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BLOW-UP OF SOLUTIONS TO PARABOLIC INEQUALITIES IN
THE HEISENBERG GROUP

IBTEHAL AZMAN, MOHAMED JLELI, BESSEM SAMET

ABSTRACT. We establish a Fujita-type theorem for the blow-up of nonnegative
solutions to a certain class of parabolic inequalities in the Heisenberg group.
Our proof is based on a duality argument.

1. INTRODUCTION
In this article, we establish a Fujita-type theorem for parabolic inequality
uy — divyg A(9, w, Vgu) + (9, u, Vgu) > u?, inH,
u >0, ae. inH, (1.1)
u(9,0) = up(¥), in H.
Here, H is the (2N + 1)-dimensional Heisenberg group, H = H x (0, 00) and ug €

L (H). The operator A : H x R x R2V+1 — R2N+1 jg 4 Carathéodory function
satisfying
(A(0,£,0),0) > cal A9, €, 0)|™, (12)
where ¢4 > 0, (+,-) is the standard scalar product in R2V+1 |.| = \/(,-), and
m’ > 1. The function f: H x R x R2¥*1 — R is continuous and satisfies
f(0,€6,v) < AA(Y, € v)[7, (1.3)

where A > 0, 0 = ;”Tl’f, and ¢ > max{1l,m — 1}, with m = m’,"_/l. The proof of our
main result is based on a duality argument [4] 5] [6].

First, let us recall some background facts that will be used in this article. The
(2N + 1)-dimensional Heisenberg group H is the space R?Y*! endowed with the

group operation
Vo = (x+z/,y+y/,7'+7/+2(z~y’7;z:/ y))a

for all ¥ = (x,y,7),9 = (2,9, 7") € RY x RN x R, where - denotes the standard
scalar product in RY. This group operation endows H with the structure of a Lie
group.
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The distance from an element ¥ = (z,y,7) € H to the origin is given by

9 = (7% + (ixf w2))"
i=1
where x = (z1,...,2y5) and y = (y1,...,YN)-
The Gradient Vi over H is defined by
V= (X1,.,.Xn,Y1,..,YnN),
where for i =1,..., N,
Xi =0, +2y;0, and Y; =0y, — 21,0,

M= (0 In —2x>’

where Iy is the identity matrix of size N. Then

Viu = MVgan+1.

Let

A simple computation gives the expression

N
Vel = 4(1af? + y) (0ru)® + 3 ((0r,0)* + 9y 0)? + 40, u(yidr v — i) )

i=1
The divergence operator in H is defined by
diVH(u) = diVR2N+1 (MU)

For more details on Heisenberg groups and partial differential equations in Heisen-
berg groups, we refer to [1} 2, [3, ], [9] and references therein.

For the proof of our main result, the following inequality will be used several
times.

Lemma 1.1. Let a,b,e > 0. Then
ab < ea? 4+ csbp’7

where p > 1, p’ is its corresponding conjugate exponent, i.e., % + i = 1; and
_(1n\P/P1
Ce — (5) 17
2. MAIN RESULT

Definition 2.1. Let u € W™ (H;R,) N LL (H;R,) and ug € Ll (H;Ry). We

loc loc

say that u is a global weak solution of . ) if the following conditions are satisfied:
(i) A(Y,u,Vyu) € LIOC(H;R2N+1);
(ii) For any ¢ € Wloc (H;R,) with a compact support,

/ ulpdH < / (A9, u, Vgu), Vap) d'H—|—/ f,u, Vyu)p dH
H

f/ upy dH — /uo »(1,0) dd.

Observe that all the integrals in are well defined. Our main result is given
in the following theorem.

(2.1)
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Theorem 2.2. Assume that conditions (1.2) and (1.3) are satisfied. Let us con-
sider o € (v, 0), where ag = max{—1,1 —m} < 0. If

0<>\<)\*:(q+1)(al;’4>q+l (2.2)

and

max{l,m -1} <qg<m—1+ = (2.3)

Q k)
where @ = 2N + 2 is the homogeneous dimension of H, then (L.1) has no global
nontrivial weak solutions.

The following lemma provides a preliminary estimate of solutions.

Lemma 2.3. Suppose that all the assumptions of Theorem are satisfied. Let
u be a global weak solution to (1.1). Then for any o € (ap,0) and any ¢ €
W (H;R,), we have

/u‘”agodH—i—/ \A(ﬁ,u7VHu)|m,u°‘_1<de+/uo(ﬁ)a+1g0(19,0)d19
H H

foul" ' 24
< c(/ () dH+/ T V| ),
H N P
_ g+ _ +
for some constant C' > 0, where r = {7, and s = quj‘_l,

Proof. Let € > 0 be fixed and « € (ag,0). Suppose that u is a global weak solution

to . Let
ue(0,t) = u(d,t) +e, (9,t) € H.

Define ¢, as

Pe(0, 1) = ug (0, )0 (0, 1),
where ¢ € W1°°(H; R, ) has a compact support. Observe that ¢. belongs to the
set of admissible test functions in the sense of Definition By (2.1)), we have

/ ulud o dH
H

< a/ (A(9,u, Vigu), VHu)u?_lade+/ (A(Y,u, Vhu), Vip)ud dH
H
(2.5)

1
/ (0, u, Vigu)u® godH—ﬁ u® o, dH

— /H (0(9) +2)™ 1 p(9,0) .
Using the condition (1.2)), we obtain
/ (A9, 1, Vi), Vie)ue Lo dH > 4 / AW, u, Vi) 02~ p dH.
Since ai 0, we have ;
a/ (AW, u, Vgu), Vau)ul Lo dH < cAa/ |A(?9,u,VHu)|m/u?71<de. (2.6)
The Céuchy—Schwarz inequality yields "
/H (A9, u, Vigu), Varg)ul dH < /H AW, u, Vau)||Vaplu® dH.  (2.7)
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Using the condition (|1.3)), we obtain
/ f(O,u, Vau)ulp dH < )x/ |A(9, u, Vu)|ulp dH. (2.8)
H H

Now, [23), @8), @) and @3) yield

/uqug‘cde+cA|a|/ |A(19,u,VHu)|m'u§‘*1godH
H H

L ot
bt [ @)+ 60,009 »

S/ |A(19,u,VHu)||VHg0|u?dH+)\/ A, u, Vau)|"ulp dH
H H

/ ueH | dH.
H

Now, using Lemma we estimate the individual terms on the right hand side of

(2.9).
e Estimation of [, [A(Y,u, Viu)||Vae|u? dH. We have

a+1

a—1 atm—1  _
AW, u, Vi) IVaslug = (JAW, u, Vw)lue™ 077 ) (w07 [Vie])-
Applying Lemma with parameters m’ and m, we obtain
[ 140, . 9x0) Vgt
H
< 51/ \A(ﬂ,u,VHU)Im,u?_lwdHﬂLcal/ ud Tl Vg™ dH,
H H

for some €1 > 0. Again, writing

_ “m m 1—ms 71 adtm—
ug Tl gl = (6" Vel ) (977 ugtm )

and using Lemma with parameters s and s’, we obtain

/ U?+7n_1<,01_m|VH<,0|de§52/ SDl_ms|vH<P|msdH+csg/ Lpuga-"_m_l)s/ dH,
H H H

for some g5 > 0. As consequence, we have

/ AW, u, Vigu)| [ Vizolu® dH

H

<er [ 1AW, Vau) " ug pan (2.10)
H

+05152/ 4,01_m8|VHQP|deH+051062/ (pu(a-i-m 1) dH.
H

e Estimation of [}, [A(0,u, Viu)|”ule dH. We write

(a—1)o > m e am —(? 1)o
A, u, Viw) "l = (JA®D,u, Viw)|“ue ™ w)(sm we ).

— to obtain

We apply Lemma [1.1| with parameters m and

/|A19uVHu “uCp dM
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’ a71+7/ﬂ7/
< 53/ |A, u, Vigu)|™ u® Lo dH + c., / PUe ™7 dH,
H H

for some €3 > 0. Since o = m/q/(q¢+ 1), we obtain

/ |A(D, u, Vgu)|"ulo dH
H

(2.11)
Sag/ |A(19,u,VHu)\m,u§‘_1<de+053/ ou Tt dH.
H H
e Estimation of [, u2*!|p| dH. Similarly, we write
1 1
o] = (w6t ) (07 el
Lemma [I.1] with parameters r and r’ yields
1 1 |ipe|"\ 7
/ we oo dH < 54/ ulot )r¢dH+c€4/ ( ) M, (2.12)
H H HN P

for some ¢4 > 0. Now, substituting (2.10)), (2.11)) and (2.12) in (2.9)), we obtain

/uqug‘(de+cA|a|/ |A(, u, Vigu)|™ u® o dH
H H

n 1
a—+1

gsl/ |A(19,u,VHu)|m/ug‘*lgodH+05152/ Ot Vg™ dH
H H

/H (uo(8) + €)1 (9, 0) d

+CeyCey / oul®tm =D dH 4 Aeg / | A, u, V)™ u® o dH
H H
€4 C |
A atq g (a+1)r d €4 / (
- 053/H<pu5 H—i_a-kl/ﬁu6 S0H+a+1 Hn\ p

Now, we let ¢ — 0 in the obtained inequality, we use Fatou’s lemma and the
dominated convergence theorem to obtain

|T‘L

)"*1 dH.

/ 1
/uq+atde+cA|oz|/ |A(, u, Vgu)|™ u* o dH + —— ug+1(19)<p(19,0)d19
H H a+1/y

§51/ \A(ﬂ,u,VHu)|m/ua71<de+05162/ O | V™ dH
H H

+ Ce,Cey / QuIt dH + Aes / |A(D, u, Vigw)|™ u® o dH
H H

atq €4 q+o Cey \<Pt|T T
+)\cg3/Hg0u dH+a+1/Hu ('OdH—i—thl/H(go ) dH,
i.e.,
A/ uq+o‘<pd7'(+3/ |A(D, u, Vigw)|™ u® Yo dH
H H
a+1
— /H S (9) (9, 0) d (2.13)

| T

< max {es,52, 25 } /H P V| ™ dH + /H (“‘:;)Tilcm),
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where
€4

AZl_)\CES_ﬁ

— ¢ Ce, and B =cylal —e; — Aes.

From Lemma we have

1 1 \m'/m 1,71 \s/s
Csl - ( l) ’ CEQ - 7( ) ’
m\eim

1 ( q )q 1( 1 )7"/7'
Coy = ———), cy=—(— .
® g+ 1\es(qg+1) o \eyr

For €1 > 0 small enough, taking

0< < calal (2.14)
€3
we obtain B > 0. For &; > 0 small enough (i = 1,2,4), taking

1
0<A<—, (2.15)

Ces
we obtain A > 0. Now, we choose €3 > 0 such that

calal 1
€3 B Cs;;7
ie.
cala] _

€3 wﬁ_n(gﬂi%jﬁ)_?

A simple computation yields

_4q_ 1
53:(CA|CV|)ﬁ< q )q+1< 1 )q+1.

q+1 q+1
We substitute 3 into (2.14)) (or (2.15)) to get
P
0< A<\ = (q+1)(%)"“.

Thus, for 0 < A < A\* and ¢; > 0 small enough (i = 1,2,4), we have
A>0 and B>0. (2.16)
Finally, the desired result follows from and with
~ max{c, €2, %}
~ min{A, B, O%H} .

The lemma is proved. |

Proof of Theorem[2.3 Suppose that u is a nontrivial global weak solution to (1.1]).
Let us consider the test function

+201 + \1:|402 + |y|402 _|_7_202
R492

where ¢ € C§°(R™) is a decreasing function satisfying

er(9,) = pr(w,y,71) = 0* ( ) R>0,w>1,

$(2) =

1 if0<z2<1
0 if z > 2,
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and 0;, j = 1,2 are positive parameters, whose exact values will be specified later.
Let

- t2‘91 + |x‘492 + |y|402 +T292

R402
Clearly ¢pg is supported on

Qr={(W,t) e H: 0<p <2},
while (¢r): and Vypgr are supported on
Or={(t)eH: 1<p<2}.
A simple computation yields
Qpr(9,1) = 201wt T RT12 647 (p)¢! (p),
while
Vison(t, 9)[? = 1663* R=( (0) 6% (o) ((Jal? + )74+

N
(2 yl72) 4 20203 (a2 — [y %2)).
i=1
Then, for all (9,t) € Qr, we have
R|Vapr| + B>/ |0i0r| < C|¢/ (p)|6* " (p)- (2.17)

For simplicity, in the sequel, we will write ¢ in the place of yr. Let us consider
now the change of variables

(1',%7_7 t) - (ﬁ,t) = (5, v, ?v~) - (197~)7
where
t=R2/"¢ F=R'z, y=R'y, T=Rr.
In the same way, let
p=1" (3" + [g" + 70,
Q={@7.70)eH:0<p<2),
0={(@770)eH:1<p<2}.
Using the above change of variables together with (2.17]), we obtained

/(I%\ )ﬁdHSCRQHZ—zu—T—L)/ 6T || 5T AN (2.18)
HY P H
and
0 ~
/ @~ Vg™ dH < CROTER e / G| | T, (2.19)
H H
Setting
O ms(r—1)
01 - 2r ’
we have
02 r 02 mig+a)  m(g—1)
b2 1 _ —04+22 _s—0— . (220
Qi2g - T=9) =@+ —ms=Q- o= r g+ Ty (220)

Using (24), (Z18)-(220), we obtain
/ Ut o dH < CRO St PR (2.21)
H
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Furthermore, noting that

O- m(g+ao)  m(g—1)

<0
qg—m+1 qg—m+1

forg<m-—1+ % and some « € (ag,0) small enough. Under the above condition,
letting R — oo in (2.21)) and using the monotone convergence theorem, we obtain

/ uIte dH <0,
H

which contradicts our assumption about u. This completes the proof. ([l

Let us consider now some examples where Theorem can be applied.
Corollary 2.4. Ifmax{l,m—1} <¢g<m—-1+ G then the problem
u; — divy (|VHu|m*2VHu) >u?! inH,
u>0, ae inH,
u(ﬁv 0) = UO(ﬁ)v in H,

1
loc

Proof. The result follows from Theorem [2.2] with A = 0 and
A, u, Vi) = |Vygu|™ > Viu.
Observe that condition (|1.2)) is satisfied with ¢4 = 1. O

where ug € Li (H;Ry), has no nontrivial global weak solution.

Take m = 2 in Corollary[2.4] we obtain the following Heisenberg version of Fujita
theorem (see [7]).

Corollary 2.5. If1<qg<1+ %, then the problem
up — Agu > u? inH,
u>0, ae inH,
w(9,0) = ug(9), in H,
where ug € L, (H;R.), has no nontrivial global weak solution.

Corollary 2.6. If1<qg¢<1+ %, then the problem
|VHU| ) >ul  in H,

1+ |VHU‘2

u >0, ae inH,
w(9,0) = ug(9), in H,

uy — divyg (

where ug € L, (H; R.), has no nontrivial global weak solution.

Proof. The result follows from Theorem [2.2] with A = 0 and

AW, 0, V) = VB
V1+|Vyhul?
Observe that condition (1.2) is satisfied with c4 = 1. O

Note that Corollary is a Heisenberg version of [5, Corollary 33.3].
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