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RAPID CONVERGENCE OF APPROXIMATE SOLUTIONS FOR
SINGULAR DIFFERENTIAL SYSTEMS

PEIGUANG WANG, XIANG LIU

ABSTRACT. In this article we show the existence and approximation of solu-
tions for a class of singular differential system with initial value condition. We
present a generalized quasilinearization method for obtain monotone iterative
sequences of approximate solutions converging uniformly to a solution at a
rate higher than quadratic.

1. INTRODUCTION

In 1974, Rosenbrock [I7] introduced the concept of singular systems, which is
more complicated than the ordinary ones, and its qualitative analysis involve greater
difficulty than those of the ordinary systems. A systematic development of the
basic theory of the linear singular systems has been provided by Campbell [5] [6].
The results of qualitative properties for nonlinear singular differential systems can
be found in [9, 12, 18, 19, 20, 22 23]. However, we noticed that most of the
previous results focused on stability problems. In fact, the convergence of the
solution has an important function in the development of qualitative theory, and
the rapid convergence of solutions is also very important in practical applications.

Generalized quasilinearization is an efficient method for constructing approxi-
mate solutions of nonlinear problems. Bellman and Kalaba [2], Lakshmikantham
and Vatsala [10] gave a systematic development of the method to ordinary dif-
ferential equations. Up till now, only some rapid convergence results have been
found on ordinary differential equations, for initial value problems [3, 111 13} [14],
for boundary value problem [4] [T5] 2I]. The applications of the method of quasi-
linearization in singular differential systems are rare [I, [7, 8] [16]. For example, in
[1], the authors investigated the uniform and quadratic convergence of singular dif-
ferential systems. We do not find any results on the rapid convergence of solutions
for singular systems.

In this paper, we discuss the existence and uniqueness of solutions and give rapid
convergence result of solutions for singular differential systems by using the method
of generalized quasilinearization and the order relation of lower and upper solutions.
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2. PRELIMINARIES AND LEMMAS

We consider the following initial value problem for singular differential system
Ax' = f(t,x), teJ,
z(0) = xo.
where A is a singular n x n matrix, z € R", f € C(J x R",R"™), J = [0,a], a > 0
is a fixed constant.

Definition 2.1. The function ag € C*(J, R") is called a lower solution of (2.1, if
the following inequalities are satisfied:
Aaj < f(t,ag), tE€J,
ap(0) < xo.

(2.1)

(2.2)

Definition 2.2. The function By € C'(J, R") is called an upper solution of IVP
(2.1), if the following inequalities are satisfied:

Aﬂ(,) 2 f(t760)7 te J7
Bo(0) > 0.

In our further investigations we will need some results on linear singular differ-
ential inequalities and linear singular differential systems. Consider the singular
differential inequality

(2.3)

Ax' + M(t)x <0, x(0)<0, telJ, (2.4)
where A, M (t) are n x n matrices, A is singular and M (¢) is continuous for ¢ € J.

Lemma 2.3 ([I]). Assume that

(A1) There exists a constant X such that, L(t) = [ANA 4+ M(t)]™! ezists and A =
AL(t) is a constant matrix.

(A2) There exists a nonsingular matriz T such that T=1, (LT)~! exist and T,
(LT), (LT)~! > 0, satisfying

i (C O iy vam (h=AC 0
T AT_<0 0)’ T-I )\A}T_( 0 b)’

where C is a diagonal matriz with C~1 > 0.
Then x(0) < 0 implies x(t) <0 fort e J.
For the singular linear initial value problem
Az + M(t)x = g(t), z(0) = yo, (2.5)
we have the following result.

Lemma 2.4 ([6]). Assume that condition (A1) holds, index(A) =1 and
(A3) yo satisfies (I — AAP)(yo — w(0)) = 0, where w(t) = MPg(t), M =

M(t)L(t).
Then the unique solution y(t) of
Ay + My =g(t), y(0)=w. (2.6)
is given by

AD Yrp A A AD Y b PN ~
y(t) = e A MLAAL yy 4 e A Mt/o A M AL g(s)ds + (I — AAP)MP g(t),
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where the notation AD, MP mean the Drazin inverse of the matrices 121, M respec-
tively. Furthermore, we note that x(t) = L(t)y(t), then we obtain the solution x(t)

of ,

To prove our main result, we need the following comparison result.

Lemma 2.5. Assume that the conditions (A1), (A2) hold, and
(A4) The functions o, By € CH(J, R") are lower and upper solutions of (2.1]),

fz exists and are continuous.
Then ap(0) < 5o(0) implies that ao(t) < Bo(t) on J.

Proof. Tt can be noted from the condition (A4) that
AOZ6 - Aﬁé < f(t,()éo) - f(tvﬂ())
1
= (/ folt,oap + (1 — U)Bo)da) (avg — Bo)-
0

Taking
M(t) = —(/0 folt.oag+ (1 —a)ﬁo)do),

we have

A(ag — o)’ + M(t)(ao — Bo) < 0.
Noting that ag(0) < Fp(0), therefore, by Lemma we have ag(t) < Bo(t) on
J. O

The following existence result is needed for our main result. For convenience we
define the set

S(Oéo,ﬂo) = {U € C(J, Rn) : Olo(t) S U(t) S ﬂo(t), te J}

Lemma 2.6. Assume that the conditions (A1)—(A3) hold, and
(A5) The functions ag, By € C*(J,R"™) are lower and upper solutions of (2.1)
with ag < By on J.
(A6) The function f € C(S(ao,Bo), R"™) satisfies the inequality
f(t,.T) - f(tay) 2 —Mo(.’lf - y)
forx >y, M(tg) = My, and tyg € J.

Then (2.1) has a solution x(t) that satisfies ag(t) < z(t) < Bo(t) on J.

Proof. Let ap1 and B,41 be the solutions of the singular linear systems
Aa/n-&-l = f(tao‘n) - MO(O‘n—&-l - O‘n)a teJ,

(2.7)

an+1(0) = X,

and
Aﬁvthl = f(t>ﬁn) - MO(ﬁn+1 - ﬁn)7 tedJ,
Bn41(0) = zo,
where a1 and (3,41 exist because of Lemma According to the iterative
schemes and (2.8)), we obtain the sequences {a,(t)} and {8, (¢)} which were
generated by the initial conditions ag(t) and Gy(t), respectively.
Let n = 0, we first show that ag(t) < ay(t) < 1(t) < Bo(t) on J.

(2.8)
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For this purpose, setting p(t) = ag(t) — a1(t). Using the condition (A5), we
obtain

Ap/ = A(Oéo - Oél)l
< f(t,a0) = [f(t,0) = Mo(a1 — ag)]
= —M()p, te
Noting that p(0) < 0, by Lemma[2.3] we have p(t) < 0, that is, ao(t
similarly, letting p(¢ ) = B1(t) — Bo(t), we can show that 51 (¢) < Fo(
To prove a1 (t) < (1(t). Setting p(t) = ay(t) — S1(¢) so that p(0) =
condition (A6), we have
Ap' = Alan = p1)
= f(t,a0) — Mo(o1 — o) — [f(¢, B0) — Mo(B1 — fo)]
< Mo(Bo — o) — Moo — o) + Mo (81 — o)
= —Mop, te
As before, this implies that oy (t) < $1(t) on J. Thus, we conclude that
ap(t) < on(t) < Pu(t) < Bo(t), ted

The process can be continued successively to obtain that

ap(t) S ai(t) <. ..an(t) < Bp(t) <--- < Bi(t) < Bo(t), ted
It is easy to see that the sequence {a, ()} is uniformly bounded and equicontinuous,
employing the Ascoli-Arzela Theorem, the nondecreasing sequence {c,(t)} has a
pointwise limit x(¢) that satisfies ag(t) < z(t) < Bo(¢t). A passage to the limit based
on the Dominated Convergence Theorem shows that xz(t) is a solution of

Az’ = f(t,x) — Mo(x —x), teJ,
2(0) = zo;

that is, z(t) is a solution of (2.1). Thus, we conclude that there exists a solution
x(t) of IVP (2.1)) satisfies ag(t) < x(t) < Bo(t) on J. The proof is complete. O

) < aq(t) on J.
t)on J.
= 0. From the

3. MAIN RESULTS

In this section we prove the convergence of the sequence of successive approxi-
mations is of order £ > 2.

Theorem 3.1. Assume that the conditions (A1)—(A3), (A6) hold, and

(A7) The functions ag, By € C(J, R") are lower and upper solutions of
with ag < Bg on J. ‘

(A8) The Frechet derivatives % (1=0,1,2,...,k) exist and are continuous
satisfying f(t,z)+ Mx* is (k—1)-hyperconver and f(t,x) — Nx* is (k—1)-
hyperconcave in x; that is, w > 0 and W < 0,
where the n X n matrices M, N >0, k > 1.

Then there exist monotone sequences {au, (t)}, {Bn(t)} which convergence is of order
k, that is, there exist constant matrices A1 and py > 0 such that for the solution

z(t) of (2.1) in S(wo, Bo), the inequalities

_ < _ k
max [z(t) — ant1(f)] < M max|a(t) — an(f)]",
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k
max |Bn41(t) — 2(t)] < pu max |6 (t) — 2(2)]
hold, where
— T
max u(t)] = (ma o 1), max (1)),
lul® = (Jurl®, ..., Jun|¥)T for any function u € C(J, R™).

Proof. Firstly, for t € J, applying Taylor mean value theorem yields
k—1

- $i 2 5
y .k< Mo Ny
1 0% f(t,ox+ (1 — o)y T—y
+(/0 1-o)* O o) =1

0
with oy < z,y < B, % = f. Furthermore, for ay < y < x < fy, in view of the
condition (A8), we have

ftay> S HIEDEW oy = ray). 62

and F(t,z,r) = f(t,x), where x* = (2i,2%,....2¢)T, 2 € R", i = 0,1,2,... k.

rn

Similarly, for a giving t € J, ag < x <y < By, we obtain

Sy SRR Ul M(w—y)F, k=201,
S ) @)y N (g )k k=2, (3.3)

ox* il

]

=G(t,z,y)

and G(t,z,x) = f(t, ).
Consider the singular differential system

k-1 A -
0" f(t, ap) (x — )" &
Az’ = E = - M(z — =F(t t
z 2 o A (z — ap) (t,z,00), tE€J, (3.4)

z(0) = xo.
We will show that ag and (g are lower and upper solutions of respectively.
The condition (A7) and the inequality imply
Aaf < f(t,ap) = F(t,a0,0p0), t€J,
ao(0) < o,

and

Aﬂ(l) Z f(tvﬂo) ZF(tvﬂOaao)v te ‘]7
Bo(0) = .
Hence by Lemma there exists a solution ai(t) of (3.4) such that ag(t) <
a1(t) < Bo(t) on J. Furthermore, we can prove that oy (t) is the unique solution of

(3.4). For this purpose, we assume z;(t) and z2(t) are two solutions of (3.4) and
ap < xo < 1 < fp holds. Then, from (3.4), and noting that x1(0) —z2(0) = 0, and
i—1
A'—B'=(A-B)Y AT'B,

Jj=0
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we have

Azl — Azl = F(t x1,00) — F(t, 29, ap)

81 t 040 £L’1 — Oéo)i k
B Z 83:’ 1! — Ma —ao)

B i: alf(taVOCO) (z2 — ap)’ + M (zo — Ozo)’c

=0 8.%"‘ Z'
F'f(t,ap) 1
:{Z faxla() 72.%1—@01 1](2_040) }(:ﬁ—xg)
i=1
k_l . .
— M (21— o) (w2 — ) (21 — w2)
7=0
Ly (t,a0) 1 ) )
= { Z faxzao ] Z w1 — ag)' " (w2 — o)’ ey — z2)
=1 7=0

< Lyi(z1 — z2),
where
1
=Y (71— ) (zg — ag)! < Ly,

i=1 j=
M(t) = —Li, t € J. Using Lemma [2.3] we can get 21(t) < z2(t). Then we have
x1(t) = x2(t), that is, aq(t) is the unique solution of (3.4)).
Furthermore, we consider the singular differential system

ic 01 o fa(;zﬁo) (y=Po)" 50) M(y — ﬁo)k, k=2n+1,

k 1 87f(t1ﬁ0) (y i,!@o) + N(y - 60)k’ k = 2n,
=G t Y, ,6()) teJ,

y(0) = xo.

Now we show that ag and [y are lower and upper solutions of (3.5 respectively.
For this purpose, the condition (A7) and the inequality (3.3]) yield

Aa6 S f(t7a0) S G(t7a0aﬁ0)a te Ja
ao(0) < o,

(3.5)

and

Aﬂé Z f(ta ﬂo) = G(t’ﬂ(%ﬁo)a te ‘]7
Bo(0) > 0.
Thus from Lemma we see that there exists a solution [£;(t) of ( such
that ag(t) < B1(t) < ﬁo( ) on J. Similarly, we can prove that (¢ ) is the unique
solution of (3.5)). To do this, we talk about two cases. If k = 2n+ 1, the uniqueness

of the solution of (3.5) is the same as (3.4]). If £ = 2n, taking two solutions z1, x2
of (3.5) such that g < z9 < 21 < By. Then, we obtain

Axll - A$/2 = G(taxlvﬁo) - G(t,.’L‘g,ﬁo)
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-1 1
o'f a;ﬁo l'z — Bo) ™ (g — Bo)? }(Iﬁ—wz)

E?

i=1

k-1
+NZ — Bo)" T (w2 — Bo) (w1 — w2)
(¢, Bo)

< { — oxt %Z ﬂo ’ 1— 3(502 *60) }(171 71‘2)
< Li(x1 — x2).

Noting that z1(0) —z2(0) = 0, by Lemma [2.3] we obtain z1(¢) < z2(t). Thus, (3.5)
has a unique solution.
Next, we prove that oy (t) < £1(f) on J. From (3.2), we obtain

M@

Ay = F(t,aq,a0) < f(t,aq), teJd,
041(0) = X9.

Proceeding as before, one can obtain that 3;(t) is an upper solution of (2.1). It
then follows from Lemma [2.5] that o (t) < 3:(t) on J. Consequently,

ao(t) < aa(t) < Bi(t) < Bo(t), te

Continuing this process by induction, we obtain two monotone sequences {a.,(t)}
and {8, (t)} satisfying

Qo(t) € ar(t) < -+ < anlt) < Bult) < - < Bult) < Bolt), te J.

Let «y,, B, be lower and upper solutions of (2.1]) respectively with a,, < f,, on J.
Then we consider the singular differential system

1 )
azf t,an) (T —ay)'
Axl:z éxl ) ( il ) _M(x_an)k EF(t,fE,an), tEJ,
=0

x(0) = xo.

(3.6)

In this case, we can show easily that «, and (3, are lower and upper solutions of
(3.6). Therefore, by Lemma there exists a solution a,+1(t) of such that
an(t) < apg1(t) < Bu(t) on J. The uniqueness of ay,11(t) is analogous to oy (t), we
omit the details.

Next, consider the singular differential system

| RO sy ke
Sl 2 ) (w=pu)’ b +N(y—Ba)*  k=2n,

oxt

(3.7)
= G(t7yvﬂn)7 te J7

Similarly, we can show that o, and (3, are lower and upper solutions of (3.7)),
respectively. Consequently, by Lemma we obtain a solution 3,1 (t) of (3.7)

exists such that ay,(t) < Bny1(t) < Bn(t) on J. Furthermore, we can show that
on+1(t) < Bpt1(t) on J. By induction, we have that for all n,

ao(t) S ar(t) < -+ < an(t) < Bult) < -+ < Bi(t) < folt), tE J.
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Employing the Ascoli-Arzela Theorem, it can be shown that they have pointwise
limits p(t) and r(t). Taking the limit as n — co, we obtain

lim ay,(t) = p(t) < r(t) = lUm B,(t).
n—oo n—oo
We can show easily that p(t) and r(t) are solutions of (2.1)).

Finally, we show that the order of convergence is k > 2. For that, let z(¢) be a
solution of (2.1)) in S(ayg, By), we define

en(t) = z(t) — an(t), an(t) = ant1(t) — an(t), teJ,
so that, e, >0, a,, > 0, €,(0) =0, a,(0) = 0. From the equality (3.1)), we have

k=1 . ,
Ff(t,an) (x — ay)t
r_
A = ; ozt 7!

! Ff(t,ox+ (1 —0)ap L
+(/0(1 oy 2 ang ))d")((k_n)!'

On the other hand, by (3.6)), we have

Ad | = ki:l ﬁif(t, an) (Qnt1 — O‘n)i
Ot

p f — M(apy1 — an)®.

1=0
Therefore,

k-1 -
, 0" f(t,ay) (x — ay)®
A ST (R

ozt 7!

=0

+ (/0 (1- )k VIR, Ux;'x(k )an)da) <J(;k_af))!k

81 to‘n an+1_an)i k
S sy

az (t, an) n a.L) k k
<Z ax’ il + Ne + Ma,

(5

< Lieny1 + cek,

IN

M

A f(t,an) ie1—
i k
p z‘ E e, a’ }€n+1 + ce,

where c = N + M, a,, < e,. Furthermore, we have
Aely < —M(B)eni1 + cek.
Lemma [2.3] implies e, 41(t) < #(t) on J, where x(t) is the solution of
Az’ + M D)z = ce®, x(0) = 0.

Thus, using the expression of z(¢) in Lemma we obtain
PR o . R
z(t) =[N+ MO [e_ADMt / eADMsADcef;(s)ds + (I — AAP)MPeek (1)),
0

we arrive at after taking suitable estimates

_ < _ k
max [z(t) — ant1(f)] < M max|a(t) — an(f)]",
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where A is an appropriate positive matrix.
Similarly, we define

gn(t) = 2(t) = Bn(t), bu(t) = Bria(t) = Bu(t), t € J,
so that, e,(t) <0, by(t) <0, g,(0) =0, b, (0) = 0. In view of (3.1)), we have

k=1 o; i
Al — Z ' f(t,Bn) (x — Bn)
i=0

ozt 1!

o Ok f(t,ox + (1 —0)fBy) (x — Bp)k
+(/0 (1=0)* Dt o) TE

Furthermore, by (3.7), we obtain

AB/ 1 _ Zfz—ol (9 d(ilﬁn) (ﬁnJrl Bn) _ M(ﬂn+1 _ /Bn)k, k' — 27’l + 1’
" T o (Bnﬂ B 4 N (B — Bu)*, k= 2n.

Hence, if £ = 2n + 1, we obtain

— Agni

= AB 4 — Az’

_ ’“Z 8ifé2iﬁn) (ﬁnﬂﬂ— A kz féf“ “ ‘f")i
_ (/01(1 o) L9818, aa:;xi a)ﬂn)da> (:E:k__%)!k

: DI Y8 4 N ()

= {Z - f@izﬂn il sz g } —Gnt1) + (M + N)(—gn)*

< Li(=gny1) + (M + N)(—gn)k-

Furthermore, we obtain
A(_gn+1)/ < _M(Zx_gnJrl) + (M + N)(_gn)k-
According to Lemma [2.3] we have —g,,41(t) < (t) on J, where z(t) is the solution
of
Az’ + M(Hz = (M + N)(=ga)", 2(0) =0.
Thus, using the expression of x(¢) in Lemma and taking suitable estimates, we
obtain

e B (1) — 2(0)] < o1 max | (0) — (1),

where pp is a positive matrix.
If k£ = 2n, we obtain

- Ag;zﬂ

31 n n - Mn k- 18 - _ ni
_Z 32;26 (B +1i! B ) N(Bosr — Z (t, Bn) ‘ﬁ )

't 7!
1=0 a
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_ (/0 (1 )k 1a f(t Jx(;_xl(c U)ﬁn)da) (S(Ck_ﬁln))'k

— 8lf(taﬁn) b:z B

ozt 7!

0 n
(SIS i) s a5+ 0

=1

In o NbE 4 MgE

< Li(—gnt1) + (M + N)gk
Then, we obtain

A(=gnt1) < =M (&) (=gns1) + (M + N)gk.

Now applying Lemma [2.3] we have —g,11(t) < z(t) on J, where z(t) is the solution
of
Az’ + M(H)x = (M + N)gk, z(0)=0.

Analogous to the above discussion, after taking suitable estimates, we obtain
— < — k.
e B 1) = 2(0)] < oy mae | (0) — (1)
The proof is complete. O
The following corollaries are immediate results of Theorem

Corollary 3.2. Assume that conditions (A1)—(A3), (A6), (A7) hold, and

(A9) The Frechet derwatwes o f(t 2) (;=0,1,2,3) exist and are continuous, also
t,x)+ Mx ercom;ea: an t,x x erconcave in
f(t, @) + Ma? is (2)-hyp d f(t,x) — Na? is (2)-hyp
x; that is,
3 3 3 N3
O3 -7 Ox? -
where the n x n matrices M, N > 0.

Then there exist monotone sequences {ay,(t)}, {Bn(t)} which converge uniformly to
the solution of (2.1) and the convergence is cubic.

Corollary 3.3. Assume that conditions (A1)—(A3), (A6), (A7) hold, and

(A10) The Frechet derivatives % (i = 0,1,2,3,4) exist and are continu-
ous satisfying f(t,z) + Mz* is (3)-hyperconvez and f(t,z) — Nx* is (3)-
4 4 4 4
hyperconcave in x, that is, % >0 and % <0, where
the n x n matrices M, N > 0.

Then there exist monotone sequences {a, (t)}, {Bn(t)} which converge uniformly to
the solution of (2.1) and the convergence is quartic.

Remark 3.4. If f(t,x) is (k —1)-hyperconvex or (k— 1)-hyperconcave in x, by the
method of quasilinearization, we also can obtain the convergence of the monotone
sequences is of order k (k is odd or even).
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