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BOUNDARY BEHAVIOR OF SOLUTIONS TO A SINGULAR
DIRICHLET PROBLEM WITH A NONLINEAR CONVECTION

BO LI, ZHIJUN ZHANG

ABSTRACT. In this article we analyze the exact boundary behavior of solutions
to the singular nonlinear Dirichlet problem
—Au = b(a)g(u) + AIVul? + 0, u>0,z€Q,

ulpq =0,
where  is a bounded domain with smooth boundary in RV, ¢ € (0,2], o >0,
A >0, g € CH(0,00),(0,00)), lim,_ o+ g(s) = oo, g is decreasing on (0, so)
for some sg > 0, b € C{ () for some a € (0,1), is positive in 2, but may be
vanishing or singular on the boundary. We show that A\|Vu|? does not affect
the first expansion of classical solutions near the boundary.

1. INTRODUCTION

In this article, we consider the boundary behavior of solutions to the singular
nonlinear Dirichlet problem

—Au=b(x)g(u) + A\[Vu|?+0, u>0, e, u|(,m =0, (1.1)

where Q is a bounded domain with smooth boundary in RY, ¢ € (0,2], A > 0,
o > 0, b satisfies

(B1) b e CL.(Q) for some « € (0,1), is positive in (2,
and g satisfies

(G1) g € C1((0,00), (0,00)) and lim,_q g(s) = oo;

(G2) there exists sp > 0 such that ¢'(s) < 0, for all s € (0, so);

(G3) there exists Cy > 0 such that

5 dr
lim ¢'(s / — = —C,.
s—0+ () o 9(7) g
A typical example of functions which satisfy (G1)-(G3) is
g(s) =57 4 pust, s >0,

where ~,p, > 0. In this case, Cy = v/(1 + 7). A complete characterization of g
in (G1)-(G3) is provided in Lemma [2.14]
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For convenience, we denote by ¥ the solution to the problem

¥(t)
/ s =t, Vt>0. (1.2)
0 9(s)

When A = 0, arises in the study of non-Newtonian fluids, boundary layer
phenomena for viscous fluids, chemical heterogeneous catalysts, as well as in the
theory of heat conduction in electrical materials (see, for instance, [9] 17, 2T [36], [38],
41]) and has been discussed by many authors and in many contexts. With regard
to the existence, nonexistence, uniqueness, multiplicity, regularity, local (near the
boundary) and global estimates of (classical or weak) solutions, see, for instance, [I]-
[, [6l 8, O, 12 16l 17, 21, [23]-[27], [29]-[31], [35], [39]-[46], [51] and the references
therein.

When A > 0,b=11in Q and g(u) = w7 with v > 0, the authors [47] considered
the existence and regularities of the unique solution to (1.1). Cui [II] established
a sub-supersolution method to more general problem th.

When A=1,0=0,0< ¢ <2,b=1in and the function g : (0,00) — (0, 00) is
locally Lipschitz continuous and decreasing, Giarrusso and Porru [19] showed that
if g satisfies the following conditions

(G01) fol g(s)ds = o0, [ g(s)ds < oo;
(G02) there exist positive constants § and M with M > 1 such that G(s) <
MG(2s), for all s € (0,6), G(s) := [° g(r)dr, s > 0,
then the unique solution u to has the following properties:
(I1) Ju(z) — ¢(d(z))| < cod(x), for all z € Q for 0 < ¢ < 1;
(12) |u(z) — d(d(z))| < cod(x)[G(p(d(x)))] @ 1/2 for all z € Q for 1 < ¢ < 2;
where d(xz) = dist(x,00Q), cg is a suitable positive constant and ¢ € C[0,00) N
C?(0, c0) is the unique solution of the problem

#(t) ds

— =

0o V2G(s)
For further works, see [10], [I3]-[15], [18, 20, 28, B7], [48]-[50] and the references
therein.

We introduce two types of functions. First, we denote by K the set of all Kara-
mata functions L which are normalized slowly varying at zero (see, Bingham-
Goldie-Teugels’s book [5] and Maric’s book [32]) defined on (0,7] for some n > 0
by

t>0. (1.3)

L(s) = coexp(/n MdT), s € (0,1, (1.4)

s T
where ¢g > 0 and the function y € C([0,n]) with y(0) = 0.

Next let A denote the set of all positive monotonic functions @ in C*(0,dg) N
L(0,60) (8o > 0) which satisfy

d () !
t%%%my_@em@,@@_ée@w (1.5)

The set A was first introduced by Cirstea and Radulescu [7] for non-decreasing func-
tions and by Mohammed [34] for non-increasing functions to study the boundary
behavior of solutions to boundary blow-up elliptic problems.

We assume that b satisfies
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(B2) there exists # € A such that

b(x)

o : b(z)
0<b:= 1 f by = 1 — <
L7 dmmo T 02(d(@)) 2T dlm o P g2(d(a)) ©
Recently, for g satisfying (G1) and decreasing on (0, 00), the authors [50] considered
the two cases
(i) ¢ €(0,2),b=11in Q, g satisfies (G3) with Cy > 1/2;
(ii) ¢ =2, b satisfies (B1) and (B2), g satisfies (G3) with

Co+2C4 > 2, (1.6)

and one of the following two conditions holds
(S01) Cy > 0;
(S02) C, =0 and Alimsup,_, o+ % <1

and obtained the boundary behavior of the unique solutions to .

In this article, we extend [50] for more general g and b. We first establish a local
comparison principle for ¢ € (0,1) under (G2). More precisely, we show the first
exact asymptotic behaviour of any classical solution near the boundary to
and reveal that the nonlinear gradient term A|Vu|? does not affect the behaviour.
For ¢ € [1,2], by using a nonlinear change, the local comparison principle and the
results in [51] and [30], we show the same results as ¢ € (0,1). Our main results
are summarized as follows.

Theorem 1.1. For fized A > 0, let g satisfy (G1)—(G3), b satisfy (B1)—(B2). If
both (1.6)) and one of the following conditions hold

(S1) ¢ €(0,1);

(52) ¢ €[1,2] and Cy > 0;

(83) ¢€[1,2], Cy =0 and

)\limsup& <1,
s—o+ 19'(s)]

then for any classical solution uy to (1.1), it holds

1-C, o uy () . uy () 1-C,
oS M ) = o™ ey =% (D

b= g = g
YT +20,—2) P 2(Ch+2C,—2)

where

In particular,

(i) when Cy, =1, uy satisfies

, ux()
lim ———r— =1;
a(x)—0 Y(O2(d(x)))
(ii) when Cy <1 and by = by = by in (B2), uy satisfies

ux ()

) - 2\1-C,
o DBy )

where

o1 = 5
T (Cy+2C, - 2)
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Theorem 1.2. For fized A > 0, let ¢ € (0,2], g satisfy (G1)—(G3), and let b satisfy
(B1) and

(B3) there exists L € K with I LS ds < oo such that

L b() b(x)
0<by:= 1 f—— At <by:= i —_—
SO e ™ W) =T a2 =
where R
a®(t) = t72L(t), t € (0,7). (1.9)
If one of (S1), (S2), (S3) holds, then for any classical solution uy to (1.1)), it holds
b17% < lim inqui(w) < lim su L(x) <b1_09, 1.10
R M ) = ™ ey <
where -
L
ha(t) :/ is)ds, t e (0,1m). (1.11)
0
In particular,
(i) when C, =1, uy satisfies
_ (@)

1' =1
2)—0 ¥ (h1 (d(x)))
(ii) when Cy <1 and by = bg = by in (Bs), ux satisfies
: ux ()
lim —————
d(x)—0 w(hl( (x)))
Theorem 1.3. For fized A > 0, let ¢ € (0,2], b satisfy (B1), g satisfy (G1) and
g(s) = s77 4+ usP, s € (0, sg), for some so > 0, where v, p,u > 0. If b satisfies
(B4) there exists L € K with I @ds = o0 such that
0<by:= lim inf b(x)A <by:= lim sup b<x)A
dx)=0 (d(x)) ' L(d(z)) dx)=0 = (d(x))~"L(d(z))
then for any classical solution uy to , it holds

_b()

< 00,

, o ux ()
(b1(1 +’7))1/(1+ ) < d(lggriolnf d(x)(hz(d(x)))l/(1+w)

ux(x) (1.12)
= 40205 ) (o (d())) 0

< (ba(1 + 7)) ),

where

hg(t)z/tn L(TT)dr, t e (0,n). (1.13)

Remark 1.4. Some basic examples of functions which satisfy (G1)—(G3) with
Cy =0 and lim,_,o+ % =0 are
(i) g(s) = (=Ins)7, v >0, s € (0, 5);
(i) g(s) = (In(=Ins))7, v >0, s € (0, 50);
(iii) g(s) =el=9)" 0 <y <1, s € (0,50), where so > 0 sufficiently small.
Remark 1.5. When v > 0, we note that Cy = ﬁ and Cy = 7+1 in Theoreml
ie., Cy+2C, =2.
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The outline of this paper is as follows. In section 2, we present some basic facts
from Karamata regular variation theory and some preliminaries. Some comparison
principles are given in section 3. In section 4, we prove Theorems [1.1

2. PRELIMINARIES

Our approach relies on Karamata regular variation theory established by Kara-
mata in 1930 which is a basic tool in stochastic processes (see Bingham, Goldie and
Teugels’ book [5], Maric’s book [32] and the references therein). In this section, we
present some basic facts from Karamata regular variation theory.

Definition 2.1. A positive continuous function g defined on (0, 7], for some 1 > 0,
is called regularly varying at zero with index p, denoted by g € RV Z,, if for
each £ > 0 and some p € R,

o 9)

o0 g(s) =& 21)

In particular, when p = 0, g is called slowly varying at zero.

Clearly, if g € RV Z,, then L(s) := g(s)/s” is slowly varying at zero.

Definition 2.2. A positive continuous function g defined on (0, n], for some n > 0,
is called rapidly varying to infinity at zero if for each £ € (0,1)
o 9s)

s—0t g(s)

= 00. (2.2)

Definition 2.3. A positive function g € C'(0,7] with lim,_ o+ g(s) = 0, for some
1 > 0, is called rapidly varying to zero at zero if for each £ € (0,1)

9(&s)
im
s—0t g(s)
Proposition 2.4 (Uniform convergence theorem). If g € RV Z,, then ({2.1) holds
uniformly for € € [y, ca] with 0 < ¢ < cs.

= 0. (2.3)

Proposition 2.5 (Representation theorem). A function L is slowly varying at zero
if and only if it may be written in the form

L(s) = I(s) exp (/n@m)? s € (0,1, (2.4)

S

where the functions | and y are continuous and for s — 07, y(s) — 0 and I(s) — cq,
with co > 0.

Note that .
L(s) = coexp(/ @dr), s € (0,mn], (2.5)
is normalized slowly varying at zelros7 and
g(s) = s"L(s), se(0,n), (2.6)
is normalized regularly varying at zero with index p (and denoted by g € NRV Z,,).
A function g € NRV Z, if and only if

/
g € C*(0,n], for some >0 and lim sg'(s) _
s—0t g(s)

Proposition 2.6. If functions L, Ly are slowly varying at zero, then

(2.7)
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(i) L? for every p € R, e1L 4+ caLy (¢1 >0, ¢o > 0 with ¢; +¢2 > 0), L+ Ly,
Lo Ly (if L1(s) — 0 as s — 0%) , are also slowly varying at zero;
(i) For every p >0 and s — 07, sPL(s) — 0, s PL(s) — oo;
(iii) For p € R and s — 0T, In(L(s))/Ins — 0 and In(s"L(s))/Ins — p.
Proposition 2.7. If s € RVZ,,, g» € RV Z,, withlims_. g2(s) = 0, then g10gs €
RVZ, p,-

Proposition 2.8 (Asymptotic behavior). If a function L is slowly varying at zero,
then forn >0 and t — 07,
(i) fot sPL(s)ds = (1+ p) 11 TPL(t), for p > —1;
(ii) [,"sPL(s)ds = (—p — 1)"H!TPL(t), for p < —1.
Proposition 2.9. Let g € C(0,7] be positive and
/
A
s—0t g(s)
Then g is rapidly varying to zero at zero.

:+QO

Proposition 2.10. Let g € C(0,7n) be positive and
/

o 596

s—0+ g(s)

Then g is rapidly varying to infinity at zero.

Proposition 2.11 ([46, Lemma 2.3]). Let L be defined on (0,7] and be normalized
slowly varying at zero. Then

L) _
s LM
N
If further fon @dT converges, then
L) _
t—0+ fot @dT
Our results in the section are summarized in the following lemmas.

Lemma 2.12. Let 6 € A.

(1) hIniE—>()Jr % = 07'
(i) lim;_, o+ %E)t)(t) =1—limy_,o+ % (%) =1—Cpy, and Cy € [0,1] when 0
is non-decreasing, Cy > 1 provided 0 is non-increasing;

(iii) when Cy >0, 0 € NRVZ1_¢,)/c, and © € NRV Z; ¢, .

Proof. For an arbitrary 6 € A, we have:

(i) When 6 is non-decreasing, we have that 0 < O(t) < t0(t), for all ¢ € (0, do)
and (i) holds; when 6 is non-increasing, it follows by 6 € L*(0, &y) that
o(t) ) 1 ..
—2 = lim — 1 t)=0.
B o~ p L 00 =0
(ii) Since
. O@We(t) . d O(t),
Jim =gy =1 m 2 () =1 Co (2:8)
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it follows that Cy € [0,1] when 6 is non-decreasing, and Cy > 1 provided € is

non-increasing;
(iii) (1.5) and the 'Hospital’s rule imply

o)
e . W d O()
— 1 e J— = . 2.
o0 t0(8) oot £ im0t di ( o(t) ) =Co (29)
So, when Cy >0, © € NRVZC; and it follows by (2.8) and (2.9) that
. t0'() . oo .. tit) 1-Cy
2000 S0 2(1) im0 o) Cp (2.10)
i.e., 0 e NRVZ(l—Cg)/C@' [l

Lemma 2.13 ([51, Lemma 2.2]). Let g satisfy (G1), (G2).
(1) If g satisfies (G3), then Cy < 1,
(ii) (G3) holds with C, € (0,1) if and only if g€ NRVZ_c, /1-c,);
(ili) (G3) holds with Cy = 0 if and only if g is normalized slowly varying at zero;
(iv) if (G3) holds with Cy =1, then g is rapidly varying to infinity at zero.

Lemma 2.14 (|51l Lemma 2.3]). Let g satisfy (G1), (G2) and let ¢ be uniquely

determined by
P(t)
/ ATy e 0,00).
0 9(7)
Then
(i) ¥'(t) = g(¥(t), ¥(t) > 0, t > 0, ¥(0) = 0 and " (t) = g(¥(t))g'(V(t)),
t>0;
(i) limy_ o+ tg(¥(t)) = 0 and lim;_o+ tg' (¥ (t)) = —Cly;
(iii) ¥ € NRV Zy_¢, and P e NRVZ_¢,;
(iv) when Cyp+2Cy > 2 and 0 € A, lim; g+ m = 0 uniformly for & €
[c1, ca] with 0 < ¢ < co, where © is given as in ((1.5));
(v) limy_o+ W = 0 uniformly for & € [c1,c] with 0 < ¢; < ¢, where hy
1S given in

Lemma 2.15. Let g € (0,1). If Cg 4+ 2C, > 2, then

lim (9(0(©2(1)) 2D _ o iy g((02(6)0%(t) = .

s—0t (9(1‘,))2_‘1 B s—0t

Proof. Using Proposition Lemma (iii) and Lemma (iii), we see that
g(1(©2(t)))0%(t) belongs to NRV Z,,, with

o 72057 2(1 *09) o Cy +209 —24Cy
n=-c T ¢ ~ C <0,

and (g(v(©2%(t))))? ! (é(@t()’;),z)fq belongs to NRV Z,,, with

4 20,a-1)  2-9(-C)

Co Cy Co
_ Co + 2C, *2+Cg(1*q)+2q(lfog)
= o

Thus the results follow by Proposition (ii). O

p2 =

> 0.
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3. LOCAL COMPARISON PRINCIPLES

In this section we give some comparison principles near the boundary. For any
0 > 0, we define

Qs ={reQ:d(z)<d}, Ts:={xeQ:dx) =74}
Since 99 € C?, there exists a constant § € (0, min{sg, §}) which only depends on
2 such that (see, [22, Lemmas 14.16 and 14.17))
de C*(Qs), |Vd(z)|=1, Ad(zx)=—(N—-1)H(z)+o0(1), VreQs (3.1

where Z is the nearest point to = on 02, and H(Z) denotes the mean curvature of
o0 at 2. B
Next let vg € C?T¥(Q) N C*(Q) be the unique solution of the problem

—Av=1, v>0, z€9Q, v|ga=0. (3.2)
By the Hopf maximum principle in [22], we see that
Vug(z) #0, Ve € d and crd(z) <vo(x) < cod(z), Vo € Q, (3.3)

where ¢, co are positive constants. We have the lower bound estimations near the
boundary of solutions to (L.1]).

Lemma 3.1 (A local comparison principle). For fized A >0, let g € (0,2], g satisfy
(G1), (G2), b satisfy (B1), and let uy € C*(Q) N C(Q) be an arbitrary solution to
(1.1) and up € C*(Q) N C(Q) be an arbitrary solution to the problem

—Au=bx)g(u), u>0, x€Q, ulgg=0. (3.4)
Then there exists a positive constant My such that
up(z) < ur(x) + Movo(z), = € Qs, (3.5)

where § > 0 sufficiently small such that
uo(x), ux(x) € (0,s80), x € Ny,
where sq s given as in (G2).

Proof. First, by ux(z) = vo(z) = ug(x) =0, for all x € 99, and

ug, v, ux € C2(Q) N C(Q), (3.6)
we can choose a large My such that
uo(x) < up(z) + Movg(z), = €Ts. (3.7)

Now we prove (3.5). Assume the contrary, there exists xo € {5 such that
’U,O(.%'()) — (U)\(.’L'o) + Mo?)o(.%‘o)) > 0.
It follows that there exists 1 € s such that

0 < up(w1) — (ur(w1) + Movo(21)) = ﬁ%ﬁ(%(»’c) — (ux(z) + Movo(z)))-

Then ([22, Theorem 2.2])
A(ug — (ux + Movg))(z1) < 0.
On the other hand, we see by (B1), (G1) and (G2) that
A(ug = (ux + Movo))(z1)
= —Auy(x1) + Mo + Aug(xq)
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= b(x1)(g(ur(z1)) = g(uo(z1))) + Mo + A[Vux(x1)|? + 0 >0,
which is a contradiction. Hence ({3.5)) holds. ([

Next we consider the upper bound estimations near the boundary to uy. For
q € (0,1), we have the following lemma.

Lemma 3.2 (A local comparison principle). For fized A > 0, let g satisfy (G1),
(G2), b satisfy (B1), and let ux € C*(Q) N C(Q) be an arbitrary solution to (L)),
iy € C%(Q5) N C(Qs) satisfy

— Aty > b(x)g(tn) + AV T4+ o0, ux>0, z€Qs5, Urlaa =0, (3.8)
where § > 0 sufficiently small such that
ax(z), wux(z) € (0,s0), x€Qy,
where sq is given as in (G2). Then there exists a positive constant My such that
ux(z) < ax(z) + AMovo(z), =z € Q5. (3.9)
Proof. From uy(z) = ux(x) = vo(z) = 0, for all x € 99, and
uy € C2(Q)NC(Q), vo € C*HA)NCHQ), uy e C*Qs)NC(Qy), (3.10)

we can choose a large M such that

ux(z) < ax(zr) + AMovo(x), =z €T, (3.11)
My ™9 > A max | Vg (z)|9. (3.12)
zeQ

Now we prove (3.9)). Assume the contrary, there exists x¢ € {25 such that
u,\(xo) — (fL,\((L‘o) + )\M()Uo(l‘o)) > 0.
It follows that there exists z1 € Qs such that

0 < ux(z1) — (@r(z1) + AMovo(z1)) = iré%x(uA(w) — (@ (x) + AMovo(x))).

Then ([22], Theorem 2.2])
V(uy — (@x + AMowvg))(xz1) =0 and  A(uy — (4x + AMovo))(z1) < 0.
On the other hand, using the basic inequality for ¢ € (0,1)
[sd — s <lsa —s1]7, Vs2,81 >0,

it follows by (B1), (G1) and (G2) that

A(u)\ — (ux + )\Movg))(acl)

= —Auy(x1) + AMo + Auy(z1)

> b(z1)(g(ua(z1)) — g(ua(@1))) + MMo + [V (21)|? — [Vux(z1)]?)

> AN My — MM |Vvg(z1)|?) > 0,
which is a contradiction. Hence holds. O

For ¢ € [1,2] and an arbitrary positive constant C, by using the following in-
equality [47, (3.10)]

57 < +C1? Vs>,

s
leq/Z
we see that

—Auy < b(x)g(un)+ACY2 TV uy PHACY 2 4o, uy > 0, € Q, uyloq = 0. (3.13)
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We can choose C' such that the problem
—Adiy = b(z)g(ay) + A\CY* V> + A\CY2 + 0, 1y >0, z€Q, (3.14)
tx|o0 = 0, '

has one classical solution @y ([48, Theorem 4.1]).
For a fixed A, let uy and uy be arbitrary solutions to (3.13)) and (3.14)), we see
that the nonlinear changes of variable

wy =exp(nuy) —1 and ) = exp(niy) — 1
transform problems (3.13)) and (3.14]) into the equivalent problems

— Awy < b(z)g(wy) + nf(wy), wx >0, z €, wyloa =0, (3.15)
and
— Awy = b(z)g(wx) +nf(wr), @x >0, ze€Q, wWiloa =0, (3.16)
respectively. Where
G(s) =n(1+s)g(n 'In(1 +s)), n=ArC9?71, (3.17)
f(s) =(C + o)1+ s). (3.18)

Lemma 3.3. For fited A > 0. Let g satisfy (G1)—(G3). Then
(i) g € C'((0,00),(0,00)) and lims_.q G(s) = oo;
(ii) when one of the following conditions holds
(S01) Cy > 0;
(802) Cy =0 and Alimsup,_,q+ % <1,

there exists s1 > 0 such that §'(s) <0, Vs € (0,51);
(i)
* dr
lim §'(s / —=-C,.
50+ (s) o 9(7) g

Proof. By (G1), (i) is obvious. (ii) follows by [50, Lemma 3.1]. (iii) Since g satisfies
(G1) and is decreasing on (0, s9), we see that

S
d
0</ —T<i7 Vs € (0, so),
0

g9(r) — g(s)
0<g(s) /OS gc(l:) <s, Vse(0,sp), (3.19)
. dr
SIE(I)I+ g(s)/o o 0. (3.20)

Let v=7n"'In(1+7) and ¢ = n~*In(1 + s). It follows by (3.20) and (G3) that
5 d
lim g'(s)/ T
0

s—0+ g(7)

=l (g0 L)+ gl a1+ 9) [

o () [ Cdvy
= tim () [ 5 o) [ ) =

dr
1+ 7)g(n~'In(1+ 7))
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Thus we have the following comparison principle.

Lemma 3.4 (|50, Lemma 3.1]). For fized A > 0, let f € C(]0,00),[0,00)), g satisfy
(G1), (G2), b satisfy (B1). Then there exists a positive constant My such that

wy(z) < wy(z) + Mo(nC + o)vg(z), € Qs, (3.21)
where § > 0 sufficiently small such that
wy(x), wx(z) € (0,81), x € s,

where s1 s as in Lemmal|3.5

4. BOUNDARY BEHAVIOR

In this section we prove Theorems 1.3] First we have the statement in [30}
Theorem 1.1] with a =1 in Q.

Lemma 4.1. For a fized A > 0, let f € C([0,0),[0,00)), g satisfy (G1)—(G3), and
let b satisfy (B1), (B2). If
Co + 209 > 2, (4.1)

then for any classical solution V to the problem
— AV =b(x)g(V) + da(z)f(V), V>0, z€Q, V]sa=0, (4.2)
it holds that

G s I TS @) S ey = 0 D)

where 1 is the solution to (1.2)), & and & are given as in (1.8]). In particular, (i)
and (ii) in Theorem[1.1] hold.

Next we have the statement in [51, Theorems 1.2] with a =1 in Q.

Lemma 4.2. For a fized A > 0, let f € C([0,00),[0,00)), g satisfy (G1)—(G3), and
let b satisfy (B1). If b satisfies (B3), then any classical solution Vy to (4.2)) satisfies
(T.10).

Next we have the statement in [5I, Theorems 1.3] with a = b in Q.

Lemma 4.3. For a fized A\ > 0, let f € C(]0,00),[0,00)), g satisfy (G1) and
g(s) = s 7+ usP, s € (0,s9) for some sg > 0 and v,p, u > 0, and let b satisfy (B1).
If b satisfies (B4), then any classical solution Vy to (4.2)) satisfies (1.12)).

Remark 4.4. Obviously, when f =0 on [0, 00), a solution V), to (4.2) is a solution
to (3.4).

Proof of Theorem [T} Let uy € C?(Q2) N C(Q) be an arbitrary solution to (L.1]).
Using (3.3), Lemmas and (iv), we obtain that for ¢ € (0, 2],

1-Cy im in 7110(3:) im in 71”‘@)
G B @) S e ™ veawyy Y
and for ¢ € [1,2],
lim sup _n@) < lim sup __ (@) < 79 (4.5)
d@)—0  P1(02(d(x))) T da)—0 i (0%(d(x)) T * '
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where wy (z) = exp(nux(x)) — 1, Wy (z) = exp(nix(z)) — 1, n=ACY?>~1 4y is the

solution to the problem

v g

/ — =1, Vt>0, (4.6)
0 g(s)

and ¢ is given in (3.17).

From
Y(t) =n""In(1 +1(t)), Vt>0,
exp(ns) —1=ns ass—0,
it follows that ¢ € [1, 2],

lim sup () < f;_CQ. (4.7

d(x)—0  ~ $(0%(d(x)))

Thus (1.7) holds for ¢ € [1,2].
Next we structure an appropriate supersolution near the boundary to (1.1} in
the case ¢ € (0,1). Let € € (0,b1/4) and let

=& + 2682 /bs,
where &5 is given in . It follows that & < 11 < 2&, lim._,g 7 = &2, and
74710g+27'1(2—09)+bg = —2e¢. (48)

By (B2), (3.1), Lemmas [2.12] 2.14) and 2.15 we see that
Jim O%d(@)g (4 ©2(d(@)) = ~Cy,

0'(d(x))©(d(x)) od(z))
oy waw)

(©(d(=)))?

(0(d(x)))*~(g((11©(d(x)))))

o —0,

02(d())g(¢ (1©%(d(2))))

b(z)
limsup ——+—— < bs.
(w0 O2(d(x) =

Thus, corresponding to €, so and §, where sq is given in (G2) and ¢ in Lemma[3.1]
respectively, there is §. € (0,0) sufficiently small such that for « € Qs_,

e = (1 ©*(d(z)))

lim
d(x)—0

Ad(a:)) —2- O,

lim ()\quZq
d(z)—0

+

satisfies
te(z) € (0,50), =€ Qs,, (4.9)
and
Atie(z) 4 b(2)g(te (z)) + Mt (z)|* + o
=" (110%(d(2)))(2m10(d(2))0(d(2)))* + 2119 (11©*(d(2)))
x (0*(d(x)) + ©(d(x))¢'(d()) + ©(d(x))8(d(z)) Ad(x))
+b(2)g(¥(11©%(d(2)))) + A(27)(0(d(2))O(d(2))) " (9(¥(n O (d(2)))))? + o

= (v (10 (d(2))))0* (d( ))(47171 *(d(x))g' (¥(r1©%(d())))
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0'(d(x)) O(d(x)) b(x)
2 (g ) b(d(x)) 02(d(x))

- (©(d()))? o
AT @) (g O (@) 92(d(fc))g(¢(ﬁ@2(d(z)))))

Ad(z)) +

< 0;

L.e., Ue is a supersolution of equation (1.1 in €25,
Let uy € C(Q)NC?*T*(Q) be an arbltrary classical solution to (I.1). By Lemma
B:2] we see that there exists My > 0 such that for x € Qs_,

up(z) < @ () + AMovg(z),

i.e.,
ux() vo()
W) My e Q.
P(nO2(d(x))) — “p(nerdw)) T
It follows by (3.3)) and Lemma (iv) that
ux ()

lim sup <1.

d(x)—0 " Y(120%(d(x))) ~
Using Lemma [2.14] again, we have
P(110%(d(x))) 1-C
lim ———— =1 9.
aw—o $(©(d(2) ~
Moreover, since Cy > 0, by (2.9) and Lemma we obtain that
: ¥(©%(d(x))) 2(1-C,)
lim =C 97,
d(e)—0 (d?(2)62(d(x)))  °

Thus letting € — 0, we have

. ux () 1-C,
AP e = (4.10)

Combining (4.10) with (4.4), we obtain (1.7). In particular, when C, = 1, uy

satisfies
u(z)

lim —2\
d(z)—0 Y(©2(d(x)))
and, when Cy < 1 and by = by = bp in (bl), u, satisfies

U/\( ) 2\1-C
lim = C
0 @@y Y
This completes the proof of Theorem (I

Proof of Theorem[I.2. Let uy € C%*(Q) N C() be an arbitrary solution to
For ¢ € [1,2], in a similar Way as that of Theorem. by using ., Lemmas

. . . n 4.2| and [2.14 - , we can show that Theorem [1.2] - holds

Next we construct an appropriate supersolution near the boundary to (1.1) in
the case of ¢ € (0,1). Let € € (0,b1/4) and let 75 = by + 2¢. It follows that

b1/2 < 75 < 2b.

By (B3), (G1), (1), (3-3), Propositions (iii) and [2.11} and Lemma we

derive that

d?(x)

o lim = =0,

d(x)—0 L(d(x))g(v(m2h1(d(x))))
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A lim((d(@)* 4 (L(d(2))) " (g (4 (r2ha (d(2))))) ' 77) = 0,

d(z)—0
d(lgllo7'2h1(d(x))g/(¢(72h1(d(x)))) - ¢,

L(d(x)) b(x)

i@y " U L) <
- _d@UE@)y g i) Ad() =
= =gy )T, d@AdE) =0

Thus, corresponding to e, sp and &, where sq is given as in (G2) and 0 in Lemma
respectively, there is d. € (0,0) sufficiently small such that for x € Qs,

e = (2 (d(z)))
satisfies and
At (z) + b(2)g(te(z)) + Mt (z)|? + o

= ¢ (m2h1 (d(2)))T3h3 (d(x)) + ¢ (r2ha (d(2))) (721! (d(x)) + 75 b (d()) Ad(x))
+ b(x)g((reh(d(x)))) + )\Tq(LE;(Z(;:))))q(g(?b(Tgh1 d@))))i+o

= (d(x))"*L(d(2))g(s)(r2h1 (d(2))))

/ Ld(x)) d(z) L' (d(x))
X (7'2 (7—2hl(d(x))g (¢(T2h1(d(x)))))m T2 (1 o f/(d(x)) )
. . b(x) " d*(z) 1
+ red(@)Ad(@) + d=2(x) L(d(x)) - L(d(x)) 9((r2h1(d(2))))
q 2=q(7(d(x)))2 ! 1

+ ATy (d(J?)) (L(d( ))) (g(1ﬁ(72h1(d(x)))))lfq)

S 07
i.e., U is a supersolution to equation in Q5. .

The rest of the proof is the same as that Theorem [T.1] and is omitted. O

Proof of Theorem[I.3 Let uy € C%(Q) N C(Q) be an arbitrary solution to (T.1).

For ¢ € [1,2], in a similar way as that of Theorem by using (3.1), (3.3),
Lemmas and we can show that Theorem [I.3] holds.

Next we construct an appropriate supersolution near the boundary to in
the case of ¢ € (0,1). Let € € (0,1). Let 73 be the unique positive solution to the
problem

t

byt — —— = —2
2 1+'}/ €,

it follows by the properties of the function b;t~7 — ﬁ (i =1,2) that

(b1 (1 + )V < 75 < (o, ;h% 75 = (ba(1 + )Y/ A+,

where ( is the unique positive solution to the problem

t
bot™V — ——— = -2,
1+~
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Since L and ftn @dr are slowly varying at zero, we see that by (3.3), (B4),
Propositions [2.6] and that

. d(x) TLr) 1 _
Jim i(d(x))( /d o dr 1+FyL(d(m))>Ad(m)—0,
v L@ . 1 d@)E)
d@m0 (LHP o Tog, ~ 0 aweo 1ty L(dw)
lim sup b_(x)A
d@)=0 = (d(x)) = L(d(x))
and, using (G1) and (B4), there holds

1 d(z) TOL(r) AV
T B ﬁ(d(x))</d dT) -

) (v+p)/(1+7)
prd lim (d(x))7+p(/ ) dT) )
d

§b27

Y

d(x)—0 ;

noJ (g+7)/(1+7)
Ard lim (d(a:)( / L(T)dr) e
( d

X ]1 - lef,(d(z))</d(z) @df)fl q) —0.

Thus, corresponding to &, so and d, where sq is given as in (G2) and § in Lemma
respectively, there is . € (0, ) sufficiently small such that for = € Qs,

Us = T3d(x)</dn @m') V)

( T

satisfies and

At (x) + () ((Ue ()7 + (e (2))?) + Alte(2)|? + o
L(d(x) ¢ (7 L(r) N/ 1y L(d(x))

() (/d@) T dT) < Lty (14?2 Lo,

d(z) T
1 d(z)L/(d(z))  d(z) mL(r) 1.
(/ T s L) ) Ad)

(7'3_7_1 + Mrg_l(d(x))wp(/n @dr) (’y+p)/(1+’y))

dz) T
L /(+47)
o7yt Ad(x) (/d( ) (TT)dq-)V !

ot 04 bt /. L) ar)"[")

i.e., @, is a supersolution of (1.1 in ©5_. The conclusion follows as in the proof of
Theorem [L11 O
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