u,v) € [-6,6* UL — 6,1+ 6. (3.9)
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Since limg_ U(€) = 0 and lime_,_ o, U(§) = 1, there exists My = My(U, By, 6*) >
0 such that

*

U(C)Zl—% for ¢ > My — cr, (3.10)

U@ < 5 for { < —Mjy + cr. (3.11)
Take
0= max{|6'1f(u,v)| (u,v) € [-6%,1 +5*]2}

n max{|82f(u, o)+ (u,v) € =6, 1+ 5*]2}.

Next, we distinguish among three cases to consider I, and prove L[vT]

Case (i): |¢] < My. For 0 < & < §*/2, we have o(§) = esech(f:28) <
choice of My and cq,

Note that there exists a constant C7 > 0 such that o/’ (§) < C7o(&) for £ € R. Then
14| < (e1 + @®Cr) esech(Ba€).
Consequently, letting mg = mo(U, Bp, 6*) = min {U'(¢) : |¢| < My} > 0, we have
Lt =L+L+I3+14
> [-Csa — Cga + C3mg — c1e — aCy] sech(f2€) > 0
provided that € and « satisfy

0<<€§min{1,

} and ozgmin{L2 Camo )}

(5: Cgmo
27 2¢ (C5 +Co + C7

Case (ii): ¢ > My. Clearly by (3.10), 1 > U(¢{) > 1 — 7 and 1 > U (¢ —cr) >
1—%. For 0 <e < % and any n € (0,1), we have

-2 <UQ +nole) <5 1,

1= <UC—er) tmo(e) <+ 1
By (3.9), we have Iy > Boo (&) — a?c”(§) = (Bo — Cr)o(€). Then
ﬁ[v*] =Lh+L+1Is+14 (312)
> (=Csa — Csar+ (8o — C7)e) sech(B2€) > 0 (3.13)

provided that 0 < o < min {1, %}

Case (iii): ( < —Mo. By (3.11)), we have 0 < U((),U (( —c7) < % and hence for
any 7 € (0,1),
0<U(C) +no(§) <67,
0<U(C—cr)+no(§) <4
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for 0 < & < ¢*/2. Similarly, we have holds for ( < —Mj. Thus, combining
above three cases, we have v*(z,2;¢,a) is a supersolution of . Furthermore,
if we take o < %, where e is the exponential, we can prove and
by an argument similar to that in [I5] and we omit it. In addition, directly
follows from the definition of v (x, z; ¢, ).

Finally, we take

o* Cgmo

+ _ .
€y —mln{l,?, 5, },
C 20232,
ozg(e) = min{l7 3710 , Poe , e B }
2(05 + Cs + 07) Cs + Cg + C 4C1Cys
This completes the proof. (I

Now, we are searching for a traveling curved front towards y-direction. From
Lemma v (z, 2z;€, ) is also a supersolution of (1.4). Let w(z, z,t;v7) be the
solution of (1.4) with initial value ¢(x, z,7) = v~ (z, 2). By Theorem we have

v (2,2) S w(x, z,t;07) <vt(x,2), for (z,2) € R? ¢t > 0.
Since v~ (x, z) is a subsolution, we have w(z, z,t;v™) is monotone increasing in ¢.
Similar to Wang et al [28, Proposition 4.3], we have that
lw(z, 2, y;v7)||c21 ®2 x[2(741),00),R) < OO
Applying [10, Theorem 5.1.4 and 5.1.8], we have that
||’1U(.’IJ, Z,y;’U_)||C2+9,1+9/2(R2X[2(7+1)700)7R) < oo for some 0 € (0, 1)

Then there exists a function V(z, 2) € C?(R?) such that

w(z,z,t;v7) — V(z,2) in O (R?) ast — oo. (3.14)
Furthermore,

L[V]=0 on R?
0
a—V(m,z) >0, v (x,2) <V(z,2) <v(z,2;6,a), Y(z,z)c R
2
By (3.6) and the arbitrariness of ¢, we have
lim sup |V(z,z)—v (z,2)] =0.
R—00 g2 42>R2

Theorem and the maximum principle implies that v~ (z,2) < V(x,z) < 1 and
V(z,2) < v'(z,2;¢,a) for all (z,2) € R2. Moreover, one has %V(a@z) > 0 for
all (z,z) € R?. Thus, the function u(x,y,t) = V(x,y + st) is just the expected
traveling curved fronts of (L.1]).

4. UNIQUENESS AND STABILITY OF TRAVELING CURVED FRONTS

In this section we develop the arguments in [I5] and [29] to establish the asymp-
totic stability and uniqueness of traveling curved fronts V' (z, z) obtained in Section
3. We prove for ¢(x,2z,7) > v~ (x,2) in R? and r € [-7,0].

Let w*(x, z,t) be the solution of

ow? ow'
ot 0z
w(z, z,7) = ¢'(x,2,7), Y(x,2) €R? re[-T,0],

+ f(w'(z, z,t),w(x, 2 — sT,t — 7)) V(x,2) € R?, t >0,

I i
7wx9c+wzz §
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fori=1,2.

Lemma 4.1. Let ¢'(z, 2,7) € [0, 1+80]c forr € [-7,0] and (x,2) € R%, i =1,2.
Then

sup  |w?(z, z,t) — wh(z, 2, )] < AUHD sup |02 (z, 2,7) — @' (2, 2, 7)),
(x,z)ER? (w,2)€R2,re[—7,0]

fort >0, where A is a positive constant independent of ¢* and ¢>.
Proof. By the abstract setting in [14], w'(t) := w'(z, 2,t) (i = 1,2) is a solution to
its associated integral equation

w'(t) = T(t)w(0) + /Ot T(t—s)F(wl)ds, t>0,

w'(0) = ¢' €[00, 1 + dole-

As aforementioned in Section 2, F : [—dg,1 + dp]ec — X is globally Lipschitz con-
tinuous. Let @w(t) = eM!T(t)w(0) for t > 0, where

{U\(O) = sup |¢2(£C7Z,7") —¢1($7Z,7")|
(z,2)ER?,re[—7,0]
and M = max{|F'(w)| : w € [=do, 1 + do]}. Then w(t) satisfies
t
B(t) = TR)HO) + M / T(t — s)d(s)ds, t>0.
0
Define w(t) := w?(t) — w'(t). Note that w(t) satisfies

@(t) = T)(0) + / T(t — s)(F(w?) — F(w!))ds

+M/ (t — s)w(s)ds.

By [14, Proposition 3] with v~ = —oco0, =w(t), S(t,s) = ST(t,s) = T(t,s) =
T(tfs)tZsanndB(w:B(t ):M(),Wehavew(t)Zf[[)(t)for
all t > 0. Thus it follows that w?(¢t) — wl(t) < eM'T(t)@(0) for ¢t > 0. Similarly,
we have w!(t) — w?(t) < eM'T(t)w(0) for t > 0. Note that there exist positive

constants A; and A, such that

(x —11)?+ (2 — 21)?
t

7(0)] < “L exp(-4s )

for (z,2) € and ¢t € (0,1]. Then there exists a constant A > 1 such that
w(t) < Aw(0 ) for t € (0,1]. Note that W(t+ s) = @W(t)w(s). For any t > 0, we have

w(t) = eMT(t — [thw([t),
where [t] = max{n € Z,n < t}. By induction, we obtain
o(t) < AFLG(0) < A1w(0), Vi > 0.
This implies

sup |w?(z, z,t) — w'(z, z,t)] < AG+D) sup |¢2(x, z,1) — ¢ (, z,7)|.
(z,2)E€R? (z,2)€ER2,re[—T1,0]

O
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Lemma 4.2. There exists a positive constant B3 satisfying

?}Z(m’z) > s, when 8" < V(w,2) <107,

ovt N )

87(%2)2@5, when & < vt (x,2) <1-—4§*.
z

This lemma is used to prove the uniqueness of traveling curved front and the
proof is completely similar to [I5, Lemma 4.3], so we omit it here.

Lemma 4.3. Let v be a supersolution to (1.5|) with
* *

Uy(z,2) >0, 5 < oz, z) <1+ %, for all (x,z) € R?,

* *

U.(z,2) > P, % <o(x,z) <1-— %, for all (z,z) € R2.

Let v be a subsolution to (1.5 with

* *

)
v,(z,2) >0, -5 < vz, z) <1+ 5 for all (z,2) € R?,

)
v,(z,2) > B, 5 < vz, z) <1— 5 for all (z,2) € R%

Then there exist a positive constant p sufficiently large and a positive constant 3
small enough such that for any 0 < § < %6_57, the functions wt and w™ defined

by

wt(z,2,t;0) = 0(z, 2 + pd(1 — e Pt)) 4 de P,

w(x, 2, t0) = vz, z — pd(1 — e Pt)) — se Pt
are super- and subsolution of , respectively.
Proof. Since o(z,z) be a supersolution of (L.5]), we have

gy — Vpp + 80, > f(0(z,2),0(x,2 — s7)), V(x,2) € R

For # > 0 and any t € R, pd(1 —e B¢~ < p§(1 —e~P*). Then by the assumption
of v(x, z),

@(m, z 4+ pd(1 — e A=) 37'> <o (z,2+ps(l —e ) —s7).

Let £ = z + pd(1 — e P"). Direct calculations yield that

Nw']
= % —wl, —wi, + 55;0: — flw (2, z,t),wh (z,2 — s7,t — 7))
P
> 60 (p- = 1) + f (02, €), 0z, € — s7))

— (002, ) + 86, 0a, 2 + pa(1 — e HE=T)) 4 5P

> §Be Pt (p% - 1) + f ((x, £), 5w, & — s7))
-/ (6(3:, &) + 667'&» o(x, & —sT) + 567[’@*7))

> 56—&{5,0% - [/01 o f (17(:5, €) + 80P 5w, € — s7) + 956—5“—7))
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+ePToLf (ﬁ(x, €) 4+ 05" b(x, & — s7) + 956‘6<t—7)> dQ} },

where we have used assumption (H1). By the assumption (H2), there exists a
positive constant § such that

(al Flu,v) + P f (u, v)) = 9, £(0,0) + 92£(0,0) < 0,

lim
(u,v,8)—(0,0,0)

)(81f(u,v) n eﬁTBQf(u,v)) — 0 f(1,1) + Baf(1,1) < 0.

lim
(u,v,8)—(1,1,0
Then for § > 0 small enough, there exist n € (0,8] and §* € (0,dp) such that
[-0*,1+6*] C I and
O f(u,v) + €770y fu,v) < —n  for (u,v) € [-6%, 6" UL — 65, 1+6*7. (4.1)
Take
c1 = (8,67
= max { |01/ (u, )| : (u,0) € [-6%, 1+ 5%}
+ €7 max {|82f(u,v)| D (u,v) € [=0%, 1+ 5*]2}.
Case (i): % <v<1-— % For 6 € (0,46*¢P7) and any 6 € (0,1), we have
6" < 0(x, ) + 00 Pt B(x, & — s7) + 05 P <1467
Then we have

Nw*t] > de P [BpBs — B —c}] >0

; B+c]
provided that p > T

Case (ii): 1+ % > > 1— 2. In this case, for § € (0, 36*¢7) and any 6 € (0,1),

)
1- 5 < 0(x, &) + 00 Pt bz, & — s7) + 06 P <1467,
By (4.1)), we have
v
+] >58¢ - >
Nwt] >de (ﬁpaz ﬁ+n) >0

for p large enough.
Case (iii): 0 <7 < %. Similarly, we have 0 < v(z,&) + 05e= Pt v(x, & — s7) +
06e=Pt=7) < §* and Nw*t] > 0.
Consequently, we have N'[w™] > 0 for (z,2) € R? and ¢t > 0. It then follows that
wt(z, z,t;0) is a supersolution of (1.4). Similarly, we can prove NM|w~] < 0 and
id)

w™ (z, 2z, t;v) is a subsolution of (| . This completes the proof. O

Lemma 4.4. Let w(x,z,t) be the solution of (1.4]) with
lim sup ‘¢($,Z,T‘) *”Ui((E,Z)| =0.
R—00p24 22> R2 re[—7,0]

Then

lim sup |w(z,z,T)—v (z,2)]=0
R_’OOQ:2+222R2

holds for any fixed T > .
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Proof. For the sake of convenience we define w(z, z,t;¢) by w(x,z,t). Define

Wiz, z)=U( z+‘P(l) ). (3:2)-(3.5) implies that

+/2

lim  sup |[W(z,2)—v (z,2)| =0.
R—o00 424 25 g2

It then follows that

lim sup |W(z,2) — ¢(x,2,7)] = 0.
R—o0 22422>R?,re[—71,0]

Define v(x, z,t) = w(z, z,t) — W(z, z). Consider the equation

%—EM vzz—|—sg — O flv+ W, W(x,z— s7))v0 = h(x, 2), (4.2)
5(37’2577") - ’LU(J?,Z,T) W(J?,Z), T e [_T7 0]
for (z,z) € R? ¢t > 0 and some 6 € (0,1), where h(z,z) = —L[W] satisfies

imp o0 SUP,2 4 .2 ge |M(x, 2)| = 0. In view of
—flo+Wyu(z,z —st,t —7) + W(z,z — s7)) + f(W,W(x,z — s7))
< —f(0+ W, W(a,z - 57)) + F(W, W (z,2 — 57))
=—O1f(v+0W,W(x,z—sT))v,
we have that v(z, z,t) is a subsolution of (4.2)). It follows that v(x, 2,t) < v(x, 2, t)
for (z,2) € R? and t > 0. Define v(z, z,t) by
G
ot

@(1‘72,7’) = W(xasz)lv re [_T> O]

—nmx—nzz+s%—M5:|h(x7z)|, (4.3)

for (x,2) € R% ¢t > 0 and M = max{|0; f(u,v)| : u,v € I'}. The maximum principle
(see [18]) yields ©(x, z,t) > 0 for (z,2) € R? and ¢ > 0. Then we have

0 0? 0? 0 _ L
(a—w— 5.2 +88 YT —0)— O f(v+O0W, W(x,z—s7))(T—7)

=(M-01flv+0W,W(x,z—s7)))v+ (|h(z, 2)| — h(x,2)) >0

for (z,z) € R? and ¢ > 0 with the initial value (U—70)|;=re[—r,0) = 0. The maximum
principle implies v(z, z,t) > v(z,2,t) for (z,2) € R? and t > 0. It follows that
v(x,z,t) > v(z, z,t) for (v,2) € R? and ¢t > 0. Apply the similar arguments to
(—v), we obtain v(x, z,t) > |v(z, 2,t)| for (z,z) € R? and t > 0.

To complete the proof, it suffices to prove that limr_.oc SUp 2 25 52 |0(2, 2,t)| —
0 for each T > 7. Because 9(z, z,1) is the solution of (4.3) then there exists a

e n) g

solution function |I'(z, 2, t; x1, 21, $)| <

5($72,t):/ [(x, 2, t; 21, 21,0)0(21, 21, 0)dz1d2
]RQ

t
+//F(x,z,t;xl,z1,8)|h(x1,21)|da:1d21,
0 Jr2

where 0 < s <t < T, By and By are positive constants dependent of T'. Thus, the
remainder proofs follows a similar arguments as that in [I5] Lemma 4.5] and we
omit it here. This completes the proof. [
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In the following, we prove the uniqueness and stability of traveling curved fronts
of (I.1)). Take 0 < ¢ < ¢ef. Let

V*(z, z) = tlim w(z, z, t;v) (4.4)

for any (z,2) € R? and t € R. Since v+ (z, 2;¢, ) is also a supersolution of (1.5),
we have w(z, z,t;v") is nonincreasing in ¢ and converges to some function V*(x, 2)

under the norm || - [[c2+6,140/2(R2 x [2(741),00),R) @S t — 00. Furthermore, V*(z, 2)
satisfies (1.5 and
Ve, 2) < V*x,2) <ot (z,2;6,a), V(z,z) R (4.5)

Lemma 4.5. Let V*(x,z2) and V(x,z) be as and (3.14). Then

Vi(z,2) =V(x,2) for all (z,z) € R2
Proof. Assume that V. (z,z) # V(z, z) by contradiction. Then the maximum prin-
ciple and imply that

V(x,2) < V*(z,2) forall (z,2) € R

Take 8 and p as in Lemma For any 0 < 6 < %6_67—, using (3.6) we make A > 0
large enough such that

V*(z,2) <V(z,z+ ) +6 forall (z,2) € R

By Lemma [£.3]
wh(z, 2+ \GV) =V (2,2 4+ X+ pd(1 — efﬁt)) + e Pt

is a supersolution of ([1.5). By Theorem V*(x,2) < wh(x,z+ A\t V) for any
(r,2) € R? and t > 0. Then let t — oo, we have

V*(x,2) < V(x,z+ X+ pd), V(z,z) R
Define
A:=inf {\: V*(z,2) < V(z,z+ A) for all (z,2) € R*}.
Then we have that A > 0 and
V*(z,2) <V(z,z+A) forall (z,2) € R%

It is still needed to show A = 0 by contradiction and then obtain V*(z, z) = V(z, 2)
holds in R?. Assume A > 0. By the strong maximum principle of elliptic equation
(see [18]), we also have that either

V*(x,2) = V(z,z+A) forall (z,2) € R?

or
V*(z,2) < V(z,z+A) forall (z,2) € R%
We show that the former is impossible. In fact, it is easy to see that
lim V*(z,—m,z) =U(0) and lm V*(z,—m.z+A)= U(EA)7
r—Fo0 S

r—Fo0
which is a contraction if V*(x, z) = V(z,z + A). Next, we assume that V*(z, z) <
V(x,z+A) for any (z,2) € R?. Since imp oo SUP,2 252 [V (2,2) v~ (2,2)] = 0
and

lim sup vy (z,2)] =0,
R=00 |z tm.[z]| 2R
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by the interpolation || - [[cr < 2+/]| - [[co|| - ||2, we have
lim sup  |Vi(x,z+A)| =0.

R=00|ztm. |z|| >R
Take R. > 0 such that
0
2p sup —V(z,z+A)| < 1.
|zl > Ro—ps* 0%
Define D := {(z,2) € R?||z + m.|z|| < R.}. Since V*(z,2) < V(z,2+ A) in D, we
can choose a small positive constant h with

o A

b, Vi(x,z) <V(x,z+ A —2ph) inD. (4.6)
In (z,2) € R?\ D, we have
1
V(z,z4+ A—2ph) —V(z,z4+A) = —2ph/ V.(x,z+ A —20ph)d0 > —h. (4.7)
0

Then by (4.6) and (4.7)),
V(z,z+A) <V(z,z+A—2ph) +h in (z,2) € R%
By Lemma [£.3]
wh (z, 2+ A —2ph,t;h) = V(z,z + A — 2ph + pd(1 — e Pt)) + he P
is a supersolution of (|1.4). Theorem implies that
V*(x,2) <wh (2,2 + A —2ph,t;h) V(z,2) € R% ¢t > 0.

Let t — oo yields that V*(z, z) < V(z, 24+A—2ph) for (z, z) € R?, which contradicts
the definition of A. Thus A = 0. This proof is completed. O

Next, we establish asymptotic stability of V(x, z) and prove (1.6]) for ¢(z, z,r) >
v~ (z,2) in R? and r € [-7,0].
Proof. For simplicity, we denote w(zx, z,t; ¢) as w(x, z,t). For any g9 > 0, we show
that there exists T, > 0 such that

sup |w(z,z,t) —V(z,z)| <e fort>T,.
(z,2z)ER?

Choose § small enough such that

V(2 +p8) S V(@,2) + 5,

where 53‘ and p are given in Lemma and Lemma respectively. By Theorem
there exists a positive constant T > 7 such that

w(z, z,t;07) < w(xr,z,t) <1 for (z,2) € R?, t > Ts. (4.9)
Lemma [4.4] shows that for some R > 0,

0<6<ed, (4.8)

0
w(z, z,Ts) <v (x,2) + 3 for 2% + 2% > R?. (4.10)
If « is small enough, then we have

U(C):U(m) >U(§(—R+@)) 21-%
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2,2 2 : ; + ©(0)
for % +2% < R%. Choose a small to satisfy 0 < o < min {ao (), ST (=D ] },

vt (z,2) > l—g for 2 + 2% < R% (4.11)

Combining (4.9)-(4.11)), we obtain

w(z,z,Ts) < vt (z,2) +6 <w'(x,2,0;6) for (z,2) € R%

Theorem implies
w(z, z,t + Ts;v7) <w(w, z,t +Ts) <wh (w2, t;0T) (4.12)
for (x,z) € R? and t > 0. By Theorem [2.3| again, we have
w(z,z,t + 5+ Ts,v") <w(z, 2t + s+ Ts) < w(z,z,s;u’) (4.13)

for t > 0 and s > 0, where u® = w*(z,2,t;vT). Since w(x, z,t;v™) monotonically
converges to V(x, z) as t — 0o, there exists a positive constant s; > 7 with

sup |w(9572781;v+’6) —V(z,z+ pd)| < %,

(z,2z)ER?
where v9(z, 2) = vt (z, 2+ pd). By Lemma for any ¢(z, z,7) € [—d0, 1 + do]c,
sup |'U)(l'72’,81;¢) —U)(J,‘,Z’Sl;’()-i_’é”
(z,z)€ER? (4 14)
SAGTY sup  g(a,zr) — o0 (x,2)]. '

(z,z)ER?,re[—T,0]

Since wT(z, z,t;v") — v (2, 2 + pd) as t — oo uniformly in (x,z) € R?, then there
exists T1 > 7 large enough such that satisfy

AGHD  qup (a2, o) — 0T (x, 2 + pd)| <
(z,2z)ER?

for t > Ty and (x,z) € R?. Then, by (4.14) and ([4.15)) we have
lw(z, z, s1;u') — V*(z, 2 + pd)]

(4.15)

Wl ™

< Jw(z, z, s1;ut) — w(z, z, 513000 | + |w(z, 2, s1;070) — V¥, 2 + po)|

for any t > Ty and (z, 2z) € R2. By (4.13)

2
w(z, z,t + 51+ Ts, v ) < w(z,2,s1;u") < V(2,2 + pd) + 3¢ (4.16)

holds for ¢t > Ty and (z,2) € R?. Combining (4.8), (4.13), (4.16) and Lemma

we have

2
< —€
3

w(z,z,tv7) <w(z,z,t) <V(r,2z)+e
for (z,2) € R? and t > s; + Ty + Ts. Since V(x,2) = lim;_ o w(z, 2,t;07), we
obtain

tli>nolo H’LU(J?, th) - V(.T, Z)||L°°(]R2) =0.
This completes the proof. O
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