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TWO-SPECIES COMPETITION MODELS WITH
FITNESS-DEPENDENT DISPERSAL ON NON-CONVEX
BOUNDED DOMAINS

XIE LI

ABSTRACT. In this article, we show the existence of global bounded solutions
to a two-species competition models with fitness-dependent dispersal posed in
a bounded domain Q C R¥ with smooth boundary. In particular, we remove
the convexity assumption on 2 used by Lou-Tao-Winkler [13].

1. INTRODUCTION

In this article, we show the existence and boundedness of global solutions to the
two-species competition model with fitness-dependent dispersal
up =V - [pVu—auV(m—u—w)]+riuim —u—w), x€Q, t>0,
wy = vAw +row(m —u —w), x€Q, t>0,
wVu—ouV(m —u—w)-n=vVw-n=0, ze€dQ, t>0,
u(z,0) = uo(z), w(z,0)=wo(x), z€Q,

(1.1)

where u,v,a > 0,71 > 0,75 > 0, Q ¢ RY (N > 1) is a bounded domain with
smooth boundary 992 and n denotes the outer unite normal of 9. The functions
u(z,t) and w(z,t) describe the densities of two competing species at time ¢, at
location =z € Q, and m(z) denotes the distribution of resources. Equation 1
indicates that the dispersal of organism with density u is dependent on a combina-
tion of random motion with random dispersal rate p and advection upward along
its fitness gradient, while equation (L.1)), indicates that the dispersal of organism
with density w is purely random. Moreover, the growth of both species in is
logistic, with logistic growth rate r1 and ry, respectively.

In recent years, equations and their variations have been studied by many
researchers (see [1, 2] [3] [, 51 [6] [7, @, [TT], 12} [T9] and references therein). To motivate
our study, we recall several related ones. Cosner [5] first considered the following
fitness-dependent dispersal model for a single species

up =V - [pVu — auV(m —uw)] + ru(m —u), =z €, t>0,

1.2
[uVu —auV(m —u)]-n=0, z€Q,t>0. (12)
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Then Cantrell-Cosner-Lou [3] further investigated the global existence of classical
solution and the behavior of equilibria to equation (1.2). Recently, Cantrell et al
[4] extended the work in [5] to the two-species competition model
ur =V - [pVu—ouV(m —u—w)] +rufm—u—w), x€N, t>0,
wy =vAw+rwm-—u—w) ze€Q, t>0,
wVu—ouV(m —u—w)-n=vVw-n=0, ze€dQ, t>0,
u(z,0) = uo(z), w(z,0)=wo(x), z€Q,

(1.3)

and showed that the solutions to equations exist globally for N = 1,2, and
for N > 3 with v > p. They also investigated the nontrivial nonnegative steady
states. More recently, Lou et al [I3] proved that the corresponding results hold for
N > 3 and v < p under the extra assumption that the domain €2 is convex. The
global existence and large time behaviour of the nonnegative weak solution to the
limit case (i.e., p = v = 0) were also investigated by [13].

The main purpose of this article is to show the global-in-time existence and
uniform-in-time boundedness of solutions to on a non-convexr bounded domain.
For this purpose, we recall two basic assumptions used in [I3]. The first one is
related to the parameters and the distribution of resources:

m(x) € C*T(Q) for some v € (0,1), and m(xg) > 0 for some zg € Q. (1.4)

The second one relates the initial data:

(ug, wo) € CY(Q) x WH>(Q) for some v € (0, 1),

_ (1.5)
and ug(x) > 0, wo(z) > 01in Q.
To obtain the uniqueness, we also need the following conditions:
(up,wg) € W*P(Q) x W#P(Q) for some p > N and s > 1, (16)
1.6

and ug(z) > 0, we(z) > 0 in Q.
We now state the main result of this paper as follows.

Theorem 1.1. Let Q C RN(N > 1) be a bounded domain with smooth boundary
0. Then under the assumptions of and , equations have at least
one couple of nonnegative classical solutions (u,w) belonging to C°(2 x [0,00)) N
C?1(Q x (0,00)), which are bounded in Q x (0,00). If in addition (ug,wo) also
satisfy , then the solution is unique within the indicated class.

The rest of this article is organized as follows. We first present the local existence
and uniqueness of classical solutions, and some preliminaries in Section 2. Then
we establish the global existence of bounded solutions and complete the proof of
Theorem [l in Section 3.

2. PRELIMINARIES

In this section, we first present the existence and uniqueness of classical local
solutions to (|1.1)) and then present some basic preliminaries.

Lemma 2.1 (Local existence and uniqueness). Under assumptions (L.4) and (L.6)),
there exists a mazimal existence time T* and a unique functions pair (u,w) €
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CO(Qx[0,T%)) NC*(Q x (0,T*)) such that (u,w) are classical solutions of equa-
tions (L.1)). Moreover, if T* < co, then

i a0l @) = o0. (2.1)

The proof of the above lemma is standard and we refer to |4} [I3] for details. The
following boundary derivative estimate plays an important role when we remove
the convexity assumption on the domain Q used by [21].

Lemma 2.2 ([I4, Lemma 4.2]). Let Q C RY be a bounded domain with smooth
boundary 0. If f € C?(Q) satisfies % =0, then
oV fI?
on

where Cq is a positive upper bound for the curvatures of 0f).

< Cal VP, (2.2)

The following embedding theorem comes from [I0, Proposition 4.22 (ii) and
Theorem 4.24 (i)].

Lemma 2.3. Let Q be a bounded domain with smooth boundary and let r € (0,00).
Then

Wn2(0Q) — L*(99)
is a compact embedding. Moreover, there exists a linear and bounded map from
Wrt2:2(Q) onto W"2(99).

The proof of global existence will be based on some a priori estimates. To derive
these estimates, we will use the following two Gagliardo-Nirenberg inequalities [8]
15, [16].

Lemma 2.4. Assume that u € WH2(Q) N L"(Q) and r € (0,k). Then there exists
a positive constant Can such that

lull @y < Con (1971 lulli by + 1l o)

holds, where 6 € (0,1) satisfies
1 1 1 1
P0G w) r(-0)
Lemma 2.5. Let N € N, s > 1 andl > 1. Assume thatp > 0 and 0 € (0,1) satisfy

1 p l 1 1
o2 —(1-6)- - <. .
5N (1 9)8—|—9(2 N) and p<4¥ (2.3)

Then there exists a positive constant Cy such that
| llw 2y < Coll VA1l FIL52, +Collfll# (2.4)

Li@Q)
holds for all f € W12(Q) N L1 ().

3. PROOF OF THEOREM [I.1]

In this section, we establish the existence of classical global solutions to . For
this purpose, the key is to derive the uniform estimate of L* norm of the solution.
Inspired by an idea in [I7], [I8] (see also [I3]), we establish a combined estimate
on [, uF(z,t)dz + [, |[Vw(z,t)[*dx for appropriately large k and I to obtain the
expecting results. We first recall some basic properties of solutions.
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Lemma 3.1 ([I3, Lemma 2.2]). Assume that up(z) € C* (Q) is positive and wo(r) €
C?(Q2) is nonnegative. Then the classical solution (u,w) to equations (L.1]) satisfies
the following inequalities:

(- )l 1) < max{|luollzr (), QMm@ } (3.1)
w(-,)|lL1 () < max{|lwol L1 (q), QML @)}, (3.2)
[w(+,t) || Loe () < max{||uol[1 (), [Q/mlL~ @)} (3.3)

for allt € (0,T*). Moreover, for any s € [1, %), there exists a positive constant
C(s) such that

||w(.’t)\|W1,s(Q) < O(S) (1 + ||UOHL1(Q) + ||w0||W1,oo(Q)) for allt € (O,T*) (34)

The following Lemma asserts the L*-boundedness of solutions, which is the core
of the argument concerning the global existence and boundedness. Our proof fol-
lowed from [I3, Lemma 2.5], but we will use the boundary derivative estimates and

the Sobolev trace embedding to remove the convexity assumption on the domain
2 used by [13].

Lemma 3.2. Let Q@ C RY (N > 1) be a bounded domain with smooth boundary 9S).

Assume that u, v, a, 11, 1o and m(z) satisfy (1.4). Then for allk > 2 and | > 2,

there exist two positive constants Cy and Cy depending only on k, I, |ug| L (q)

and ||wollw1.0(q) such that the solution (u,w) to equations (1.1)) emanating from
some initial data (ug,wo) € C%(Q) x C?(Q) satisfies

lu(-,t)|[Lrey < Ck  for allt € (0,T7), (3.5)

IVw(:, t)||L21y < Coa for allt € (0,T7). (3.6)

Proof. The L'-boundedness of u(-,t) has been obtained in the proof of Lemma

Thus by the interpolation, we may pay our attention to the case that £ > 2.
Multiplying (T.1)); by ku*~! and integrating the resulted equation over €2, we obtain

4
dt

= —pk(k — 1)/ ub 2|\ Vul?de — ak(k — 1)/ w1\ Vul?de
Q Q

uFdx

+ ak(k — 1)/ uFIVu - Vmde — ak(k — 1) / w1V - Vwdz
Q Q

(3.7)
+ krq / uF(m —u —w)dzx
Q
< —ak(k - 1)/ w1Vl 2de 4 ak(k — 1)/ uFIVu - Vmda
Q Q
— ak(k — 1)/ IV Vwda + kry||ml| e q) / ufde vt € (0,T).
Q Q
Then following the same procedure as Step 1 of [13, Lemma 2.5], we obtain
d
dt/ kdx+/ Wy + ST ) k+1 /{ k+1‘2dx
@ (3.8)

< ak(k—1) [ " [Tulds + Culk, fuoll e o ol < o)
Q
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for all ¢ € (0,7™*). We divide the proof into two cases.

Case (i): N = 1. First of all, for any ! € (2,00), there exists a positive constant
Cy (l, luoll o= (), ||w0||W1,oc(Q)) such that (3.6) holds, i.e. [, |Vw|? < Cy by (3.4).
Next, to estimate ||u(-,t)||zrq), we use the Gagliardo-Nirenberg interpolation in-
equality (Lemma and (3.1]) to obtain

k41 k1l 1 _g k+1 FET
< W (IVe el I8+ 1 )
gke
< G IV 1130 + 1)),
k1 k1 . .
where 0 = ﬁ (0,1), and Cj is a positive constant depending only on k and
2
2k0

lull 1 (). A simple computation shows that < 2. It then follows from Young’s

k+1
inequality and | . ) that

/ | Vw2 da
Q

§/ukdx—|—/ |Vw|2”“dac§/ukdar—l—CQ;€
Q Q (3.9)
< G| vu' ||k+1 )+ Ca (1 lluoll ooy, lwollwr.= o))

- (k+1/ [Vu'= [Pde + Cs (1 fJuoll o= - wollw.= (o)

for all ¢t € (0,7*). Combining (3.9) with (3.8), and using ODE comparison argu-
ment, we obtain the desired estimate ([3.5)).

Case (ii): N > 2. In this case, the estimate (3.6 can not be derived from (3.4))
directly. To overcome this difficulty, we will establish a combined estimate on

JouF(z, t)dx + [, |Vw(z,t)|*dz. For this purpose, we differentiate equation (L.1])
to obtain

(|Vw|2)t = 2vVw - VAw + 2r;Vw - Viw(m — u — w)],
which together with the point-wise identity 2Vw-VAw = A|Vw|? —2|D?w|? yields

Vw|?), = vA|Vw|? — 2v|D*w|* + 2r,Vw - V[w(m — u — w)). (3.10)
¢
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Multiplying both sides of (3.10) by I|Vw|?!~1 and integrating over €, we have

d 2
— d
p /Q |Vw|~dz

:I/l/ |Vw|2(l*1)A\Vw\2dx—21/l/ (V|2 Y| D2w|?dx
Q Q

+2r2l/ Vw2 DV - Viw(m — u — w)]dx
Q
) (3.11)
:7,,1(1,1)/ |Vw|2(l’2)|V|Vw|2\2dz+lu/ |V 21 IVl
Q on

721/1/ |V >V | D2w|?dx
Q

+ 27’21/ Vw2V - Viw(m — u — w)]de  for all t € (0,T%).
Q

The estimate for the second term on the right-hand side of (3.11)) is very subtle.
We first use Lemma [2.2] to obtain

1 9|Vw|? 2
AVZTI G0 et B < CQ/ Vw|?dr = Coll|lVw ! 2 (3.12)
/m| | n aQ| | H‘ | ||L (09)

for all t € (0,7*). Then let us fix a constant r € (0, 3). Since the embedding

Wrt2:2(Q)(— W2(09Q)) — L2(8) is compact by Lemma we have

I1Vwl' | 2 a0y < Cll[Vawl'l (3.13)

wrta2(Q)
To estimate the right-hand side of (3.13]), we take two constants s € [1, %) and
6 € (0,1) such that
1 r+i l 11
S —(1-0)° 9(7—7).
2 N ( )s + 2 N
Noticing that { > 1 implies that r + % < 6 < 1, we can apply the fractional

Gagliardo-Nirenberg inequality (Lemma to the right hand side of (3.13) to
obtain

V72l

< ColIV V|| 72y 1Vl 1757+ ColllVal'll 5

wrt32(Q) L (@)

1-0)1
= Coll VIVl |2 1 V0]l S + Coll Verllhe o (3.14)
< C(HV|Vw|l||9L2(Q) + 1) for all ¢ € (0, 7).
Here we used the boundedness of ||w(-,t)||w1.: (o) in the last inequality (see Lemma

[B.1). Substituting (3.13) and (3.14) into (3.12), and applying Young’s inequality

with €, we have
Vw 0
[ w22 AL 1o < (1919l 20y +1) = ¢ [ IvIvulpas) +c
o0 Q

< 6/ \V|Vw|'|*dz + C(e)
Q
(3.15)

for all ¢t € (0,7*), where € is a positive constant to be specified later. For the last
term on the right hand of (3.11)), we follow the same procedure as [13], (2.26)—(2.29)]
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and obtain
2T2l/ V> DV - Viw(m — u — w)]dz
Q
-1l
< zuz/ Vw201 | D2y|2dz + %/ VP2 V|V Pde (3.16)
Q Q
+ 04/ ‘V’u}‘z(l_l)dl‘ + 05/ u2|vw|2(l—1)dx7
Q Q

where C4 and Cj are positive constants depending on I, |[ug || £ () and [Jwo ||y 1. (0.
Since

_ 4
Vw2Vl = 5[Vl

we combine (3.15)) and (3.16)) with (3.11)), and utilize Young’s inequality to obtain

i/ |Vw|2ldx+/ |Vw|2lda:+(w—lue)/ \V|Vwl|'|?dx

§/|Vw|2ldx+04/ |Vw|2(l_1)dx—|—C5/u2|Vw|2(l_1)dac+C(e) (3.17)
Q Q Q

§2/ |Vw|2ldsc+05/ W2|Vw0-Ddg 4 Cle,[Q),1) for all ¢ € (0,T).
Q Q

For any s € [1, min{%, 21})7 we take
~ 1 1 -1
i=G-JG-w%3 -

Then the Gagliardo-Nirenberg inequality gives

/Q IVl = ||| Vwl 250,

g -0
< COIVIVallFwo Vel I35 o) + CONVell3; o

< Co(IVIVul [Fa) +1)

for all t € (0,7%), where Cs is a positive constant depending on I, [[uo| ()
and [Jwo| w1 (q). Here we used the boundedness of [[w(-,t)|[w1.q) in the last

inequality. Since s < 2I, a simple computation shows that 6 € (0,1), i.e, 20 < 2.
Thus by utilizing Young’s inequality, we have

2/ |Vw|2ld$§lue/ |V|Vw| [2dz + C(e).
Q Q

Upon substituting into (3.17)), and taking € = ll%,l, we obtain
d -1
%/ |Vw|* da +/ |Vw|*dz + %/ \V|Vwl|'|?dz
@ @ @ (3.18)
< 6’5/ u?|Vw|? = Yde + Oy
Q
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for all t € (0,7%), where C7 is a positive constant depending on 1, [, [luo|| £ ()
and |lwol|w1.(q). Now adding (3.18) to (3.8), we have

i(/ ukdm+/ |Vw|2lda:) +/ ukdx—i-/ |Vw|* da
dt\ Jo Q Q
ak(k—1) Ef
—_— 1
aNTEE /QWU de + 2 /\V\Vw\ *dx (3.19)
Sak‘(k‘—l)/ uk_1|Vw|2dx—|—C'5/u2|Vw|2(l_1)dx—|—Cg
Q Q

for all ¢ € (0,7%), where Cy is a positive constant depending only on k, I, ||,
lluo|| oo (@) and [Jwo|lw1.0(q). Following the same procedure as [13} (2.35)-(2.43)],
we can find a positive constant Cy depending on k, I, |2, |[uo || o () and [Jwo |[w1. (q)
such that

k(kfl)/ ’C*l\vw\zdﬂcg)/u2|vw|2<l*1>dx
Q

1 -1
= 2 k—|—1 /‘V i| dzx T)/ |V|Vw| [2dz + Cy for all t € (0,T).

Combing this with (3.19| -7 and setting ys (¢ f |Vw|?dx + f wkdz, we conclude
that y5(t)+ys(t) < Cy forallt € (0,T). Thus an ODE comparison argument yields
the uniform boundedness of ys(t) on (0,7*), which implies that [[u(-,t)[|x(q) and
[Vw(-,t)|| r2t(2) are uniformly bounded on (0,7*). This completes the proof of
Lemma [3.2] (]

Proof of Theorem[1.1. By Lemnla [2.1] there exists a unique local-in-time classmal
solution (u,w) to equatlons on [0,7%). By [17, Lemma A.1] and Lemma[3.2]
we can establish the uniform boundedness of u and Vw in Q x (0,7%*). Then we
can deduce that T*" = oo by using the extension criterion in Lemma Hence
we have completed the proof of Theorem under the condition that (ug,wp) €
C?(Q2) x C%(Q). For the case that ug is merely Holder continuous and nonnegative
in Q and that vy belongs to W°°(Q) only, we can follow the corresponding proof
in [I3] to conclude the proof. O

Acknowledgements. The author is very grateful to the anonymous referees for
their comments and valuable suggestions, which greatly improved this article. She
also thanks the helpful discussions with Professor Yuan Lou. This work was par-
tially supported by NNSF of China (no. 11101068), Sichuan Youth Science &
Technology Foundation (no. 2011JQ0003) and by SRF for ROCS, SEM.

REFERENCES

[1] P. Amarasekare; Spatial dynamics of foodwebs, Annu. Rev. Ecol. Evol. Syst., 39 (2008),
479-500.

[2] P. E. Armsworth, J. E. Roughgarden; The structure of clines with fitness-dependent dispersal,
American Naturalist, 172 (2008), 648-657.

[3] R. S. Cantrell, C. Cosner, Y. Lou; Approzimating the ideal free distribution via reaction-
diffusion-advection equations, J. Differential Equations, 245 (2008), 3687-3703.

[4] R. S. Cantrell, C. Cosner, Y. Lou, C. Xie; Random dispersal versus fitness-dependent disper-
sal, J. Differential Equations, 254 (2013), 2905-2941.

[5] C. Cosner; A dynamic model for the ideal-free distribution as a partial differential equation,
Theor. Pop. Biol., 67 (2005), 101-108.



EJDE-2015/24 TWO-SPECIES COMPETITION MODELS 9

[6] C. Cosner, M. Winkler; Well-posedness and properties of a dynamical model for the ideal

free distribution, J. Math. Biol., DOI: 10.1007/s00285-013-0733-z.
[7] J. Dockery, V. Hutson, K. Mischaikow, M. Pernarowski; The evolution of slow dispersal rates:
A reaction-diffusion model, J. Math. Biol., 37 (1998), 61-83.

[8] A. Friedman; Partial Differential Equations, Holt, Rinehart and Winston, 1969.

[9] A. Hastings; Can spatial variation alone lead to selection for dispersal?, Theor. Pop. Biol.,
33 (1983), 244-251.

[10] D. D. Haroske and H. Triebel; Distributions, Sobolev Spaces, Elliptic Equations, European
Mathematical Society, Zurich, 2008.

[11] V. Hutson, K. Mischaikow, P. Polacik; The evolution of dispersal rates in a heterogeneous
time-periodic environment, J. Math. Biol., 43 (2001), 501-533.

[12] S. Kirkland, C.-K. Li, S. J. Schreiber; On the evolution of dispersal in patchy environments,
SIAM J. Appl. Math., 66 (2006), 1366-1382.

[13] Y. Lou, Y. Tao, M. Winkler; Approaching the ideal free distribution in two-species competing
models with fitness-dependent dispersal, SIAM J. Math. Anal., 46(2014), 1228-1262.

[14] N. Mizoguchi, P. Souplet; Nondegeneracy of blow-up points for the parabolic Keller-Segel
system, Ann. I. H. Poincare-AN, 31 (2014), 851-875.

[15] L. Nirenberg; An extended interpolation inequality, Ann. Sc. Norm. Super. Pisa Cl. Sci., 20(4)
(1966), 733-737.

[16] Y. Tao, Z. A. Wang; Competing effects of attraction vs. repulsion in chemotazis, Mathemat-
ical Models and Methods in Applied Sciences, 23 (2013), 1-36.

[17] Y. Tao, M. Winkler; Boundedness in a quasilinear parabolic-parabolic Keller-Segel system
with subcritical sensitivity, J. Differential Equations, 252 (2012), 692-715.

(18] Y. Tao, M. Winkler; Locally bounded global solutions in a three-dimensional chemotazis-
Stokes system with nonlinear diffusion, Ann. Inst. H. Poincaré Anal. Non Linéaire, 30 (2013),
157-178.

[19] J. Tello, M. Winkler; Stabilization in a two-species chemotazis system with a logistic source,
Nonlinearity, 25 (2012), 1413-1425.

[20] R. Temam; Infinite-Dimensional Dynamical Systems in Mechanics and Physics, 2nd ed.,
Appl. Math. Sci., vol.68, Springer-Verlag, NewYork, 1997.

[21] L. Wang, Y. Li, C. Mu; Boundedness in a parabolic-parabolic quasilinear chemotazis system
with logistic source, Discrete and Continuous Dynamical Systems- Series A, 34 (2014), 789-
802.

XIE L1
SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF ELECTRICAL SCIENCE & TECHNOLOGY OF
CHINA, CHENGDU 611731, CHINA.
COLLEGE OF MATHEMATIC AND INFORMATION, CHINA WEST NORMAL UNIVERSITY, NANCHONG
637002, CHINA

E-mail address: xieli-520@163.com



	1. Introduction
	2. Preliminaries
	3. Proof of Theorem ??
	Acknowledgements

	References

