Electronic Journal of Differential Equations, Vol. 2015 (2015), No. 195, pp. 1-10.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

MULTIPLE SOLUTIONS FOR A DISCRETE ANISOTROPIC
(p1(k), p2(k))-LAPLACIAN EQUATIONS

EL MILOUD HSSINI

ABSTRACT. This article concerns the existence and multiplicity solutions for
a discrete Dirichlet Laplacian problems. Our technical approach is based on
variational methods.

1. INTRODUCTION

In this work, we study the existence and multiplicity solutions of the discrete
boundary-value problem

~A(p e—1y (Bulk = 1)) = AGpy ge-1y (Bulk — 1))) = Af (k, u(k)),
Vk € Z[1,T], (1.1)
u(0) =u(T +1) =0,

where, ¢, x)(t) = [t Pitk)=2¢ (j = 1,2) for all t € R and for each k € Z[1,T],
T > 2 is a positive integer, Z[1, T is a discrete interval {1,2,...,T}, A is a positive
parameter, Au(k — 1) := u(k) — u(k — 1) is the forward difference operator, f :
Z[1,T] x R — R is a continuous function and pi, ps : Z[0,T] — [2, +00).

Discrete boundary value problems have been intensively studied in the last
decade. The modeling of certain nonlinear problems from biological neural net-
works, economics, optimal control and other areas of study have led to the rapid
development of the theory of difference equations; see the monograph of [2, [3] 1T}, [31]
for an overview on this subject.

Equations involving the discrete p-Laplacian operator, subjected to classical or
less classical boundary conditions, have been widely studied by many authors us-
ing various techniques. Recently, many results have been established by applying
variational methods. In this direction we mention the papers [T, [0l 20} 25, [30] and
the references therein. However, problems like involving anisotropic expo-
nents have only been started, by Mihailescu, Radulescu and Tersian [27], Kone and
Ouaro [21], where known tools from the critical point theory are applied in order
to get the existence of solutions. Later considered by many methods and authors,
see [0 [7, [13] [I5] 26} [29] for an extensive survey of such boundary value problems.

2010 Mathematics Subject Classification. 39A10, 34B18, 58E30.

Key words and phrases. Discrete nonlinear boundary value problem; p(k)-Laplacian;
multiple solutions; critical point theory.

(©2015 Texas State University - San Marcos.

Submitted July 7, 2015. Published July 27, 2015.

1



2 E. M. HSSINI EJDE-2015/195

Our aim is to establish the existence and multiplicity results for problem
through variational methods. First we will exploit a critical point Theorem
which provides for the existence of a local minima for a parameterized abstract
functional. Next, Theorem [2.2] with the classical Ambrosetti-Rabinowitz condition,
guarantee that has at least two distinct nontrivial weak solutions (Theo-
rem (3.2). Finally, we will get the existence of at least three nontrivial solutions
of the problem where the nonlinearity f(z,u) does not satisfy Ambrosetti-
Rabinowitz condition (Theorem , by employing a local minimum Theorem

2. PRELIMINARIES AND BASIC NOTATION

In this section, we state some basic properties, definitions and theorems to be
used in this article. Let (X, | -||) be a finite dimensional Banach space. A functional
I, is said to verify the Palais-Smale condition (in short (P.S.)) whenever one has
that any sequence {u,} such that

e {I,\(u,)} is bounded;
e {I}(uy)} is convergent at 0 in X*
admits a subsequence which is converging in X.

Our main tool will be the following three abstract critical point theorems, which
are a simple extension of the Ricceri’s Variational Principle [28] recalled here on
the finite dimensional Banach spaces.

Theorem 2.1. Let X be a finite dimensional Banach space and let &, ¥ : X — R
two functions of class C* on X with ® is coercive. In addition, suppose that there
exist r € R and w € X, with 0 < ®(w) < r, such that

SuPg-1(o,r) ¥ (w)
. 2.1
r < D (w) (2.1)

Then, for each

O (w) r

U (w)’ supg-1(jo,0) ¥

the function Iy = ®— AV admits at least one local minimum @ € X such thatu # 0,
() < r, I\(w) < I\(u) for allu € ®=1([0,7]) and I§(u) = 0.

/\GAw::]

Theorem 2.2. Let X be a finite dimensional Banach space and let &, ¥ : X — R
two functions of class C* on X with ® is coercive. Fizr > 0. Assume that for each

r

AeA=10,—— |,
] suptbfl([oﬂa]) \\

the function Iy = ® — AU satisfies the (PS)-condition and is unbounded from below.
Then, for each A € A, the function Iy admits at least two distinct critical points.

Theorem 2.3. Let X be a reflexive real Banach space, ® : X — R be a continuously
Gateauz differentiable, coercive and sequentially weakly lower semicontinuous func-
tional whose Gateauzx derivative admits a continuous inverse on X*, ¥ : X — R be
a continuously Gateauz differentiable functional whose Gateaux derivative is com-
pact, moreover

®(0) = W(0) = 0.
Assume that there exist r € R and u € X, with 0 <r < ®(a), such that
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(i)
SuPue<I>—1(]—oo,r]) \IJ(U) \I/(ﬂ)
r ®(u)

(ii) for each A € A,

d(a) T

(1) SUPyeqp—1(]—oo,) ¥ ()
the functional ® — AV is coercive.

Then, for each X\ € A, the functional Iy = ® — AV has at least three distinct critical
points in X.

A::}

[

Remark 2.4. It is worth noticing that whenever X is a finite dimensional Banach
space, for the Theorem [2.3|shows that regarding to the regularity of the derivative of
® and ¥, it is enough to require only that &’ and ¥’ are two continuous functionals
on X*.

For the rest of this article, we use the following notation:
Pmin(k) == @}%pi(k), Pmax (k) = @Ellépi(k‘), for all k € Z[0,T];
min = i min k ) Fax = max k 5
Pmin = i P (k),  Pmax (X, p (k)

p; = min p;(k), pj = max p;i(k), fori=1,2.
ke[0,T] ke[0,T]

Define the function space,
H:={u:[0,T+1] - R:u0)=u(T+1) =0}
Clearly, H is a T-dimensional Hilbert space (see [2]) with the inner product
T+1
(u,v) := Z Au(k —1)Av(k —1), Vu,ve H.
k=1
The associated norm is defined by
T+1

ol = (3 1Augr - ) "

k=1
On the other hand, it is useful to introduce other norms on H, namely

T 1/m
[tulpm = (Z|U(k)\m) , Yu€ Handm>2.
k=1
It can be verified [I1] that

2—m 1
T2 |uly < |tu|y <T™m

ule, Yu € H and m > 2. (2.2)
We start with the following auxiliary result. For (a), (b) and (c) see [27] and for
(d) see [30].
Lemma 2.5. We have the following assertions:

(a) For every u € H with ||u| <1 one has

T+1
> |Au(k - )Pt > T
k=1

pt—2 +
=l



4 E. M. HSSINI EJDE-2015/195

(b) For every w € H with ||u|| > 1 one has
T+1

Z |Au(k

(c) For any m > 2 there exists a positive constant ¢, such that

T

T+1

Z|u |m<cmZ|Au - 1™, YueH.
k=1

(d) For every u € H and for any p, ¢ > 1 such that % + % =1, we have

T+1

< (1) (S p)

Definition 2.6. We say that v € H is a weak solution of problem (1.1)) if

T+1
3 (@t (Bull — 1)) + b1y (Bu(k — 1)) Ao(k — 1)
k=1 .
A F uk)o(k) =0,
k=1
for allv e H.

To treat the Dirichlet problem (|1.1)), we define the following two functions:

T+1 B -
|Au(k — 1)[PrE=D | Ak — 1)[p2*k=D)
(I)(u)_z:( p1(/€—1) + pQ(k—]_) )7

T
= F(k,u(k))
k=1

where F'(k,t) fo f(k, s)ds for all (k,t) € Z[1,T] x R. Further, let us denote
In(u) = ®(u) — A¥(u), for every u € H.
The functional I, is of class C'(H,R), and
T+1

(I (), 0) = Y (k-0 (Dulk = 1)) + Spy 1) (Du(k — 1)) Av(k — 1)

k=1

=AYk uk)o(k)
k=1

for any w,v € H. Thus, critical points of I are weak solutions of (1.1).

=1 (2.3)

3. MAIN RESULTS

To introduce our result, for a nonnegative constant -, put

2-pfax _
T 0% Puin Prhax
o(v) = (( ) — 2Tz )
) Phax  \\WT +1
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Theorem 3.1. Assume that there exist two real constants v and § > 1, with

p$ax+pr;in74 l‘"tlax 1/p:niIl
v > \/T—i—l(T : +2TPT) : (3.1)

467 < pioy () (3.2)
such that
(A1)

T _
g1 Maxyy <y F(k,1) < Prmin Zgzl F(k, 5).
a(v) 4§Pihax
(A2) F(k,0) >0 for each k € Z[1,T].
Then, for each
A§Pmas a(v)

Prain Soret F(k,0) " Yoy mayj<s (k1) L
problem (L.1)) admits at least one nontrivial solution @ € H, such that ] < 7.

A€ Ay ::} (3.3)

Proof. Take the real Banach space H as defined in Section 2, and put ®, V¥, as in
(2.3). Our aim is to apply Theorem to function I. For each u € H such that
2.5

|lu|| > 1, from assertion (b) in Lemma we have
1 T+1
O (u) > T Z (|Au(k — 1)|p1(k71) + | Au(k — 1)|p2(k71)>
pmax k=1

2—1);
2

1 2-p; _
> (T T

Jull? = 2T) = 00 as flul] — oc.
max

So, @ is a coercive, and we have the regularity assumptions required on ® and V.
Therefore, it remains to verify assumption (2.1). To this end, we put r := o(7),
and pick w € H, defined as

if 7z, T
w(k) = O TR e ZLT (3.4)
0, otherwise .
Clearly, with § > 1 one has
B(w) = Ti:l (|Aw(kz —1)[pr(k=1) N |Aw(k — 1)‘p2(k—1)) g A§Phax
Pt pi(k—1) pa(k—1) =T

Hence, it follows from (3.2) that 0 < ®(w) < r. Now, let v € H such that
u € ®1([0,7]), by Lemma [2.5| (a), for any v € H with |Ju| < 1 we obtain

(3.5)

+ 5 g
r > ®(w) 2 —— (T Jul]rl + 75 u)?)
max
Tp;ﬁnf?f (36)
+
> ]| Proc.
Similarly, from Lemma[2.] (b), for any u € H with [lul| > 1, we obtain
1 2Py - 2-py +
P2 > —— (T a7t + T Jult - 27)
Prnax (3.7)

1 2— rtax
> (T u
Pmax

Pmin — T').
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Then

t \ Y Pax + B\ V/Pinin
I gmax{(rp_ﬂ) ,(TPL_T_‘X+2TPZ ) }

Tpn%ﬂ T42*P2max
Bearing in mind ({3.1]), we obtain

Pmi n

Tpmax 2 T
Then, from and . we have

Pihax \ /Pmin
Jul < (i)
T

*pzrnax
This together with Lemma (d), yields

1/Prain

Fon )
| ( )l < WHUH < \/jT( pmax +2Tme) —

mmx

for all k € Z[1,T]. Therefore, we have that

T

sup  Y(u)=  sup
wed-1([0,r]) ued=1([0,r]) i=} —

In view of (3.5) and (3.8), taking into account (A1) and (A2), we obtain

max F(k,0).  (38)

MH

Supé_l([o,r]) \I/(u) < ZkZI maxmgv F(k, t)

" - (7) (3.9)
pmln Zk 1 (k 6) \I/(U))
4§Prhax - <I>(w)

Therefore, condition (2.1)) of Theorem [2.1 n is verified and all the assumptions of

Theorem are satisfied. So, for each A\ € A, C] igz;’ T [T S [, the func-
@—1([0,r])

tional I admits at least one critical point @ such that 0 < ®(u) < r, and so @ is a
nontrivial weak solution of problem (1.1)) such that || < 7. O

The following result, in which the global Ambrosetti-Rabinowitz condition is also
used, ensures the existence at least two weak solutions.

Theorem 3.2. We suppose that the assumptions (3.1) and (3.2) of Theorem- be
satisfied and f(k,0) # 0 for every k € Z[1,T). Assume that there are two positive
constants p > pt, and R > 0 such that,

0 < pF(k,t) <tf(k,t), (3.10)

for all k € Z[1,T) and |t| > R. Then, for each X\ € A := }0, ST U(‘W‘L D [,
k1 MAX|¢| <y s

problem (L.1)) admits at least two nontrivial solutions.

Proof. Let ®, ¥ be the functionals defined in (2.3)) satisfy all regularity assumptions

requested in Theorem Arguing as in the proof of Theorem put w(k) as in
(3.4) and r = o (), for A € A we obtain

supqu([ovr]) \I/(U) < 25:1 maXMSﬂ{ F(lﬁt) < l
r - a(7) A
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Now, From condition ([3.10), by standard computations, there is a positive constant
c1 such that

F(k,s) > ci|s|t for all k € Z[1,T]. (3.11)
Hence, for every A € A, u € H\{0} and ¢ > 1, we obtain

T+1 _ 1)pr(k=1) — 1)|p2(k=1) T

|Atu(k — 1)1 |Atu(k — 1)

Lt <y ( (e Ve ) —ertt S Julk)
k=1 k=1

T41 _ _ T
Au(k — 1)[PrE=D | Au(k — 1)|p2=1)
<tp$ax§ | + —)\ct“g u(k)|"
- k_l( pi(k=1) pa(k=1) ) 2,9

Since p > pt.., In(tu) — —oo as t — oo. Then I is unbounded from below.
Finally, we verify the (PS)-condition, it is sufficient to prove that any Palais-
Smale sequence is bounded. Arguing by contradiction, suppose that there exists a
sequence {u,} such that {I(u,)} is bounded and |I}(un)|[x- — 0 as n — 400
and lim,,—, o [|un|| = +oo. Using also (3.10), we deduce that, for all n € N, it
holds

i (MF k “n ) - un(k)f(k7 Un<k7)))

k=1
< > (wPOkun(k) = wn (k) f(k,un(k)) )
lun (k)|<R
T
< ‘n|1ax |uF (k,z) — xf (k,x)| =: co.
k=1"1=
To this end, taking into account Lemma (b) one has

1
M + Jun|| = Ix(un) — p@(un)’un)

T+1 - .
_ 1)|;D1 (k—1) |Auy, (k — 1)|p2(k 1)
- + AN o, (k
Z( —1) pa(k— 1) ) ; (@, un (k)
1 T+1
S Z (|Aun(k: — 1)|;01(k—1) + | Ay (k — 1)|1)2(k—1))
“k 1
k=
1 1 T+1
2 T pi(k—1) _ 1)|p2(k—1)
- (pmax u) kZ:l (‘A“n( —1)] + |Aup (k= 1) )

- % Z (LF (2, un (k) — un (k) f(2,un(k)))
k=1

> () (0

Pmax

A
T Jun7E —2T) - Ze
w

But, this cannot hold true since p;, p; > 1 and u > pt . . Hence, {u,} is bounded.
That information combined with the fact that H is a finite dimensional Hilbert
space implies that there exists a subsequence, still denoted by {uw,}, and ug € H
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such that w,, converges to ug in H. Then, for each A € A, the function I, admits
at least two distinct critical points. ([

Finally, we give an application of Theorem
Theorem 3.3. Suppose that there exist two constants v and 6 > 1 with (3.1)) and

4gPmin > pfo o () (3.12)
such that the assumptions (A1) and (A2) in Theorem [3.1] hold. Assume also
|f (k)] < ag(1+ [¢]**) ), (3.13)

where ag > 0 and 2 < o~ = mingepo, ) a(k) < ot = maxyecp,r a(k) < pr;,- Then,
for each X € A, where Ay, as in (3.3), problem (1.1) admits at last three weak
solutions.

Proof. Our aim is to verify (i) and (ii) of Theorem Arguing as in the proof of
Theorem put w(k) as in (3.4) and r = o(v), bearing in mind (3.12]) we obtain
O(w) >r > 0.

Therefore, (3.9) holds and the assumption (i) of Theorem [2.3]is satisfied. Now, we
prove that the functional Iy is coercive. For u € H such that ||u| — 400, in fact

by using condition (3.13]), we have

T+1
1) 2 == 3 (18uh = DO ¢ [duk 1))
max k=1

T
Ju(k)[**
_ )\al Z W — ag,
k=1

where aq,ay are positive constants. Now, for k € Z[1,T] we point out that
o a” at
(k)| < fu(k)[* + [u(k)|™
Thus, using (2-2) and Lemma [2.5] (c), we obtain

+ d + + T a*/2
ulss =2 @)™ < Tluls™ = T( Y u(k)l?)
k=1 k=1
T+1 at /2 +
<T(e > 1Autk = 1)) 7 = TCoefjul*”
k=1

Then, for every A € A we obtain

1 o U AN
In(w) 2 (T2 Pt + T ul - 27)

max

Aa -
— S8 (TCo- ul]®” +TCo|u*") = as
1 2-piax -
- (T [P — 2T) — agllul|®” — az — 4o,

max

since p,;, > o™, the functional Iy is coercive, also condition (ii) holds. So, for each
A € A, the functional Iy has at least three distinct critical points that are weak

solutions of (|L.1J). O
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Example 3.4. For T' = 2, consider the problem
—A(<|Au(0)|p1(°)*2 + |Au(0)|p2<0>*2)Au(0)) — 2A(u(l) — 1)
—A<<|Au(1)|p1(1)_2 + |Au(1)|p2(1)_2)Au(1)) = —2A(u(2) — 2) (3.14)
u(0) = u(3) =0,
where f(k,t) = —2(t — k) for k = 1,2 and for

1 1
p1(k) = §k+2, pa(k) = —§k—|—4 for k=0,1,2.

Then one has

pr=2 py=3 pf=3 pl=4 pu,=2 Phu=1
In fact, if we choose, for example § = 1 and v = 6+/3 such that (3.1]) is verified, we
obtain o(y) = 7/2 and condition (3.2)) holds. Moreover, one has

2 _
D e mMaxX, <6./3 F(k,t) _ 10 <9 Puin Zi:l F(k,1)
72 7 5P

Then, owing to Theorem for each A € ]%, % [, problem (3.14) admits at least
one nontrivial solution %, such that [@| < 6+/3.
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