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EXISTENCE OF POSITIVE PERIODIC SOLUTIONS FOR
NEUTRAL LIENARD DIFFERENTIAL EQUATIONS WITH A
SINGULARITY

FANCHAO KONG, SHIPING LU, ZAITAO LIANG

ABSTRACT. By applying Mawhin’s continuation theorem, we study the exis-
tence of positive periodic solutions for a second-order neutral functional dif-
ferential equation

((z(t) = cx(t — )" + f(@(t)a' (t) + g(t, x(t — §)) = e(t),

where g has a strong singularity at x = 0 and satisfies a small force condition at
z = 00, which is different from the corresponding ones known in the literature.

1. INTRODUCTION

In recent years, the existence of periodic solutions for the second order differential
equations with a singularity have been studied in many literature. See [I]-[I5] and
the references therein.

Wang [15] studied the Liénard equation with a singularity and a deviating argu-
ment

a"(t) + f(x(t)2' () + g(t, x(t — 7)) = 0, (1.1)
where 0 < o < T is a constant, f : R — R, g : R x (0,+00) — R is an L?-
Carathéodory function, g(¢,x) is a T-periodic function in the first argument and
can be singular at x = 0, i. e., g(¢,x) can be unbounded as z — 0.
Let be of repulsive type and set

1 T
g(z) = —/ g(t,x)dt, x > 0.
T Jo

Assume that
t
e(t) = lim sup o ,x)’
T

r——+00

exists uniformly for a. e. t € [0,T], i.e., for any € > 0, there is g. € L?(0,T) such
that

g(t,x) < (p(t) + )z + ge,
for all z > 0 and a. e. t € [0,T]. Assume that ¢ € C(R,R) and ¢(t +T) = p(t),
teR.
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Wang established the following theorem.

Theorem 1.1. Assume that the following conditions are satisfied:

(H1) (Balance) There exist constants 0 < Dy < Dq such that if x is a positive
continuous T-periodic function satisfying

T
| attatoyie=o
0

then
Dy < z(7) < Dy, for some 7 € [0,T].
(H2) (Degree) g(x) < 0 for all x € (0,D1), and g(x) > 0 for all x > Ds.
(H3) (Decomposition) g(t,z) = go(z) + g1(t,x), where go € C((0,+00),R) and
1:[0,T] x [0,+00) — R is an L2-Carathéodory function, i. e., g1 is
measurable with respect to the first variable, continuous with respect to the
second one, and for any b > 0 there is hy, € L*((0,7T);[0,+0o0)) such that
lg1(t, )| < hy(t) for a.e. t € [O T] and all x € [0,Db].
(H4) (Strong force at x =0) fo go(z)dz = —o0.
(H5) (Small force at x = c0)
Nis

llloe < (G2

Then (1.1) has at least one positive T-periodic solution.

Meanwhile, the problem of the existence of periodic solutions to the neutral
functional differential equation was studied in many papers, see [16]-[I1] and the
references therein. For example, in [7], Liu and Huang studied the following neutral
functional differential equation

(u(t) + Bu(t — 7)) = g1(t, u(t)) + g2(u(t — 1)) + p(t).

And in in [I1I], Lu and Ge studied the existence of periodic solutions for a kind of
second-order neutral functional differential equation of the form

dt2( ZCJ tﬁ’”)

= flu(®)v'(t) + a(t) +Zﬂjg u(t — ;) + p(t),

where f, g € C(R;R), a(t), p(t), B;(t), v;(¢) (] =1,2,...,n) are continuous periodic
functions defined on R with period T' > 0, ¢;, r; € R are constants with r; > 0
(j =1,2,...,n). By using the continuation theorem of coincidence degree theory
and some new analysis techniques, the authors obtained some new results on the
existence of periodic solution.

However, to the best of our knowledge, the studying of positive periodic solutions
for the neutral functional differential equation with a singularity is relatively infre-
quent. As we know, in order to establish the existence of positive periodic solutions,
a key condition is that the greatest lower bound must be estimated because of the
singularity. However, it is difficult to verify the greatest lower bound, especially for
the neutral functional differential equations with a singularity. Besides, because of
the singularity, the third condition of Mawhin’s continuation theorem is not easy
to verify.
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Inspired by the above facts, in this paper, we consider the following neutral
Liénard differential equation with a singularity and a deviating argument

((2(t) — cx(t — 0)))" + f(z(t)2'(t) + g(t,2(t — 8)) = e(t), (1.2)
where ¢ is a constant with |¢] < 1, 0 < 0, 6 < T, f : R — R is continuous,
g :[0,T] x (0,4+00) — R is a continuous function and can be singular at u = 0, 1.

e., g(t,u) can be unbounded as u — 0%. e( ) is T-periodic w1th f t)dt = 0. And
we can easily see that when ¢ = 0, the (1.2) transforms into To sum up, our
results are essentially new.

The rest of this paper is organized as follows. In Section 2, we state some
necessary definitions and lemmas. In Section 3, we prove the main result. At last,
we will give an example of an application in section 4.

2. PRELIMINARIES

To prove the announced result, we state the following necessary definitions and
lemmas. Denote the operator A by

A:Cr— Cr, (Az)(t)==z(t) — cz(t — o),

where Cr = {¢ € C(R,R), o(t +T) = o(t)}, with norm ||¢[|o = max;c(o,77 |¢(t)]-
Clearly, Cr is a Banach space. Define the operator

L:D(L)yc X —Y, Lz=(Ax),
where D(L) = {z € C'(R,R), z(t) = 2(t + T)}. Define
N:Cr—Cr, (Na)(t) = —f(2(t)'(6) — g(t, 5(t — 8)) + e(t).
Then can be rewritten by Lz = Nx.
Lemma 2.1 ([I0]). If |¢| < 1 then A has continuous inverse on Cr and
( ) ||l A- 1x|| < ‘1“@“'0" for all z € Cr;
fo ®ldt < =g |p” fo |f(®)|dt for all f € Cr;
fo |A 1f| ()dtg Wfo f2(t)dt for all f € Cr.

From Hale’s terminology [4], a solution of the is x € C(R,R) such that
Az € CY(R,R) and is satisfied on R. In general, z is not from C*(R,R).
Nevertheless, it is easy to see that (Au)’ = Aw'. Thus, a T-periodic solution = of
the must be from C!(R,R). According to Lemma we can easily obtain
that kerL R,ImL={z:2¢€X, fo s)ds = 0}. Thus L is a Fredholm operator
with index zero.

Let the projections P and @ be

1 /7
P:Cr —kerL,Px = —/ x(s)ds;
T Jo

T
Q:Cr—Cpr\ImL,Qy = %/ x(s)ds.
0

Let L, = L|p(z)rkerp : Cr Nker P — Im L. Then Lp has continuous inverse L}jl

on Im L defined by
(L y)( / G(t,s)y )
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where

s—=T <t<g:
Gk(t)Z{T’ Ost=s

%7 s<t<T.

Lemma 2.2 ([2]). Let X and Y be two real Banach spaces, and § is an open and
bounded set of X, and L : D(L) C X — Y is a Fredholm operator of index zero
and the operator N : Q C X — Y is said to be L-compact in Q. In addition, if the
following conditions hold:

(1) Lx # ANz for all (z,)) € 09 x (0,1);
(2) QNz #0 for all x € ker L N 09
(3) deg{JQN,QNker L,0} # 0, where J : ImQ — ker L is a homeomorphism.

Then Lx = Nx has at least one solution in D(L) N Q.

For the sake of convenience, we list the following assumptions:

(H1) There exist positive constants D; and Dy with Dy < Ds such that
(1) for each positive continuous T-periodic function x(t) satisfying

fOT g(t,z(t))dt = 0, there exists a positive point 7 € [0, 7] such that
Dy < (1) < Dy;
(2) g(x) < 0 for all x € (0,D;) and g(z) > 0 for all z > Dy, where

g(x) = + fOT g(t,z)dt, > 0.
(H2) g(t,z) = g1(¢,x) + go(z), where g1 : [0,T] x (0,400) — R is a continuous
function and
(1) there exist positive constants mg and m; such that

g(t,x) <mox +mq, forall (¢,z) € [0,T] x (0, +00);
(2) fol go(z)dr = —c0.

3. MAIN RESULTS
Theorem 3.1. Suppose that the conditions (H1)-(H2) hold, |c| < 1 and

c|(1 4+ |e]) +meT?
(L4 Ie) + T
(1—lef)
then the (1.2]) has at least one positive T-periodic solution.

Proof. Consider the operator equation
Lz = ANz, Xe€(0,1).
Let Oy = {x € Q, Lz = ANz, ) € (0,1)}. If x € Qy, then x must satisfy
((Au) (£)) + A () (£) + Ag(t,ult — 8)) = Nel(t). (3.1)
Integrating on the interval [0, 7], we have

T
/ gt ult — 8))dt = 0. (3.2)
0

It follows from (H1)(1) that there exist positive constants Dy, Dy and 7 € [0, 7]
such that



EJDE-2015/242 EXISTENCE OF POSITIVE PERIODIC SOLUTIONS 5
Then, we obtain

t

T
[ullo = e u(t)] < tg[lg% lu(T) + g u'(s)ds| < Dy +/0 W' (s)lds. (34)

Multiplying the both sides of (3.1)) by u(t) and integrating on the interval [0, T],
we obtain

T
| @y oyuna
= 7/\/ f(u dt/\/OTg(t,u(td))u(t)dt+A/0T e(t)u(t)dt (3.5)
T
- —)\/0 ot ut — 8))u ()dt+/\/0 e(tyu(t)dt.

Furthermore,
T T
| oy @yua = [ cany @ o
0 0
T
_ / (Au) (D[ () — et (t — o) + el (¢ — o)]dt
0 (3.6)
== [ Al o) + e (e - o)l

T T
- / |(Aw')(8)[2dt — / el (t — o) (Au) (H)dt.
0
Substituting (3.6) in , we obtain
[ 1o
T T T
= 7/0 cu'(t — o) (Aw) (t)dt + )\/0 g(t,u(t —8))u(t)dt — )\/0 e(t)u(t)dt
<lel [ |/t —o)l[(Aw) (t)|dt + [ |g(t, u(t — 6))||u(t)|dt + / le(t)[[u(t)]dt.
0 0 0
It follows from (H2)(1) that

/0|<Au><t>| dté\cl/o [ (t - 0)|(Au) <t>|dt+mo/0 ut) 2dt

T T
—|—m1/0 |u(t)\dt+/0 le(8)][u(#) .

Moreover, by applying Holder inequality and Minkowski inequality, we can have

/ o (t — o) | (Au)' (8) | dt
0

(3.7)

T
<( |(Au)'( |dt /|ut—a|dt

= / |(Au)'( |dt /O|u’(t)| dt ?
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_ (/OT I/ (t) _cu'(t—a)|2dt)1/2} (/OT |u’(t)\2dt)1/2

< (/OT |u’(t)|2dt)1/2+ (/OT |cu’(t—a)|2dt)1/2} (/OT |u’(t)|2dt)1/2
_ T ) 1/2 T , 1/2 T , 1/2

< (/O lu (t)|2dt) +|c|(/0 lu (t)|2dt) }(/0 lu (t)|2dt>

T
= (1+|c|)/ [’ (t)|2dt. (3.8)
0
Substituting (3.8)) into (3.7) and by (3.4]), we can obtain

| 1wy oPae <+l [ 0P+ mol?
0 0
+(ms+ fell) Tl
T (3.9)

T
smuﬂmé|w@mmwwmm+é|w@wﬁ

T
+mwwMﬂm+Awwww

By applying the third part of Lemma (2.1f), we have

T u/ 294 T -1 u/ 2 1 T ul 2
| wpa= [t apope < oo [ laope @)

Substituting (3.10) into (3.9) and by applying Holder inequality, we obtain
T
| 1wy
0
T
< el e+ moT?) [ ol e) e
0

T 1/2
+ [2moDa + mi + ||e|\0]Tﬁ</ [u(t)2dt) "+ moTD3 + (ma + |lello) T Dy
0

BT IR o
(1 —1ef)? 0
[2mo Dy +my + |le]|o)TVT
1— ]
+ (m1 + [e][o)TD2.

( /0 ' |(Au’)(t)|2dt)1/2 + mgTD?

lel (14| e +mo T2

(SEE < 1 that there exist a positive constant M such that

It follows from
T
| 1awyopa <
0
which combining with (3.10]) gives

T / 2 M
/0 ! (t)|2dt < = (3.11)
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Then by (3.4), we obtain

F
[ullo < D2 + T = M. (3.12)
Since [Au|(t) is T-periodic, there exists tg € [0, 7] such that [Au'](to) = 0. Hence,
we have that, for ¢t € [0, 77,
t
[Ad'](6)] = [[Au'](to) +/ ([Au)(s)) ds]
fo (3.13)

T

T
< A/ [f (u@®)|u'(£)]dt + )\/ |9(t, u(t = 8))|dt.
0 0
Set Fr, = max|y <z, |f(u)], then by (3.11)) we obtain

T T
| il s pu, [ e Y gy
: : 1=

Write
= {t € [OaT] : g(tvu(t - 5)) > 0}; I = {t € [OvT] : g(tvu(t - 5)) < 0}
Then it follows from and (H2)(1) that
T
/0 gt ult — 8)|dt = /1+ ot ult — 8))dt — / ot ult — 5))dt

= 2/1+ g(t,u(t —9))dt

T T
< 2m0/ u(t — &)dt + 2/ mydt
0 0

< 2moT||ullo + 2T'm;.

According to (3.14) and (3.15), we have
T T
[ Au']lo < >\/ [f (u(@®)|u'(t)]dt + >\/ lg(t, u(t — 8))|dt
0 0
Fy, VT M

1— el
which combining with the first part of Lemma we see that
A i
o/ ()] = A~ u) (1) < 14T
11—l
% + QmoTMl + 2Tm1
- 11— | ’

(3.15)

< /\( + 2mT M, + 2Tm1),

o Do omgTM + 2Ty
[u'llo < TRE = Aj. (3.16)
On the other hand, it follows from (3.1)) and (H2) that
((Aw)'(t+6))" = =Af(ult + 0))u(t + 6) = Alga(t + 6, u(t)) + go(u(t))]
+ Xe(t +9).

(3.17)
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Multiplying both sides of by u/(t), we have
((Au)'(t+8))'u'(t) = =Af(u(t +6))u'(t + 6)u'(¢)
— Ag1(t + 6, u(t)) + go(u(®)]u' (t) + Ae(t + 6)u/ ().

Let 7 € [0,7] be as in (3.3). For any t € [r,T], integrating (3.18)) on the interval
[7,T], we have

u(t) t
A / b= / o ()l (£)dt

(3.18)

_ / (Auw)' (£ + 6))'/ (£)dt — A / Flult + 6)d (¢ + ) (1) dt
/\/tgl(t+5,u(t))u'(t)dt+)\/te(t+5)u’(t)dt

Set Gy, = max|y|<ar, |g1(t, u)|, then from the inequality above, we obtain

u(t)
Al go(u)dul
u(T)

Y / golu(t)) (t)d

T
S/ |((Au)'(t +9))’ '(t)\dt+/\/ [f (u(t + 0))[u'(t + 6)||u'(t)|dt
0 0

T

T
+)\/O lg1(t + 0, u(t))||u (t)\dt-i—)\/o le(t + d)||u'(t)|dt

T
< HU'Ilo/ |((Aw)' (¢ + 0))'ldt + XFag, [0/ IBT + AGaay [/ [loT + Allello]|u’[|oT,
0

u(t) T
[ oot <l 1A @+ 01+ AP 13T

+ G [ loT + Allellofl 0T

(3.19)

Moreover,

T T
/0 (A (¢t + 6))'|dt = / (A (1)) |t

0

T T
A [ o)l olae+ [ ot ute—o)iae).

which combining with (3.14]) and (3.15) yields

T T T
|y @yiae<a( [ i@l [ o= o)
Fy NTM

[

Substituting (3.20)) into (3.19) and combining with (3.16]), obtain
u(t) Fu,VTM

go(u)du| < As
.., ol < As(Zp

(3.20)

< /\( + 2moT M, + 2Tm1).

+ 2moT M, + 2Tm1) + Fyy AZT
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+ GMlAgT =+ ||€||0A3T < 400.

According to (H2)(2), we can see that there exists a constant M > 0 such that,
for ¢t € [1,T],
u(t) > M. (3.21)

For the case t € [0, 7], we can handle similarly.
Let us define

0 < A; = min{Dy, M},
As = max{Dy, M, }.
Then by , and , we obtain
A <ut) < As. (3.22)
Set
Q={z=(uv)" € X: % <u(t) < Ag + 1, |[u/||o < Az + 1}.

Then condition (1) of Lemma [2.2]is satisfied.
Assume that there exists # € 9Q Nker L such that QNz = = fOT Nz(s)ds =0, i.
e.,

1 /7
T [ @) - gt ute - 9) + e(vlar =0, (323)
0

then we have

1 /T

T/’gumpw»azo

0
It follows from the (H1)(1) we can see that
%<D1 §u(t)§D2<A2+1,

which contradicts the assumption = € 9. So for all z € ker L N 02, we have
QNz # 0. Therefore, condition (2) of Lemma is satisfied.
Finally, we prove that condition (3) of Lemma is also satisfied. Let

p Kp— g A1t Az
2
then, we have
A1+ A
x:”%.

Define J : Im@ — ker L is a linear isomorphism with J(u) = u, and define
H(p,z) = uKx+ (1 — p)JQNz, V(z,p) € Q x [0,1].
Then,

A+ A 1—p [T
H(u,x)zwg—“( 1;’ 2) , T“/ g(t, z)dt. (3.24)
0

Now we claim that H(u,x) is a homotopic mapping. Assume, by way of contradic-

tion, i. e., there exists pg € [0,1] and g € 99 such that H(ug,xo) = 0.
Substituting uo and x into (3.24)), we have

po(Ar + Ag)

5 + (1= po)g(xo). (3.25)

H (10, 0) = poxo —
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It follows H (po,xo) = 0 that g = Ay or As. Furthermore, If 2y = Ay, it follows
from (H1)(2) that g(zo) < 0, then we have

A+ A _ A+ A
Pl 22) 4 (1 o)) < pofaro — Lt

If g = Aa, it follows from (H1)(2) that g(zo) > 0, then we have

A+ A _ A+ A
powo — PUALEED (1 p)gtao) > oo — T2

Combining with (3.26)) and (3.27)), we can see that H (o, z¢) # 0, which contradicts
the assumption. Therefore H(y,r) is a homotopic mapping and =" H(u,z) # 0,
for all (x,u) € (02 Nker L) x [0, 1], then

deg(JQN, Q2 NkerL, 0) = deg(H(0,z), 2 Nker L, 0)
=deg(H(1,z),Q2NkerL,0)
= deg(Kz,Q2NkerL,0)
= Y senlK'(2)

zeK~1(0)
=1#0.
Thus, condition (3) of Lemma [2.2]is also satisfied.

Therefore, by applying Lemma we can conclude that (1.2]) has at least one
positive T-periodic solution. (Il

HoTo — ) < 0. (326)

) > 0. (3.27)

4. EXAMPLE

In this section, we provide an example to illustrate results from the previous
sections.

Example 4.1. Consider the neutral Liénard differential equation with a singularity
and a deviating argument,

2 t)
~0.1 _ Y/ u( /(¢
((u(t) = 0.1t = m))) + (5o +9)w'® -
+ 204 Leinstyu(t —6) - ——— —sinst .
5 5 Sin8t)u u<t75)_s1n .
Corresponding to Theorem and (1.2, we have
u?(t) .
t)) = t) = t
Fu(t) = Tl 9, elt) = sint.
1 1 1
—6) ==(1+ s —5) - .
g(t, ult — ) 2( + 2sln8t)u(t 9~ e =3
Then, we choose
0 3
c=m, c=0.1, T:Z’ mozi, Dy =2, Dy=3.

Thus, |¢| < 1 and the conditions (H1) and (H2) are satisfied. Meanwhile, we have
lel(1 + e]) +moT™
(1 —le])?
Hence, by applying Theorem we can see that (4.1)) has at least one positive
7-beriodic solution.

~ 0.706 < 1.
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Remark 4.2. Since only a few papers consider positive periodic solutions for the
neutral Liénard equation. One can easily see that all the results in [I]-[4] and
the references therein are not applicable to for obtaining positive periodic
solutions with period 7. This implies that the results in this paper are essentially
new.
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