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ROBUST OBSERVABILITY FOR REGULAR LINEAR SYSTEMS
UNDER NONLINEAR PERTURBATION

WEISHENG JIANG, BIN LIU, ZHIBING ZHANG

ABSTRACT. In this article, we consider the admissibility and exact observ-
ability of a class of semilinear systems obtained by nonlinear perturbation for
regular linear systems. We obtain the well-posedness of the semilinear system
and the admissibility of the observation operator for the nonlinear semigroup,
the solution semigroup of the semilinear system. Further, we obtain the ro-
bustness of the exact observability with respect to nonlinear perturbations
when the Lipschitz constant is small enough. Finally, we give two examples to
illustrate the obtained results.

1. INTRODUCTION

Many control systems described by partial differential equations can be rewritten
as a regular linear system (see e.g. [4, [5 [10] [T, 12} [13])

&(t) = Ax(t) + Bu(t),
y(t) = Cx(t) + Du(t),

where A generates a Cy-semigroup (7'(¢))¢>o on Hilbert X, input operator B : U —
X and output operator C': X — Y are linear operator (maybe unbounded), here
U and Y are other Hilbert spaces, and D € L(U,Y) is the feedthrough operator.
For the definition of regular linear system, we refer to [30, BI]; also we introduce
the definition in Section 2. In this work we take nonlinear state-feedback for
with D = 0, that is, u(t) = F(x(¢)), where F' : X — U is a nonlinear continuous
function. Then we obtain the following closed-loop system

z(t) = Az(t) + BF(z(t)), u(0)==zp€ X, t>0 (1.2)

(1.1)

with output

y(t) = Cx(t). (1.3)
We first consider the well-posedness of , that is, we prove that admits
a unique mild solution w(t,zo) for all xy € X. Moreover, by S(t)zo = u(t, o) we
define a nonlinear semigroup (S(t));>0. Then we consider the admissibility and
observability of C for (S(t)):>o-
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The problem of admissibility of unbounded observation operator has been studied
by many authors. In the case of linear systems, Salamon [26] and Weiss [29] intro-
duce the definition of admissibility, and many authors gave the different conditions
for admissibility, see e.g. [6l [7} [8 14l 17, [18]. Moreover, many authors considered
the problem of robustness of admissibility under different linear perturbations, see
e.g. [15,[211 28, [30]. In addition, the problem of observability of unbounded observa-
tion operator is well studied for linear systems, see e.g. [II, 19} 20, 22} 24| 25| 28] [35].
Recently, Baroun and Jacob [2] extended the definition of admissibility and observ-
ability of the observation operator C' for semilinear systems in the case that the
nonlinear function is globally Lipschitz continuous, and they obtained the condi-
tions guaranteeing that the semilinear system is exactly observable if and only if
the linearized system has this property. In addition, Baroun, Jacob et al. [3] con-
sidered the same problem in the case that the nonlinear function is locally Lipschitz
continuous.

In the spirit of [2, B], we consider the admissibility and observability of the
semilinear system and in the case that the nonlinear function F is globally
Lipschitz continuous, and obtain the admissibility of C' for the nonlinear semigroup
(S(t))t>0, and prove that the semilinear system and is exactly observable
if and only if the linearized system has this property when the Lipschitz constant
for F' is small enough. The results in this work can be applied to some control
systems with nonlinear boundary perturbations.

This article is organized as follows. In Section 2, we introduce the concepts
of the regular linear system and the admissible state feedback, and their some
properties. In Section 3 we obtain the well-posedness of , and introduce a
nonlinear semigroup (S(t))¢>0 by the solution of (I.2). In Section 4 we obtain the
admissibility of C for (S(¢));>0, and prove that the semilinear system and
is exactly observable if and only if the linearized system has this property when the
Lipschitz constant for F' is small enough. Finally, in Section 5, we illustrate the
results in this work by two examples.

2. REGULAR LINEAR SYSTEM

In this section, we introduce the concepts of the regular linear system and the
admissible state feedback, and their some properties in state-space framework. We
refer the reader to [26] 27, [30, BI] for more details.

Throughout this paper, X, U and Y are Hilbert spaces. A : D(A) — X is the
infinitesimal generator of Cop-semigroup (T'(t));>0 (with | T'(¢)|| < Me** for some
constants M > 0 and w ) on X. The Hilbert space X7 is D(A) with the graph
norm. The Hilbert space X_; is the completion of X with respect to the norm
(el — A)~1 .||, where a € p(A) (the resolvent set of A) is fixed. We have

XiCcXCX 4

with continuous and dense embeddings. (T'(t));>o restricts to a Cp-semigroup on
X, and extends to a Cy-semigroup on X_; denoted by the same symbol.

B e L(U,X_1) (the set of all bounded and linear operators from U to X_;) is
called an admissible control operator for (T'(t)):>o if there exist some ¢t > 0 (and
hence for all ¢ > 0) and oy = «(¢) such that

/t T(t — s)Bu(s)ds € X,
0
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and
t
I / T(t — s)Bu(s)ds| x < aullu(-)||r20,6:0r) for all u(-) € L*(0,¢;U). (2.1)
0

C € L(X;,Y) is called an admissible observation operator for (T'(¢));>¢ if there
exist some ¢ > 0 (and hence for all ¢ > 0) and §; = §(¢) such that

||CT(')I||L2(07t;y) S 6tHI'||X, for all z € Xl. (22)

We can choose «(t) and 3(t) such that they are nondecreasing functions. It is clear
from that CT'(-) can be extended to a bounded linear operator from X to
L?(0,t;Y), denoted by the same symbol. For the admissible observation operator
C, define its A-extension Cy as follows

Crx = Alirf CAXAN — A) ' (2.3)

with 2 € D(Cy) = {z € X : limy_ 40 CA(M — A) "'z exists}.
The system X(A, B,C, D) is called a regular linear system if A, B, C and D
satisfy
(a) A generates a Cy-semigroup (T'(t))+>0 on X;
(b) B is an admissible control operator for (T'(t)):>0;
(c) C is an admissible observation operator for (T'(t));>o0;
(d) Ca(sI —A)~!B makes sense for some s € p(A), i.e., (sI—A)"1Bu € D(Cy)
for all u € U,
(e) The function s — ||Ca(sI — A)"'B + D|| is uniformly bounded in some
right half-plane, where D € L(U,Y).

In [31], the definition of regular linear system is given by the time-domain way while
the above definition is given by the equivalent conditions (see [31, [34] for details).

F € £(X;,U) is called an admissible state-feedback operator for the pair (A, B)
if (4, B, F') is a regular linear system with state space X, input space U and output
space U, and I — Fa(sI — A)™'B is invertible on the right half-plane C} = {s :
Res > a}, where « is some real number, and this inverse is uniformly bounded.

We summarize the results about admissible state-feedback operators as follows
and refer to [32, 133} [34] [36] for details:

Theorem 2.1. Let F be an admissible state-feedback operator for the pair (A, B).
Then the following statements hold:

(i) The operator Ap := A + BFx with domain D(Ar) = {x € D(Fy) : (A+
BFy\)x € X} generates a Co-semigroup (Tr(t))i>0 on X. Moreover, (Tr(t))i>0 is
described by

Tr(t)xo = T(t)xo + /t T(t — 7)BFATF(T)x0dT
° (2.4)
=T(t)zo + /0 Tp(t — 7)BFAT(T)xodT, 20 € X;

(i) B is an admissible control operator for (Tr(t))i>o0;

(iii) F* defined as Fy restricted to D(AF) is an admissible observation operator
for (Tr(t))e>o0;

(iv) if Fy denotes the A-extension of ' with respect to (Tr(t))i>o0, i.€.,

Fiz= A1ir+n FIXA — Ap)~ 'z, z € D(F}),
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then Fi = Fa, in particular, D(F}{) = D(Fy);
(v) X(Afp, B, F') is a reqular linear system.

3. WELL-POSEDNESS AND NONLINEAR SEMIGROUP

In this section, we show the well-posedness of the system
dx(t)
dt
where A generates a Cy-semigroup (T'(t));>o on Hilbert X, B € L(U,X_4) is an
admissible control operator for (T'(t));>0, and F(-) : X — U is a globally Lipschitz
continuous function, that is, there exists a positive constant L such that
[1F(z) = F(y)|l < Lllx —yll, (3.2)

for all x,y € X, and F'(0) = 0.

= Ax(t) + BF(x(t)), x(0)=uzp, t>0, 29 € X, (3.1)

Theorem 3.1. Assume that B is an admissible control operator for (T'(t))i>0 gen-
erated by A, and that F(-) : X — U is a globally Lipschitz continuous function.
Then, for any xo € X, (3.1) has a unique mild solution given by

(t) = T(t)zo + /0 T(t - o) BF (2(0))do. (3.3)

Proof. Given ty > 0. Define a function G on C(0,t9; X) (the set of all continuous
functions from [0,%p] to X) as follows:

¢
Gla(t)) = T(t)zo + / T(t — 0)BF(a(0))do, 2() € C(0,t0: X).  (34)
0
Firstly, we show that G(x(-)) € C(0,to; X) for all z(-) € C(0,to; X).
For t € [0,tp] and h small enough such that ¢t + h € [0,%9]. Without loss of

generality, we assume that A > 0 (the case of h < 0 can be proved by the same
method). It follows from (3.4) that

t+h
Gz(t+h))—G(z(®) =T+ h)xo + /0 T({t+h—o)BF(x(0))do

. (3.5)
—T(t)xy — / T(t — o0)BF(z(0))do.
0
Changing o into o + h, we have
t+h
/ T(t + h— 0)BF(2(0))do
. , (3.6)
_ / T(t — ) BF (x(c + h))do + / T(t — ) BF (x(0 + h))do.
—h 0
It follows from and that
G(x(t + h)) = G(x(t)) = (T(h) = )T (t)xg
+ / T(t—o)B(F(xz(o +h)) — F(z(0)))do
0 (3.7)

0
+ [h T(t — o)BF(z(c + h))do

=1 + I + Is.
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For I, using the strong continuity of Cy-semigroup (7'(t));>0, we have
||11||=||( (h) = DT (t)xol — 0, ash — 0. (3.8)
For I, it follows from (2.1)) and ( . ) that

[ 12]] < Oc(t)(/ |F (z(o + h)) — F(x(0))|*do)"/?
0 (3.9)

¢
o t)(/ (o + ) — 2(0) |[2dor) 2.
0
In addition, () is uniformly continuous in [0, ¢] since z(+) is continuous. Then
I I2]] — 0, ash — 0. (3.10)

For I3, changing o + h into o and using (2.1]), and that «(t) is nondecreasing, we
have

h
sl = H/ T(t+h—o)BF(x(a))do]

< |7t Hw/ (h — o) BF(a(0))do] (3.11)
olto) [Tt n/|w ))|dor) 112,
It follows from (3.11]) and the continuity of F'(z(-)) that
|I3]| — 0, ash— 0. (3.12)

It follows from (3.7)), (3.8)), (3.10) and (3.12) that
|G(x(t+h)) — G(x(t)| =0 as h—0,

and consequently, G : C(0,tp; X) — C(0,t9; X).
Secondly, we show the existence of mild solution of (3.1)). For any z1(-),z2(-) €
C(0,t0; X), note that a(t) is a nondecreasing function, it follows from (2.1)) and

that
G (21(t)) = Glz2@)] = || /0 T(t = 0)B(F(21(0)) — F(w2(0)))da]|

< alto)(| 1P(1(0)) = Flaa(o) o)
)L llr(0) =~ za(o) o)

< ato)Lt' 2|zt — @2l 0(0,0:%)
By induction on n, we have
[G"(x1(2)) — G™(x2(2))]] < " (to) L"( .)1/2||$1 = Za[c(0,t0:)
where G represents the n-time iteration of G, that is, G™ = G(G(---G)). So
1G™(z1) — G™(@2)lc(0,10;x) < @ (to)Ln(n!)l/zﬂml = Z2llc(0,t0:%)-

It is clear that ()/“L(L‘O)L”(%O!)1/2 — 0 as n — oo. Then it follows from a well
known existence of the contraction principle that G has a unique fixed point z(-)
in C(0,t9; X). The fixed point is the desired mild solution of (3.1J).
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Finally, we show the uniqueness of mild solution of (3.1), and the Lipschitz
continuity of the map xg — (). Let y(-) be a mild solution of (3.1) with the
initial value yo. Then

Jo(t) =) < 170 =)+ [ T(t = 0)BE(a(o)) = Flu(o))do]
< Melloo = ol + ) | [Falo)) = Fly(@)|do)'

t
< Me!la ~ ol + alto)L( | (o) (o) |*do) 72,
0

and consequently,

l=(t) — y(B)]? < 2M2e** ||y — yo|* + 202 (to) L2 / ' elo) — y(o)|12do.
which implies, by Gronwall’s inequality, that
lx(t) — y()]|* < 2M2e2t 2" 0L |35 — yo |2,
That is,
l(t) — y(t)]| < VZMe=te” E |70 — yy|.
Then
2() = y()lloqo,0:x) < V2Melltoea® )tz o

which yields both the uniqueness of mild solution of (3.1]), and the Lipschitz con-
tinuity of the map zo — x(-). O

Let (S(t))i>0 be the family of nonlinear operators defined in X by
S(t)xg = x(t), t>0, (3.13)

where zg € X and z(t) is the mild solution of (3.1]) with the initial value x.

Proposition 3.2. Let (S(t))i>0 be defined by (3.13). Then (S(t))i>0 is a nonlinear
semagroup on X.

Proof. Tt is sufficient to prove that the following two properties hold:

(P1) S(0)xg = zo and S(s + t)xg = S(t)S(s)xo for s,t > 0 and zo € X;
(P2) S(-)xo is continuous over [0, 4+o00) for each z¢ € X.
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Firstly, we prove that the property (P1) holds. It is clear that S(0)zo = x¢ for all
xo € X. In addition, using the definition of S(¢) and changing o into s+ o, we have

t+s
S(t+ s)xg =T(t+ s)xo + / T(t+ s —o)BF(z(0))do
Ot+s
~T(t+ s)ao + /O T(t + 5 — o) BF(S(0)ao)do
— T()T(s)wo + / Tt + 5 — 0)BF(S(0)10)do
t+s 0
+ / T(t+s—o0)BF(S(0)xg)do
=TT (s)xo + /05 T(t+s—o)BF(S(0)xo)do
+ /t T(t —o0)BF(S(s + 0)xg)do.
0
On the other hand,
S(H)S(s)z0 = T(1)S(s)w0 + /0 T(t — o) BF(S(0)S(s)z0)do
=T (T(s)xo + /s T(s—o)BF(S(0)xo)do)
0
+ / T(t —o)BF(S(0)S(s)xo)do
0
— T (s)w0 + /0 T(t+ 5 — 0)BF(S(0)w0)do
+/ T(t —o)BF(S(0)S(s)xo)do.

0
Then it follows from (3.14)) and (3.15)) that
¢

(3.14)

(3.15)

S@+$m—56ﬁﬁﬂwj/T@—®3W6@+UWM—F@WWGMMMm

0

and consequently, by (2.1) and (3.2), we have
1St + s)xo — S(1)S(s)xol|?

= /O T(t = 0)B(F(S(s + 0)zo) — F(S(0)S(s)0))do||?

Sa%wAanw+am@—Fwwwwnwww

t
< oﬂ(to)LQ/ 1S (s + 0)z0 — S(0)S(8)z0|do.
0
By Gronwall’s inequality, we have
S(t + s)xg — S(t)S(s)zo* <0,
and consequently, S(t + s)xzo = S(t)S(s)zo.

Property (P2) follows from the fact that the solution z(-) is continuous.
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Proposition 3.3. Let (S(t))i>0 be defined by (3.13). Then, for every xo,y0 € X
and t > 0, we have

1S(t)a0 — S(t)yoll < VZMelt OED |z — gy (3.16)
IS(E)zol| < V2MeltaOL g0 (3.17)
Proof. Let xg,yo € X. It follows from and that
1S ()w0 — S(t)yol

SMWMWJWMﬂ+WAT@—ﬂBW@wnw—ﬂﬂdewH
gﬂﬂ#wafmn+a@>A IF(S(0)z0) — F(S(o)yo)lldo

< Me“t|xo — yol| + a(t)L(/Ot [S(a)z0 — S(0)yol*do)*/?,
and consequently,
1S(t)a0 — S(t)yoll* < 2M2e**[|zo — yol|* + 207 (t) L? /Ot 1S (o) — S(o)yol|*do,
By Gronwall’s inequality, we have
[5(t)z0 — S(B)uoll < VRMelH ORI 2y — o).
Writing yp = 0 in , we get the assertion . O

Remark 3.4. If (T'(t)):>0 is exponentially stable, then a(t) can be chosen a con-
stant o > 0. So (S(t))s>0 is also exponentially stable if w < —a? L2

Remark 3.5. By the definition of (S(t))¢>0, we have, for any = € X,
t
S(t)zo = T(t)ao + / T(t — 6)BF(S(0)z0)do. (3.18)
0

Note that X(A4, B,C) is a regular linear system, it follows from [31, Theorem 2.3]
that S(t)zg € D(Cy) for any zg € D(A) and almost every ¢ > 0. In addition,
it follows from the bounbedness of input/output operator of regular linear system
Y(A, B,C) that there exists a constant M; > 0 such that, for all z € X,

/0 ||C/ T(tfcr)BF(S(a):zz)daHthgMl/0 | F(S(0)x)|*do, (3.19)
0 0 0

and consequently, C'S(-)x € L?(0,t;Y) for all z € X.

4. ADMISSIBILITY AND ROBUST OBSERVABILITY

We start this section with the definition of admissibility of output operator C
for nonlinear semigroup (S(¢))¢>0 given by (3.13). The reader is referred to see [2]
for more details on this definition.

Definition 4.1. Let X(A, B,C) be a regular linear system, (S(t));>o nonlinear
semigroup given by (3.13)). We say that C is a finite-time admissible observation
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operator for (S(t))¢>o, if there exist some ¢ > 0 (and hence for all ¢ > 0), and
~(t) > 0 such that

t
/ [CS(a)x — CS(o)y||*do < y(t)||lz — y||?, for all z,y € D(A). (4.1)
0

Definition 4.2. Let X(A, B,C) be a regular linear system, (S(¢));>o nonlinear
semigroup given by (3.13). We say that C' is an infinite-time admissible observation
operator for (S(t))>o, if there is some v > 0 such that

/ |CS(0)x — CS(o)y||*do < y|lx —y||?, for all z,y € D(A). (4.2)
0

Remark 4.3. (i) For a linear operator semigroup, equation is equivalent to
equation .
(ii) Tt follows from (resp. (4.2)) that the mapping z — CS(-)z has a
continuous extension from X to L?(0,#;Y) for every t > 0 (resp. L*(0,00;Y)).
(iii) If (S(t))i>0 is exponentially stable, then the notion of finite-time admissi-
bility and infinite-time admissibility are equivalent.

The following theorem is one of main results of this article.

Theorem 4.4. Assume that $(A, B,C) is a regular linear system and that F(-) :
X — U is a globally Lipschitz continuous function. Then C' is a finite-time admis-
sible observation operator for (S(t))i>0 given by (3.13).

Proof. Because 3(A, B,C) is a regular linear system, C' is a finite-time admissible
observation operator for (T'(t));>0. That is, there exist some ¢y > 0 and K, such
that

to
/0 |CT (0)x||*do < Ky, |jz||?, for all 2 € D(A). (4.3)

In addition, for z,y € D(A), it follows from (3.18]) that
[CS(t)z — CS(H)yll
¢ (4.4)
< ||ICT(H)x = CT(t)yll + ||C/ T(t —o)B(F(S(0)x) — F(S(a)y))do]|.
0
It follows from , , , and that

/0 " S — eS|

to
< 2/ ICT (8 — CT(t)y||2dt
0

+2 /0 It /0 T(t — 0)B(F(S(0)z) — F(S(0)y))do|?dt

to
<20y o~y + 2247 [ [S(0)s - S(o)y|Pdo
0

to 9
< 2Kt0||33‘ _ y||2 +4M1L2M2/ e2(w+o¢(t)L )tHx _ y||2da
0

< 2(KGyy + 2My L2 M2t ato) L0l )2,
and consequently, C is finite-time admissible for (S(¢))¢>o. O
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From Remark [£.3] we have the following result.

Corollary 4.5. Suppose that the assumptions of Theorem [{.]] are satisfied. If
(T(t))e=0 and (S(t))i>0 are exponentially stable, then C' is infinite-time admissible
for (S(t))e0-

We consider the exact observability of C' for the nonlinear semigroup (S(t)):>o0.
We start by giving the definition of exact observability.
Let (A, C') denote the linear system

(t) = Az(t), t>0, z(0) = zo,
y(t) = Cx(t).

Definition 4.6. Let C € L(D(A),Y) be an admissible observation operator for
(T(t))e>0. We call (A, C) is exactly observable if there is some constant K > 0
such that

(4.5)

+o0 1/2
([ lerwslpa)” = Kol € Da), (1.6
0
and (A, () is T-exactly observable if there is some K, > 0 such that
T 1/2
(/ |eT(®el?dt) " = K-llall, @€ D(A). (4.7)
0

Definition 4.7. Suppose that the assumptions of Theorem [£.4] are satisfied. We
call (S(¢),C) is exactly observable if there is some constant K > 0 such that

+oo 1/2
([ lesws-cswla)” = Kle =yl zyeD), @9
0
and (S(t),C) is T-exactly observable if there is some K, > 0 such that
T 1/2
([ 1eswa-cswuliar) ™ > Koda =yl wyepa). @)
0

Next, we state the main result of this section.

Theorem 4.8. Suppose that the assumptions of Theorem[{.]] are satisfied and that
7> 0.

(1) If (A,C) given by (4.5) is T-exactly observable, then there exists a constant
Lo > 0 such that (S(t),C) is also T-exactly observable when the Lipschitz constant

L in satisfies L < Ly.

(i) If (S(t),C) is T-exactly observable, then there exists a constant Ly > 0
such that (A, C) is also T-exactly observable when the Lipschitz constant L in
satisfies L < L.

Proof. (i) It follows from (3.18]) that, for all z,y € D(A) and almost every ¢t > 0,
¢
CS(t)x—CS(t)y = C’T(t)(x—y)—i—C’/ T(t—o)B(F(S(0)x)—F(S(0)y))do. (4.10)
0
We may rewrite (4.10) as

CT(t)(z—y) = CS(t)z—CS(y)—C /O T(t—0)B(F(S(0)z)—F(S(o)y))do. (4.11)
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Therefore,
ICT(t)(z - y)|I”

S2||CS(15)I—C’S(?J)IIZ+2||C/0 T(t — o)B(F(S(0)x) — F(S(o)y))do]|*.

(4.12)
It follows from (3.2)), (3.19), (4.7) and (4.12) that
/ ICS(D)z — CS()y|2dt
0
1 T
> 5 [ et - )
0
T t
—/nc/fu—wmmawm—FwwMMﬂ%t
0 0
1 T
> = 2 a2 _ 2
> S Kl = y|? = M; /0 |F(S(t)z) — F(S(t)y)|*dt (4.13)
1 T
zixmx—mP—AﬁL{/usww—suwWﬁ
0
z%Kmx—mF—AﬁL?/ MO g — y | dt
0
z%Kmx—meMﬁL%Fw%”“Wﬁ”w—yw

= Jolle — yl?,

where Jr = %KT — 2M12L2M27'62(‘*’+042(T)LQ)7'.
Let L < 1. Then

J = %KT B 2M12L2M2Te2(‘”+0‘2(7)L2)T > %KT B 2M12L2M2762(°’+0‘2(T))T.
Take
. VTK,
Lo = min{l, My Mre2@ra? ()7 12
and therefore, J; > 0 when L < Lg. So (S(t), C) is also T-exactly observable.
Statement (ii) can be proved by the same method as above. (]

Corollary 4.9. Suppose that the assumptions of Theorem [[.]] are satisfied, and
that (T'(t))t>0 and (S(t))i>0 are exponentially stable.

(i) If (A,C) given by is exactly observable, then there exists a constant
Lo > 0 such that (S(t),C) is also exactly observable when the Lipschitz constant L

in (3.2) satisfies L < Ly.
(i1) If (S(t),C) is exactly observable, then there exists a constant L1 > 0 such
that (A, C) is also exactly observable when L < L.

5. EXAMPLES
Example 5.1. Consider the beam equation with boundary control
Wi (2, 1) + Wegee (z,t) = 0,
w(0,t) = wy(0,t) = wee(1,8) =0, (5.1)
Waae (1, 1) = u(t),
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with the output function

y(t) = we(1,1). (5.2)
Guo and Luo [J] proved that the system can be rewritten as a regular linear
system (A, B, C) with well-defined operators A, B and C on (H,U,U), and system
state x(t) = (w,w;), where H = D(AY?) x L?(0,1) and U = C. In addition,
in the same paper, they also proved that the observation system (A,C) is exactly
observable on some [0,7],T > 0.

System and with u = f(w(1,t)), where f(-) is a globally Lipschitz
continuous function with Lipschitz constant L, can be rewritten as the abstract form
and with F(z(t)) = f(wi(1,t)). It is clear that F' is a globally Lipschitz
continuous function with Lipschitz constant L. Therefore, by Theorems [£:4] and
C is an admissible observation operator for nonlinear Semigroup (S(t)):>0,
the solution semigroup of with w = f(w¢(1,t)), and the semilinear problem
and with u = f(w(1,1)) is exactly observable in time 7" > 0 when the
Lipschitz constant L is small enough.

Example 5.2. Consider the Schrédinger equation with nonlinear boundary per-
turbation described by
wi(z,t) + iAw(z,t) =0, =€ Q,t>0,
w(z,t) =0, xe€ly,t>0,

w(z,t) = u(z,t), =z €Ty t>0, (5.3)
O(ATw
y(x,t):z% x €Ty, t >0,

where Q C R”, n > 2 is an open bounded region with smooth C3-boundary 99 =
ToUT;. I'y and I'; are disjoint parts of the boundary relatively open in 9Q and
int(Ty) # 0. v is the unit normal vector of 'y pointing towards the exterior of T.
u is the input function and y is the output function. Let H = H () be the state
space and U = L?(T'g) the input or output space. Guo and Shao [12] proved that
the system can be rewritten as a regular linear system X (A, B, C) with well-
defined operators A, B and C on (H,U,U). In addition, Lasiecka and Triggiani
[16] proved that the system with u = 0 is exactly observable at some 7 > 0.

System with u = F(w(x,t)), where F(-) is a globally Lipschitz continuous
function with Lipschitz constant L, can be rewritten as the abstract form and
. Therefore, by Theorems and C is an admissible observation operator
for nonlinear semigroup (S(t)):>0, where (S(¢)):>0 is the solution semigroup of
(5.3) with v = F(w(z,t)), and the semilinear problem with v = F(w(z,t))
is exactly observable in some time 7 > 0 when the Lipschitz constant L is small
enough.
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