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THE SPREADING OF CHARGED MICRO-DROPLETS

JOSEPH IAIA

ABSTRACT. This article considers the analysis of the Betelu-Fontelos model
of the spreading of a charged microdroplet on a flat dielectric surface whose
spreading is driven by surface tension and electrostatic repulsion. This model
assumes the droplets are circular and spread according to a power law. This
leads to a third-order nonlinear ordinary differential equation on [0, 1] that
gives the evolution of the height profile. We examine existence of solutions for
this equation.

1. INTRODUCTION

In this article we perform the analysis of the Betelu-Fontelos (BF) model [2] of
the spreading of a charged microdroplet. With this model a charged microdroplet
spreads over a flat surface. In the absence of charge, it has been shown experi-
mentally [5] that the radius of a circular drop, a(t), spreads according to the law
a(t) = At*/10 for some constant A. The mathematical analysis of the uncharged
case is difficult, the main result [I] being that in the absence of molecular forces, the
“paradox of the contact line” arises and the drop does not spread. In [2], electric
charges were included into the model, and it was shown that the drop does spread
resolving the paradox of the contact line. Also surprisingly, the presence of the
charges does not alter the similarity exponent for the spreading of the drop and it,
too, spreads according to a t'/10 law. This is also surprising since if we add gravity
instead then the exponent does change [3]. This model has practical implications
in physical processes on which electrically charged droplets spread on surfaces such
as electro-painting.

This model uses the lubrication approximation which assumes that the fluid
spreads over a solid surface and that the droplet is thin so that the horizontal
component of the velocity is much larger than the vertical component and that the
stresses are mostly due to gradients of the velocity in the direction perpendicular
to the surface. Using this approximation it is shown in [2] that the height profile
h(r,t) of a circular drop satisfies
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and "
/a 2nrh(r,t) dr = Vo = constant (1.2)
where a(t) is the radius oof the drop and the boundary conditions are
hr(0,t) = hppr (0,8) =0 (1.3)
(due to the circular symmetry), and
h(a(t),t) = 0. (1.4)

Here y is the free surface tension coefficient, ¢y is the permittivity of the gas
above the drop, p is the viscosity, and @ is the total charge. Equation states
that the volume of the drop remains constant throughout this process.

We seek a self-similar solution such that the radius of the drop a(t) satisfies a
power law, i.e. a(t) = At®. The height profile will then, by conservation of mass,

be of the form
B r B r

2 H(—) = —H(—
where p = ﬁ and 0 < p < 1. In terms of V; this gives:

h(r,t) =

a(t) 1
Vo = / 2rrh(r,t) dr = AQB/ 2rpH (p) dp
0 0

where .
YE/ 2mpH (p) dp (1.5)
0

denotes the dimensionless “shape factor” of the drop.
Remarkably, with § = %0 equation (1.1]) becomes

H, XY

)), = 2

1—p2?
where ) .
_ Qi 7 3uA
32m2eqvVy’ 10yB3°
Integrating once, using (1.3)), and rewriting yields
H" H’ H ./ Zp 2XYp
H'+— - =H'+—)="C - """ for0<p<]1, 1.6
TR ( +p) 1 0 (16)
H'(0) =0, (1.7)
H(1)=0. (1.8)
Note that X, Y, Z are all positive constants.
Throughout this paper we will also assume:
H(0) =1. (1.9)
Note that
H(p)=1-p’ (1.10)

is a solution of ([1.6])-(1.9)) when Z = 2XY. A natural question is whether there are
(1.9). In an earlier paper [7] we showed that is the
only solution of (1.6))-(1.9) which is differentiable on all of [0, 1].

If we weaken the assumption and only look for solutions H € C3[0,1) N C[0,1],

then in an earlier paper [6] we showed that if 0 < Z < 2XY then there is a solution
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of (L.6)-(1.9) with H € C?[0,1) N C[0,1] such that lim,_,;- H'(p) = —oco. More
specifically we showed that: if H € C®[0,1) N C[0,1] is a solution of (1.6)-(T.9)
which is not differentiable at © = 1 then
: Hl(p) XY . 1 2 " : 1 2\2 ry/i1

lim ——————=—= lim —=(1—p)H = lim —=(1— H .

Jmoa ey T (L= H (p) Jim g =p)"H (p)
In this paper we examine the case when Z > 2XY.

In attempting to solve (1.6)-(L.9]), we first thought of using the shooting method.
That is, we would solve (|1.6) with

H(0) =1, (1.11)
H'(0) =0, (1.12)
H"(0) =k (1.13)
where k is arbitrary and show that if k is sufficiently large then H > 0 on [0,1)

and if k is sufficiently small then H must have a zero on [0,1). Then making an
appropriate choice for k we could show that H(1) = 0. Therefore we conjectured
that there would be at least one value of k such that H is a solution. However, we
discovered that this method does not quite work for this problem. In fact, in [6] we
proved the following result.

Theorem 1.1. Let H € C3(pg, 1) N C[po,1) be a solution of (1.6) such that 0 <
po <1 and H(pg) > 0. Then H >0 on (pg,1).

We were able to eventually show that if we look at a slightly different differential
equation then it is possible to solve this new problem by the shooting method. The
key turned out to be to look at the function:

g Z 2
W=H— |50 (1= 0. (1.14)
Using (|1.6) it is straightforward to see that
N HY —2Xyp WH + /550 —p%)
(W//JFK) _ (H/urf) — p W 2XY ) (1.15)
o) T 2
for 0 < p < 1. The initial conditions for W are related to (1.11)-(1.13) by (1.14)):
Z
W(0) =11/ 557 (1.16)
w'(0) =0, (1.17)

W”(0) = k + \/;—i. (1.18)

In [6] we proved the following theorem.

Theorem 1.2. For each 0 < Z < 2XY there is a positive C3(0,1)NC*[0,1)NC[0, 1]
solution of (1.15)) with W’(0) = 0, W(1) = 0, and W'(1) = —oco. (And thus H
solves (1.6)) with H'(0) = 0, H(1) = 0, and H'(1) = —o0). If Z = 2XY then
W =0 is a solution of (1.15). (And thus H = \/%(1 — p?) solves (1.6) with
H'(0) =0, H(1) =0, and H'(1) = —\/ 2% ). Thus we see that there is a solution
of (1.6)-(1.9) for 0 < Z <2XY.



4 JOSEPH IAIA EJDE-2015/18

In this paper we prove the following result.

Theorem 1.3. Let Z > 2XY. Then there exist real numbers k= and k™ with
k= < ktsuch that there are mo C3(0,1) N C1[0,1) N C[0,1] solutions of
with (L.16)-(T.18) and W(1) = 0 if k > kT or if k < k=. (Thus there are no
C3(0, l)ﬂCl[O 1)00[0, 1] solutions of with H(0) =1, H'(0) =0, H'(0) = k,
and H(1) =0 if k > k* orif k <k~ ).

In the proof of the Main Theorem (Theorem we show that H(1,k) — oo
as k — oo and k — —oco. We also know from Theorem [L.1] that H(1,k) > 0 for
all k € R. We then define kg to be a value of k so that H(1,ky) < H(1,k) for all
k € R. We attempted to prove that either H(1,ko) = 0 or H(1,kp) > 0 but we
were not able to prove either of these. However, numerics in [2] strongly suggest
that H(1,ko) > 0 and so we conjecture that there are no solutions of with
H(0)=1, H'(0) =0, and H(1) =0 for Z > 2XY.

2. PRELIMINARIES

Rewriting (1.15)) we see that

wr W exyy WH+ /sy (1-0%)
Py 1
Now we note the following:

w" + =0. (2.1)

Lemma 2.1. W’ does not have a positive local mazimum on the set where W <0
and 0 < p < 1.

Proof. If there were such a point, p, then at this point we would have W (p) < 0,
W'(p) > 0, and since W' has a local maximum at p, then from calculus it follows
that W/”(p) = 0 and W"(p) < 0. This however contradicts (2.1) and Theorem

(Il

Lemma 2.2. W’ does not have a negative local minimum on the set where W > 0
and 0 < p < 1.

Proof. If there were such a point, p, then at this point we would have W (p) > 0,
W'(p) < 0, and since W’ has a local minimum at p, then from calculus it follows
that W”(p) = 0 and W"”(p) > 0. This again contradicts (2.1)) and Theorem O

Lemma 2.3. Suppose W € C3(0,1)NC*[0,1)NCI0,1] satisfies (2.1) with W (0) < 0
and W'(0) = 0. Then W must get positive somewhere on (0,1).

Proof. Suppose by way of contradiction that there is a solution, W, with W < 0
n (0,1). Integrating (2.1)) on (po, p) where 0 < py < p < 1 gives for some constant
C()Z

dt.

R 2XYtW (H + ) 555 (1 — t%))
0 - (1—¢2)2H?
Multiplying by p and integrating on (pg, p) gives

dsdt.
(2.2)

—2XY)sW (H + /5% (1 — s?))
pW' = poW'(po) + —(p* — pi) / /
PO PO

(1—s2)2H?
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Assuming W < 0 on (0,1) and Theorem [I.1] then the integrand on the right-hand
side of (2.2)) is nonnegative, and so the integral term is an increasing function. Thus
it follows that

lim W'(p) exists (and is possibly + co). (2.3)

Since we are also assuming W < 0 on (0, 1), it follows by continuity that W (1) <
0. On the other hand, we also know from and Theorem that W (1) =
H(1) > 0. Thus W(1) = 0. Now we know from section 3 in [6] that if the limit
in is finite then in fact the limit must be zero. Thus, it follows from
that either: lim, .- W'(p) = 0 or lim, ;- W'(p) = +oo. Suppose first that
lim, ;- W'(p) = 0. We also know that since W < 0 and W (0) < 0 then W has
a local and absolute minimum, m, with 0 < m < 1 such that W(m) < 0 and
W'(m) = 0. By the mean value theorem, 0 < W (1) — W(m) = W'(¢)(1 — m) for
some ¢ € (m, 1) and so we see that W’ must get positive somewhere on (m, 1). Since
W'(m) =0 =lim,_,;- W'(p) = W'(1) we see that W' has a positive local maximum
on (m,1) with W < 0 contradicting Lemma Therefore, the assumption that
lim, ;- W'(p) = 0 must be false. Thus it must be the case that lim,_,- W(p) =
00. Since W (1) = 0 then it follows from L’Hopital’s rule that

lim —— =0. 24
p—1= W(p) 24
Now rewriting (1.15) we see that
Z 1-p?
W'\ IXY 1424/ 55—
_ (W"—F*) = = 2'0)2< QZXY1 VZ ) (2.5)
g PN ey )

By the term in parentheses on the right-hand side of goestolasp — 1~
and hence is larger than 1/2 for p close to 1. Thus, for p close to 1 with p < 1 we
have:
_ (W,, N K’)’ _XYp
p/ — (1=p?)?
Integrating this on (pg, p) gives for some constant C1,

XY
1—p?

/!
-(W"+ WT) >0+

Multiplying by p and integrating on (pg, p) gives for some constant Cs,

C XY
pW' < Cy — 71,02 + 5 In(1— %), (2.6)
This implies W/ — —oo0 as p — 1~ contradicting that W’ — oo. This completes
the proof. O

We next show that if k is chosen sufficiently large and Z > 2XY then W has a
first positive zero, z, and W > 0 on (z,1]. This then proves the existence of the
number &t referred to in Theorem [1.3l

We begin by integrating (1.6) on (0, p) and using (1.12)-(1.13) gives

" XY VA

H'+ = 4 2= —2k+ XY 2 dt.
L XY+ | Im
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Multiplying by p, integrating on (0, p), and simplifying gives
XY In(1 — p?
H’:TM (k+ / / 2t Gt ds.
P

Thus by (|1.14), we obtain

XY In(1 — p?) XY | 2Z 1 [* 57t
117/
- T pp—— 2.
2 p (k 2 XY)p /0 s o H? dt ds. 27)

Thus for k sufficiently large we see by (1.18 and . ) that W is increasing on say
[0,1—¢] and since W is bounded below by —\/ 5%

there is a z with 0 < z < 1 such that W(z) = 0 and W is increasing on [0,1 — ¢
for € > 0 Integrating (2.7) again on (0, ,0) and using (1.11)) gives

(from Theorem [1.1)) we see that

XY [?1In(1— ¢ r1
H:1+—/ de(k / / /—dsdtdx (2.8)
2 Jo ¢ 2
Thus by (1.14]) we see that
Z XY [PIn(1-#) kXY Z N\
>(1—y/—2 )22 [0 NI LL ST T - O3
W=l-y\oxy) + 3 /0 t dH(2+ . 2XY)p (2:9)

We note by L’Hopital’s rule that

In(1-¢*
XY o nQot) gy (b4 XY

2

zxy)p

lim —ﬁ_i'_ L
=3 .

p—07F p?

Also, ln(lth) is integrable at t = 1 so we see that it follows from that W
remains positive on all of [z, 1] provided k& is chosen large enough.

Thus we see that if & is sufficiently large then W has exactly one zero on [0, 1].
Therefore there exists k™ > 0 such that if k& > kT then there are no C3(0,1) N
C1[0,1) N C[0, 1] solutions of with (L.16)-(L.18) and W (1) = 0. The rest of

the paper is devoted to proving the existence of k.

3. PROOFS

We now write Wj instead of W to emphasize the dependence of W on k.
Throughout this section we assume:

Wy € C3(0,1)n C[0,1) N C[0,1] solves (L.15), (3.1)
Z !

Lemma 3.1. Suppose Wy, satisfies — and k < — % Then there exist
PoINts p1k, Mk, 2k, P2k, Mp with 0 < p1p < mp < 2 < par < My < 1 such
that Wi, has a local minimum at my, a zero at zy, a local maximum at My, and
inflection points at p1y and pa . Furthermore, Wi has no other local extrema on
(0, M) and Wy, has no inflection points on (my, zx).

Proof. By assumption W (0) < 0 and Wy, is continuous so W}, has a zero on (0,1)
by Lemma Thus there exists a z; with 0 < 2z, < 1 such that Wy, < 0 on [0, zx)

and Wy (zx) = 0. Also, for k < —4/ )25/ we see from ) that W/ < 0 for small
positive p, and so for such k there is an my with 0 < my < z; such that W,~C < 0on



EJDE-2015/18 THE SPREADING OF CHARGED MICRO-DROPLETS 7

(0, mg), W] (my) =0, and Wy(my) < 0. It follows from calculus that W}/ (my) > 0.
In fact, W}/ (ms) > 0 for if W[/ (my) = 0 we would have W/ (my) = W/ (my) =0
and from it follows that W} (my) > 0. Thus W;" would be increasing in a
neighborhood of my, and since W}/ (my,) = 0, then W}/ < 0 on (my, —J, my,) for some
d > 0 which implies W] is decreasing on (my — &, my), and since W/ (my) = 0, it
follows that W}, > 0 on (my — d,my) contradicting that W, < 0 on (0, mg). Thus
W/ (my) > 0 and therefore my is a local minimum of Wi.

Also since W}/(0) < 0 and W,/(my) > 0 it follows that there must be an inflection
point, pyk, with 0 < p; < my such that W}/ < 0 on (0,p1,%) and W}/ > 0 on
(p1,k, P1,k + 02) for some &2 > 0.

Next, we observe that W,” > 0 on (my, 2;) for if there were an ry with my <
rp < 2z with W} > 0 on (mg,ry) and W//'(ry) = 0 then from we see that
since Wy (rg) < 0 and W} (ry) > 0 then W}”(ry) > 0. Thus, W}/ is increasing in
a neighborhood of 7, and since W}'(r) = 0 then this would imply W} < 0 on
(rp — 03, 7y) for some d3 > 0 which contradicts that W, > 0 on (mg,r,). Thus
W/ > 0 on (my, ) and since W} (my) = 0 it follows that W/ (z) > 0. Thus there
is a §4 > 0 such that Wy > 0 on (2, 2 + 04).

Now either W}, has a second zero, 2o, on (2x,1) or Wy > 0 on (2, 1).

Case 1: If W}, has another zero, 23, on (2, 1) then there exists M}, with W,é >0
on [zx, M), W/ (M) = 0, and Wy (M}) > 0. This implies W}/ (M},) < 0. Now since
Wi (my) = 0, W//(my) > 0 (shown earlier in this proof), and W] (M) = 0 it
follows that W, has a positive local maximum, ps i, on (my, M) with W,/ > 0 on
(Mg, p2.x) and my, < pap < My. From Lemmait follows that Wy (p2,x) > 0 and
50 z < pak. We also see that my < zp < pa < M. In addition, W}/ (M) < 0
for if W}/(M},) = 0 then since W} (M},) = 0 it follows from that W;" (M) <0
and so W)’ is decreasing in a neighborhood of Mj,. But since W}/ < 0 on (p2 x, M)
and W}/ is decreasing in a neighborhood of M}, then W, could not be zero at Mj.
Therefore we see that W}/ (M) < 0 and so M}, is a local maximum for Wy. This
completes the proof of the lemma for Case 1.

Case 2: If Wy > 0 on (zg, 1] then there is a constant ¢y > 0 such that

Wi\ cop
W// 7’(}) 7<0
Wi+ 25) + e <

near p = 1. Integrating this on (po, p) gives

/

W
W+ 7’“ + €0

Co 17 ng(pO) _
O W) + n = by, 3.3
21— p2) = ) LT sy (33)

and thus we see that W}/ + WT’Q must get negative as p — 1~ since the right-hand
side of is fixed. Multiplying (3.3) by p and integrating on (pg, p) gives

2
PWi < poWi(po) + bi(p — po) + %Olnc _22)- (3.4)
0
Thus we see that W, becomes negative as p — 1.

Therefore, we see that there is an My with my < z, < M, < 1 such that
W[ > 0 on (my, My), Wi(My) > 0, and W[ (Mj) = 0. As in the proof of Case 1,
it is possible to show that My is a local maximum, W}/(My) < 0, and there is an
inflection point pg , with my < 2 < pax < My with Wy(p2x) > 0. This completes
the proof of the lemma for Case 2. (]
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Lemma 3.2. Suppose Wy satisfies (3.1)-(3.2). Then Hi(my) — 0 as k — —o0
(for some subsequence of k’s).

Proof. Suppose on the contrary that there exists an ly > 0 such that Hy(my) > o >
0 for all k sufficiently negative. Then on [0, my] we have 0 > W, = H} + \/%p >

Hj,. Therefore Hk is decreasing on [0, my] and hence Hy, > Hy(my) >l on [0, my].
Then 7= < 7 7z on [0, mi] C [0, 1] so we see by integrating (1.15]) on (0, p), using

- -, and assuming k is sufficiently negative
744 XY 27 A
=2(k+ /15 ) + XY 2t
p o 1=p? Vxy) AT '
27 Z
2(k+ /) T XY + 5p? < 0.
< + Xy + + 218p <
Evaluating (3.5)) at my gives

XY [ 22 Z
< W/ (mg) + <2(k+ —)+XY+—mi<0
l—mk XY 212

which is a contradiction to . Thus, the lemma holds. [l

Lemma 3.3. Suppose Wy, satisfies (3.1)-(3.2). Then p1x — 0 as k — —oo (for
some subsequence of k’s).

Proof. Since W' = Hj! + (/2% we see that H)/ < 0 when W' < 0. Also, by

Lemmawe note that Hy, is concave down on [0, p; x] and so on this interval the
graph of Hj, lies above the line through (0, 1) and (py x, Hr(p1,x)). That is

1— Hg(pix)

Hi(p) > 1- pon [0,p14).
P1k
Thus
Hi(p) 21— Arp >0 on [0,p1r),
where
1—H,
Ak _ k(pl,k). (36)
P1k
Thus
Lo 1 0, p1.4) (3.7)
—<—— on . .
o - Ay e
And so integrating (1.6 on (0, p) C (0,1) and using we see
H;, XY VA
Y =2k+ XY — dt
g 12 - +/0 H
P zZt
<2k+ XY —dt
<uAxv+ [ o
pZ
<2k+ XY+ ——7—.
(1— Akp)
Since X%, > XY on [0,1] this reduces to
Hj, pZ
H! +—5 <2k + —"— 0 .
A T R
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Multiplying by p, integrating on (0, p), and simplifying gives

H}, < kp— =2 (1 — Ayp).

Agp
Integrating on (0,p; 1) we obtain
k 7 [PrRIn(1 — Agt
0 < Hg(p1,x) S1+*p%k—*/ udt- (3.8)
’ 2 ’ Ak 0 t
Making the change of variables u = Ayt and using (3.6))-(3.8) we obtain
k| o Zp1,k 1 /qu(pl”“)) In(1 — u)
K2 g4 2P (- ") du. (39
2 Lk d? (]_ — Hk(pl,k)) 0 u ( )
Now let
1 [ In(1 —
g(x):f/ (—u>du.
z Jo u
It follows by using the power series for In(1 — u) that
1 /[ In(1 —w) r 2?2 2P
I _ duy—=14 — 12 42 ...
9(x) sc/o( u )“ Tttt
which converges for 0 < x < 1. In addition, for these 2 we have 1 < g(z) < g(1) =
2
I+ +gt+gt o =%<2
Now notice that since py , < 1 then (3.9) can be rewritten as
k
2 <1+ 2o (0~ Hilpra)) <1+ 20 (1~ Hilpir).
Thus
@pik <1+27
and so we see that p; , — 0 as k — —o0. O

Lemma 3.4. Suppose Wy, satisfies (3.1)-(3.2). Then Hy(p1x) — 0 as k — —o0
(for some subsequence of k’s).

Proof. Suppose not and so assume there is an sg > 0 such that Hi(p1x) > So-
Now recall that W,g has a local minimum at p; ;. Therefore from calculus we have

W/ (p1,k) =0 and W} (p1,x) > 0. Using (1.6) and (1.15)) we see that

_Wilpik) . Zpuk

0< < .
pik H/?(pl,k)

Thus, by Lemma [3.3

7W12(P1,k) < Zp%,k Zp%,k

2

o<
- prr  Hi(pir) —  S3

—0 ask— —oc. (3.10)

On the other hand, since W, = Hj, + /2% p and W}, is decreasing on [0, p1 ],

it follows that Hy, is also decreasing on [0, p1 ] and therefore H > so on [0, p k).
Using this fact and integrating (1.15)) on (0, p) gives
Wi

XY P 7t A
w4 =k =2k+ XY /—dt<2k XY + —p? 0 )
Y+ ; 4—17[)2 + + , s + +253p on [0, p1,4]
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Further since % > XY on [0, 1] we obtain
w, Z
Wy + —E <2k + ——p? 0 :
kT b = + 23%:0 on [0, p1,x]
Multiplying by p and integrating on (0, p) gives:

7
W! < kp+ —p*
k = p+883p

and so o)
Wi (p1,k Z 3 Z
Tgk—f—ﬁpl’kgk—i—g%ﬁ—oo as k — —oo
contradicting (3.10)). Thus H(p1 ) — 0 as k — —o0. O

Lemma 3.5. Suppose Wy, satisfies (3.1)—(3.2). Then my — 0 as k — —oo (for
some subsequence of k’s).

Proof. Suppose not. So then there is a ty such that my >ty > 0. Using Theorem
and the fact that W}, is decreasing on [0, m}] we obtain

Z
Hy(p1k) =1/ 57 (1 —pig) = Wilpre) > Wi(my)
z 2 (3.11)
= Hi(mx) — m(l—mk) )
Z 2
>\ ——(1—t2).
=\ oxy -t
By Lemmas (3.3 and [3.4) we see that the left-hand side of (3.11)) goes to —y/ 5% as
k — —oo and so this implies tg = 0 which is a contradiction. (]

Now let 0 < € < 1 and observe that % is zero at my, My, and is positive on

(my, My,). Therefore p‘iv—li has an absolute and local maximum on (my, My).
Lemma 3.6. Let 0 < ¢ < 1. Suppose Wy, satisfies (3.1)-(3.2). At an absolute
. w!
maximum, qy, of pl—,’“e on (my, My) we have g, < pa ) and
Wilgr) o 2XYqi™
g ¢ T e2-e(1-q)?

Proof. At g we have

W7’ \'/ W’ \"
(pli) =0 and (pli) <0.
Thus, ¢sW" (qr) — (1 — €)W} (qr) = 0 and ¢ W' (qx) + €W}/ (gx) < 0. Therefore by

.9,

Wilw) . 2XVet
g ¢ T e2-e(1-q)?
In addition, since g is the maximum of pvlv—,’ée and my, < paj < Mj, then

Wipak) _ Wilar)
Py 4




EJDE-2015/18 THE SPREADING OF CHARGED MICRO-DROPLETS 11

Also, we know that ps , is the maximum of W, on (my, My) so
Wila) _ Wilpss)

qk - qk o
Since W[C > 0 at p ; and gi, and also that 0 < e < 1, it then follows from the two

previous inequalities that

k. < p2k-
This completes the proof. O

Lemma 3.7. Suppose Wy, satisfies (3.1)-(3.2). Then pay — 1 as k — —oo (for
some subsequence of k’s). (And hence My — 1 since paj, < My, (for some subse-
quence of k’s)).

Proof. We first show that ps /4 0. If pa — 0 then using Lemma [3.6] with e = 1
we see that

, 2XYp3 &
0 < Wi(p2x) < 555 — 0 ask— —oo. (3.12)
(I=p34)
On the other hand, by the mean value theorem we have
— Wk(mk) = Wk(zk) — Wk(mk) = W,é(ck)(zk — mk) (313)

for some ¢ with my < ¢ < 2. Also, since psy is a local maximum for W, on
(my, My), it follows that 0 < W/ (ck) < W/ (p2,k). Substituting this into (3.13)),
using (3.12), and that 0 < my < z; <1 gives
—Wi(mg) = Wi(2k) — Wi ()
= Wi(ex) (25 —my)
< Wip2,e) (2 — i) (3.14)
2XYp3
- (- pg,k)2'

Next by Lemma and (L.I4) it follows that W, (my) — —y/5%5 as k — —oo.

Therefore, the left-hand side of goes to \/5%5 > 0 as k — —oo but the
right-hand side goes to zero as k — —oo by (3.12)) which is a contradiction. Thus
we see that ps /4 0.

So now suppose that the lemma is not true and that there is a uy and vy with

0 < up <wvg <1suchthat 0 < ug < par < vy9 < 1. Then we have the following
identity which follows from (1.6)),

2XY pH} N 2H H}?
(S
Integrating this on (my,p), using Lemma and that H, > 0, W/ > 0 on
(i My), as well as Hi(my) + ) Zom = Wimi) = 0, HY(my) +

W (my) > 0, and HyH}? > 0 gives

H? (Hk + ) > 2 \/ Hk my) + mka(mk))

P 2XYtH P 3

H /
(Hk (HY + 7) - HkH,’f) = Zp— ~HP.

L2

mp
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Multiplying by p and integrating by parts on (my, p) gives

P
pHH] — / 2tH H}? dt
mp

27 A L/
- \/fH,%(mmﬁmin(mk))(f—mi>+ |5 —miyar
my

RXVsH H ds dt.
mp my 1 - 82 mi my

Thus, since H; > 0 and HkH,’f >0,

2XY sH? P ¢
pHgH,g+/ / i kdsdt+/ t/ HP ds dt
my mg mg

2_(\/211’“( )+XZYmka(mk))(p2—mi) (3.15)
Z (' =m) _mi(p? = mj)
+§< i ’“).

Since pox < vy < 1, it follows from Lemma and (1.14)) that for fixed e with
O<e<l,

2XY 2t
H;, < W] < Cypr~© here Cy = 0 . 3.16
k< Wi < Cap ™" on [my,pa] where Cy @0 -0 (3.16)
Substituting (3 into ) gives
2XY sH? L ¢
pl- EHk+/ / i kd dt+C4/ t/ 5373 ds dt
mp mp Mg mp
27
> —(\ 55 HROma) + Xymkﬂumk))(p? - m}) (3.17)
Z((pt —mp)  mi(p® —mi)
+ 5( 4 a 2 )

Also, integrating (3.16) on (my, p) and using (L.14) as well as Theorem [I.1] gives

04 —e 2—e
9 _ ¢ (v’ —my ).
(3.18)
Now we know from Lemma [3.1] that W} > 0 on [my, My] and so it follows from
- and Lemma that W}, and W}, are uniformly bounded on [myg, My].

So since my, and D2, are bounded there exists a subsequence (still labeled k) such
that mpg > m =0 (byLemma and po . — p2 with 0 < up <py <vg < 1. We

also know from ([3.18) that —/ 2XY < Wi <0 and so Wy, is bounded on [0, mg].

Thus W}, and hence Hy, are uniformly bounded on compact subsets of [0, p2). Thus,
it follows by the Arzela-Ascoli theorem that there is a subsequence (still labeled k)
such that Wi, — W uniformly on compact subsets of (0,ps) as k — —oo and hence
by we have Hy — H uniformly on compact subsets of (0,p2) as k — —oo.

Taking limits in (3.17) on (0,p2) as k — —oo (using Lemmas and the
dominated convergence theorem) gives

Pt 2y sH? Pt A
4p1_€H2+/ t/ ;“dsdt—&—cg/ t/ 373 dsdt > Zpt. (3.19)
0 o (1—352) 0 0 8

Z C —€ —€
- m(l—Pz) < Wilp) < Wi(mu) + 5 _46(,02 —-m; ) <
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Next, it follows from (3.18) and (1.14) that on (my,p2x):
Z —e —€
Hi(p) < Hi(me) + \/m(f —mj) + Cs(p*~C —mj ) (3.20)

where C5 = 20—_46 So by taking the limit as k — —oo in (3.20) and using Lemmas
and [3.6] we see that

0< H<Cgp*c on (0,p2) (3.21)
where Cs = C5 + 1/ 55 Substituting (3:21)) into (3.19) gives

Z
04062p5736 + C7p8726 4 C8p6736 > §p4 on (0’p2)

2 3
where C7 = (1—;02)3?2}—/566)(8—26) and Cg = (4—35W' Dividing by p* we obtain:

Z
C4C2p 3¢ 4 Crpt=2¢ 4 Cgp® 3 > 3 o (0, p2). (3.22)
Assuming now that 0 < € < % and letting p — 0% we see that the left-hand side of
(13-22) goes to zero but the right-hand side is positive yielding a contradiction. Thus
it must be that pyr, — 1 as & — —oo for some subsequence of k’s. This completes
the proof. O

We next observe the following identity which follows from (1.15),

W} 2.\

((1 _ (WY + 7}@) 121 - p)W + ;Wk>
—2XYp Zp 2

= 1—p2 —_—t — | = —
A= (T + 72) ~ 7
2XY pWi(Hp + /3% (1—p%) o

— — W
HE(L+ p)? g

Wi (3.23)

Note that

/

147 2
1L—p) (W +—£) +2(1 — p)W, + =W,
(= p? (W4 k) + 200 = W]+

is decreasing on (zx, My,).
Next we observe from the first equality in (3.23]) that

/

W, _oXYp 2
1_ 2 W”—’—ik el .
<( pr (i p 1+p2 2 "

Integrating this on (p, M), using W/ (My) = 0, and also using W}/ (M) < 0 gives

) +2(1— p)Wj + %Wk)/ >

W 2
(1—p)? (W,g’ + 7’“) +2(1 — p)Wj + ;Wk
(3.24)

2W;, (M) /Mk 2XYt /Mk 2
<= _dt Z Wy dt.
= + L, (1+i)2 * , 2"

My,
Lemma 3.8. Suppose Wy, satisfies (3.1)-(3.2). Then Wi(My) — oo as k — —o0
(for some subsequence of k’s).
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Proof. Suppose the lemma is false and so there is a C' > 0 such that Wy (M) < C
for all k. Now we know from Lemma E that on (mg,p2x) we have W) > 0 and
W,/ > 0, and so it follows from and @ that Wy, W), and W}/ are uniformly
bounded on compact subsets of (my,p2x). It then follows by the Arzela-Ascoli
theorem that there is a subsequence (still labeled k) such that Wy, — W, W, — W',
and W,” — W’ uniformly on compact subsets of (0,1) since my — 0 by Lemma
and pa r — 1 by Lemma In addition, W}, > 0 on (my,p2 %) and W}/ > 0
on (my,pak). Since my — 0 by Lemma and py — 1 by Lemma it follows
that W and W' is increasing on (0, 1). Thus we may define W (1) = lim,_,- W(p),
W'(1) = lim,_,- W'(p) and W(0) = lim,_,o+ W(p), W'(0) = lim,_,o+ W'(p). And
so there is a corresponding function H such that H, — H, H;, — H', and H;! — H"
uniformly on compact subsets of (0,1). We have similar definitions for H(0), H’(0),
H(1), and H'(1).

It now follows from that W} is uniformly bounded in a neighborhood of
any po with 0 < pg < 1 where H(py) > 0. Along with the boundedness of Wy, W},
and W}/ in this neighborhood, it follows that T satisfies at any 0 < pp < 1
for which H(pg) > 0.

Suppose now that there exists pg with 0 < pg < 1 such that H(pg) = 0 and
H(p) > 0 for pg < p < 1. This would contradict Theorem and so it must be
the case that either H > 0 on (0,1) or H =0 on (0,1).

Case 1: Suppose first that H > 0 on (0, 1). Next we note that after multiplying
by p and using the fact that Wy(My) < C we see that W} and hence H},
is uniformly bounded, say by T, on (myg,My). Thus, integrating the inequality
Hj, <T on (my, p) and using Theore gives 0 < Hy(p) < Hi(my)+T(p—my).
We know Hy(mi) — 0 by Lemma and my — 0 by Lemma so taking
limits as k — —oo we see that 0 < H(p) < Tp on (0,1). Thus, we see H(0) =
lim, o+ H(p) = 0.

Now integrating on (p, p1) where 0 < p < p; < 1 we see that

W'(p1) XY W' (p) XY P Zt
W' (p1) + + =W"(p)+ ——= + ———dt.
Therefore,
! P Zt
pli%l+ (W”(p) i W'(p) + =0 dt) exists and is finite. (3.25)

Now since 0 < H(p) < Tp it follows that

nZt ozt Z  pm .

which along with the fact that W’ > 0 and W” > 0 contradicts (3.25). Thus the
assumption that H > 0 on (0,1) must be false.
Case 2: Next suppose that H = 0 on (0,1). We first show that Hj cannot be

decreasing on (my,1). Integrating (1.15)) on (myg, p) gives

H; XY Hi (my) XY P Zt
" k " k

+ + = + + + dt. 3.26
k 1% 1-— /)2 k (mk) mpg 1-— m% /mk ng ( )
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Substituting Hj,(my) + 1/ 2%my, = Wi (my) = 0, H} (my) + =W/ (my) >0,
and assuming Hy, is decreasing on (my, 1) gives

H/ XY > z_i_ Z (2 2)
PR XY 2HZ(my) " T

(3.27)

Multiplying by p and integrating again on (my, p) gives

27 , XY 1— p? Z P o
pH, > —\|—p* + =—1In ( + / t(t* —my)dt.  (3.28)
k XY 2 1—m2)  2HZ(my) 4§

Dividing by p and integrating again on (my, p) gives

27 XY 1—¢t2
> Him) - 5y 3~ + [ S (F50 )
2V Xy ot 1—m?
p o s m % " (3.29)
—_— - t(t? — m2) dt ds.
* 2H? (my,) /mk s /mk ( mi) di ds
Next, making the substitution u = {15 we observe that
1 2 1
1 1-—t 1 1-—t
/ ¥|ln<1—m2)|dt§/ ¥|ln[2<1_m )“dt
i F i ¥ (3.30)

1
< / 7‘ In(2u)| du < o0
o l—u

Thus we see that %ln (11:7;22) is uniformly integrable on (myg,1). Combining this
k

with the fact that Hi(my) — 0 by Lemma and m; — 0 by Lemma we
see that for fixed p > 0 and k sufficiently negative that the right-hand side of
goes to +00. However, the left-hand side of is bounded (because by
assumption

Z ) [ Z /
0 < Hy=Wi+ 1\ 5551 =) SWklM) +1/ 554 = C

This is a contradiction and so the assumption that Hy, is decreasing on (my, ) must
be false. Thus Hj, has a minimum, ny, with my < ni < 1 and H;, < 0 on (0,ny).
Also, by Lemma [3.2] we have

0< Hk(nk) < Hk(mk) — 0. (331)

We next claim that ny — 1 as k — —oco. Repeating the above argument with
my, being replaced by ny in (3.26) and using that Hj (ng) = 0 and H}/(ng) > 0
gives:

H, XY VA
H + > [ —dt.
B p -t 1—p?~ ), H?

Multiplying by p and integrating on (n;€7 ,0) gives.

/ / — dt ds.
Dividing by p and integrating again gives

P XY 1— 1
> .
Hy(p) _Hk(nk)—i—/ 2 In l—nk / / / I * drds dt (3.32)

ng

XY
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We know Hy(ng) — 0 by (3.31)). Suppose now that ny — n where 0 < n < 1. Then
for fixed p with 0 < p < 1 we have Hy(p) — H(p) = 0 and similarly as in (3.30) the

lfp2
lfni

in (3.32) goes to infinity since Hy — H = 0 uniformly on compact subsets of (n, p)
yielding a contradiction. Thus it must be the case that ny — 1. Next, taking limits

in for fixed p and using that mj — 0 also yields a contradiction because
%ln (11__512;) is uniformly integrable on (my,1) and so the right-hand side goes to
infinity while the left-hand side is bounded. Thus the assumption that H = 0 must
also be false and therefore it must be that Wy (M) — oo. This completes the

proof. ([l
Lemma 3.9. Suppose Wy, satisfies (3.1)-(3.2). Then either zx, — 0 as k — —o0

(for some subsequence of k’s) or zy — 1 as k — —oo (for some subsequence of k’s).

term %ln ( ) is uniformly integrable on (ng, 1) but the last term on the right

Proof. Suppose not. Then there is a ug and a vy with 0 < ug < vy < 1 such that
0 <ug <zp<wvy <1forall k. From Lemmawe know that Wy (My) — oo as
k — —o0.

We now define Wi(p)

Note that Qr < 1 on [0, M}] and since Wy(p) > _Q/%(l —p%) > —1/% (by
Theorem it follows that @ is bounded from below independent of k. Thus the
Qy; are uniformly bounded on [0, My]. It follows then from (3.24) that on [p, My]

we have
2 " Q;c / 2
(1-p) ( k+7) +2(1_p>Qk+;Qk
2 1 M 2XYt Mo

<Mk+Wk(Mk)/p (1—|—t)2dt+/p t2det.
In addition, since @}, > 0 and Q) > 0 on (mg,p2 k) and par — 1 by Lemma it
follows from that Q, @}, and @} are uniformly bounded on compact subsets
of (myg, vo).

Since Wy, > 0 on [z, M| we see from that (W) + WT’Q)’ < 0 on [z, Mg].

In particular, since z, < vy it follows that

(3.33)

! !
W,é/ + % < Wé/(vo) + M for vy < p < M;,.
P Vo
Therefore
" ;c " Q;g(vo)
k+7§Qk(UO)+T for vy < p < M. (3.34)

Since 0 < Qk < 1 on [zx, M| and also [vg, Mg] C [z, My] it follows from (3.33)
and since vy < 1 that QY (vg) + Q) i hounded independent of k. Since @}, > 0

U

and Q) > 0 on (my,ps ) then it fotilows from that Qg, @}, and Q} are also
uniformly bounded on [vg,p2x]. In addition, earlier in this proof we showed that
Qk, Q}, and Q} are uniformly bounded on compact subsets of (my, vo]. Combining
these results we see that Qy, Q},, and Q} are uniformly bounded on compact subsets
of (Mg, p2.k]-

From Lemmas and we know that mp — 0 and po, — 1 as K — —o0
and so by the Arzela-Ascoli theorem there is a further subsequence (again labeled
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k) such that Qp — @ and @}, — Q' uniformly on compact subsets of (0,1). In
particular, @ and @’ are continuous on (0,1). Further, since @, > 0 and @}, > 0
on (my,p2x) and my, — 0 and pa  — 1, it follows that @ > 0 and @" > 0 on (0,1).

Now let p and py satisfy z < p < po < 1. Then on [z, po] we know that Wy, > 0

so Hy, > 2XY

[2k, po]. Also since ug < zp < vy there is a subsequence (still labeled k) so that
z, — 2z with 0 < ug < 2 < vy < 1. Therefore it follows from ) that Q)
uniformly bounded on compact subsets of (z,1). Thus QY is equ1cont1nu0us on
compact subsets of (zj, 1) and thus Q7 — Q" uniformly (for some subsequence) on
compact subsets of (z,1). From it then follows that Q' — Q" (for some

subsequence) on (zg,1). Since

(1 — p3) > 0 on this set and so we see that 2 is bounded on

Q5 1 —2XYp 1 Zp
4 Z£ + — forz<p<l,
(%+2) = o e e + W 7 ,
it follows by Lemma [3.8] that
/
(Q”—FQ) =0 forz<p<l. (3.35)

In addition, since @, is increasing on [mg, Mg], mr — 0 by Lemma M, — 1
by Lemma and pyr < My < 1, it follows that @ is increasing on (0,1). In
particular, we define Q(0) = lim,_o+ Q(p) and Q(1) = lim, ;- Q(p). So Q is
continuous on [0, 1]. Similarly, Q) is increasing on (mg,ps k), mi — 0 by Lemma
and pp ;, — 1 by Lemma so @' is increasing on (0, 1). Therefore we may also
define Q'(0) = lim,_o+ Q'(p) and Q'(1) = lim,_,- Q'(p). Thus @), is continuous
on [0, 1].

Also, as mentioned earlier in this proof, Q; — @ and Q) — @’ uniformly on com-
pact subsets of (0,1) and since 0 < z < 1 it follows that Q(z) = limy—, oo Qr(2k) =
0. In addition, Q’(z) is defined and in fact Q'(z) = 0 for if Q’(2) # 0 then Q
would get negative somewhere in a neighborhood of z contradicting that ¢ > 0 on
(0,1). If @"(2) < 0 then @ would get negative somewhere in a neighborhood of z
contradicting that @ > 0. If Q”(z) > 0 then @’ < 0 on (z — 4, z) for some 6 > 0
contradicting Q" > 0. Thus it must be that Q”(z) = 0. Solving along with
the conditions Q(z) = Q'(z) = Q" (z) = 0 implies @ = 0.

Next recall from earlier in the proof that @, is uniformly bounded, say by L, on
(mg, My). Thus

M,

0<1-Qr(p) =Qr(My)— Qr(p) = Q1 (t) dt < L(Mj, — p).

P
So taking limits as k — —oo gives

0<1-Q(p) <L(1—p).
Now taking the limit as p — 17, it follows that Q(1) = 1. But we showed earlier

that Q = 0 so we obtain a contradiction. Therefore, it must be the case that either
zr, — 0 or 2z — 1. This completes the proof. (Il

Lemma 3.10. Suppose Wy, satisfies (3.1)-(3.2). Then zx — 0 as k — —oo (for
some subsequence of k’s).

Proof. From Lemma [3.9] we know that z;, — 0 or z;, — 1 as k — —oo. Let us
assume that zp — 1 as k — —o0.
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First, since my, — 0 by Lemma [3.5] and 2z, — 1 by assumption we may choose a
6 > 0 such that mp, <1—-20 and 1 — 2z, < % for k sufficiently negative. Then by
the mean value theorem —Wp (1 —6) = Wi (z) — Wi(1 —06) = W (ck) (2 — (1 = 9))
for some ¢ with 1 — 0 < ¢ < zg. Thus, for k sufficiently negative,

/ _Wk(l_(S) \/%
OsWile =2 —0=5) =5

since 0 S 7Wk(1 76) S \/ % and m S %
Also, since W}/ > 0 on (my, 2x) we see that for p with my < p <1 — 6 we have

27
XY

0< W, <Wi(ck) < on (my,1—9). (3.36)

(o)

Then by the mean value theorem there is an x; with for 1 — 2§ < zp < 1 — § such
that

27
ng > Wi(1—0) = Wi(1—28) = Wy/(xx)d.
Thus
27
0< W' (xx) < (;;Y .
In addition, by (3.36)) we have
27
0 < Wilaw) < -, (3.37)
27
0< Welze) o VXY (3.39)
- Tk - (5(1 — 2(5) ' '
It follows then from (3.23) that for my < x < p < 2,
W) 2
(1= (Wl + =) 201 = )W + W,
p p (3.39)

<(1- xk)z(Wé’(xk) + %fk)) +2(1 — )W (zk) + %Wk(xk)

Multiplying (3.39) by p and using (3.37)-(3.38]) we see that Wy, Wy, and W} are

uniformly bounded on compact subsets of (my, 1 — 28] and so by the Arzela-Ascoli
theorem there is a subsequence (again labeled k) and functions W and H such that
Wy — W, W, - W', H, — H, and H|, — H’ uniformly on compact subsets of
(0,1 — 24]. Since ¢ is arbitrary we see that W}, and W} converge uniformly on
compact subsets of (0,1) to W and W’

Since W] > 0 on (mg, My) and my — 0 by Lemma and also M — 1 by
Lemma it follows that W’ > 0 on (0,1). It also follows that W < 0 on (0, 1)
since W, < 0 on (my, z) where my — 0 by Lemmaand 2z, — 1 by assumption.

Next it follows from that W;” is uniformly bounded in a neighborhood
of any py with 0 < po < 1 such that H(py) > 0. Along with the boundedness
of Wi, W[, and W, in this neighborhood it follows that W solves in this
neighborhood.

Suppose now that there exists pg with 0 < pg < 1 such that H(pg) = 0 and
H(p) > 0 for pg < p < 1. This would contradict Theorem and so it must be
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the case that either H > 0 on (0,1) or H =0 on (0,1). If H > 0 on (0,1) then it
actually follows that W'(0) = 0. To see this, we first observe that since W’ > 0 and
W" >0 on (0,1) it follows that lim, o+ W' (p) = A > 0. We would like to show
A = 0 so we will assume A > 0. Multiplying by p? and taking the limits
as p — 01 gives lim,_+ (p*W"" 4 pW') = A. Thus for small positive p we have
(pW") > 2%. Integrating on (p, po) gives pW" < 4 In(p)+Cy for some constant Cj.

In?

Dividing by p and integrating again on (p, pg) gives W > %% + Coln(p) + C1
for some constant C;. This implies W — oo as p — 07 which contradicts that
W (p) is bounded. Thus we see that W'(0) = lim,_,o+ W'(p) = 0. Then by Lemma
we see that this implies that W must get positive on (0, 1) but this contradicts
that W < 0 on (0,1). On the other hand, if H = 0 on (0,1) then using a nearly
identical argument as in Case 2 of Lemma we can arrive at equation
and from this it follows that Hj must get large and hence a minimum, ny, with
my, < nj must exist. The rest of the argument is the same and so again this leads
to a contradiction. Thus we see that z; /4 1 as k — —oo and consequently by
Lemma [3.9) we see that z;, — 0 as k — —oo. This completes the proof. (]

Proof Theorem[1.3 If there is such a solution then we know from Lemma that
there is a subsequence (again labeled k) such that z; — 0. Integrating (1.15]) on
(mg, p) gives

W, XY ., XY 7t

= — —5dt>0.
+17p2 k(mk)+1imi+ L m =

Multiplying by p, integrating on (myg, p), and using that my is a local minimum so
that W)/ (mg) > 0 gives

W +

1—p?
0z oWz (120,

Suppose now that Wi (z2,%) = 0 with Wy > 0 on (z,22,%). Then we know that
W, <0on (Mg, 2z ) by Lemma Thus, on (M, z2,1) we have

In? (122)

1—mj

W/2 S
2

Recall that my — 0 by Lemma |3.5| and M, — 1 by Lemma |3.7] Thus for some
positive constant A independent of k& we have:

22,k 22,k ln2 ( 1:7222) 1 1112 ( 1:7';22)
W,fdtg/ %dpﬁ/ —— M dp < A < .
M, My, P My, 4
Thus,
opd ! TWrat 0 ask (3.40)
t = ——— t — as k — —oo. .
YA W2(My) Jar, "

Finally by Holder’s inequality and (3.40]) we have

1= 10— 1] = |Qu(224) — Qu(My)| = | /M Ql(t) dt]

< Ve — My /

My,

Z2,k
QRZdt—0 ask— —o0

which is impossible. This completes the proof. (I
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