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OPTIMAL CONTROL FOR THE MULTI-DIMENSIONAL
VISCOUS CAHN-HILLIARD EQUATION

NING DUAN, XIUFANG ZHAO

ABSTRACT. In this article, we study the multi-dimensional viscous Cahn-Hilliard
equation. We prove the existence of optimal solutions and establish the opti-
mality system.

1. INTRODUCTION

In this article, we consider the viscous Cahn-Hilliard equation
ug — kAuy +yA%u = Ap(u), (z,t) € Q x (0,T), (1.1)

where Q@ C R"(n < 3) is a bounded domain with smooth boundary, the unknown
function u(x,t) is the concentration of one of the two phases, v > 0 is the interfacial
energy parameter, k > 0 represents the viscous coefficient, ¢(u) is the intrinsic
chemical potential. The viscous Cahn-Hilliard equation, which was first propounded
by Novick-Cohen [12], arises in the dynamics of viscous first order phase transitions
in cooling binary solutions such as glasses, alloys and polymer mixtures (see[Il, [6]).
Note that if we take & = 0, the equation becomes the well-known Cahn-Hilliard type
equation (see [I7, 20]), which is originally proposed for modelling phase separation
phenomena in a binary mixture, and it can be used to describe many other physical
and biological phenomena, including the growth and dispersal in the population
which is sensitive to time-periodic factors.

During the past years, many papers were devoted to the viscous Cahn-Hilliard
equation. In [I0], Liu and Yin considered the global existence and blow-up of
classical solutions for viscous Cahn-Hilliard equation in R™ (n < 3). In Grinfeld and
Novick-Cohen’s paper [7], a Morse decomposition of the stationary solutions of the
1D viscous Cahn-Hilliard equation was established by explicit energy calculations,
and the global attractor for the viscous Cahn-Hilliard equation was also considered.
Li and Yin [§] investigate the existence, uniqueness and asymptotic behavior of
solutions to the 1D viscous Cahn-Hilliard equation with time periodic potentials
and sources. We also noticed that some investigations of the viscous Cahn-Hilliard
equation were studied, such as in [3], 4, [1T], [13].

In past decades, the optimal control of distributed parameter system had been
received much more attention in academic field. Many papers have already been
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published to study the control problems of nonlinear parabolic equations, for ex-
ample [2] Bl [T4] 16} 17, [19].
In this article, we consider the distributed optimal control problem

min S, w) = 20w — zalls + 3 wl32 g (12)
subject to the initial boundary value problem for the viscous Cahn-Hilliard equation
uy — kAuy + yA*u — Ap(u) = Bw, (x,t) € Q x (0,7T),

u(z,t) = Au(z,t) =0, (x,t) € 00 x (0,T) (1.3)
u(0) =ug, x€€Q,

where Q@ C R™ (n < 3) is a bounded domain with smooth boundary, k& > 0 and
~ > 0 are two constants, ¢(u) is an intrinsic chemical potential with typical example
as

p(u) = yu’ + nu® —u,
for some constants v > 0 and ;.

Remark 1.1. The main difference between the viscous Cahn-Hilliard equation and
the standard Cahn-Hilliard equation is the viscous term kAwu;, which describe the
viscosity of glasses, alloys and polymer. Note that the viscous term kAwu; is not
only dependent on z but also dependent on t. Because of the existence of this term,
we can obtain the results on the a prior estimates more directed.

Remark 1.2. In [I8], Zhao and Liu studied the optimal control problem for equa-
tion in 1D case with ¢(s) = s® — s. Based on Lions’ [9] classical theory,
they proved the existence of optimal solution to the equation. Here, we consider
the n-D case of equation , where n < 3. We also established the optimality
system, which was not established in [I8]. In fact, for the well-known Cahn-Hilliard
equation, using the same method as above, we can also obtain the results on the
existence of optimal solutions and the optimality conditions.

The control target is to match the given desired state zg in L?-sense by adjusting
the body force w in a control volume Qp C Q = Q x (0,7) in the L?-sense.

In the following, we introduce some notations that will be used throughout the
paper. For fixed T'> 0, V = H2(Q) H}(Q) and H = L*(Q), let V*, H* be dual
spaces of V' and H. Then, we obtain

Ve H=H" V"
Clearly, each embedding being dense.

The extension operator B € £ (L*(Qo),L*(0,T;V*)) which is called the con-
troller is introduced as

Bq:{% 7€, (1.4)
0, ¢€Q\Qo.
We supply H with the inner product (-,-) and the norm || - ||, and define a space
W(0,T;V) as

ov

w0, T;V) = {’UZ’UEL2(O,T;V), ELQ(O,T;V*)},

ot
which is a Hillbert space endowed with common inner product.

This article is organized as follows. In the next section, we prove the existence
and uniqueness of the weak solution to problem (|1.3)) in a special space and discuss
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the relation among the norms of weak solution, initial value and control item; In
Section 3, we consider the optimal control problem and prove the existence of
optimal solution; In the last section, the optimality conditions is showed and the
optimality system is derived.

In the following, the letters ¢, ¢; (i = 1,2,---) will always denote positive con-
stants different in various occurrences.

2. EXISTENCE AND UNIQUENESS OF WEAK SOLUTION

In this section, we study the existence and uniqueness of weak solution for the
equation

uy — kAuy + A% — Ap(u) = Bw, in Q x (0,7), (2.1)
with the boundary value conditions
u(z,t) = Au(z,t) =0, in 0Q x (0,7T), (2.2)

and initial condition
u(z,0) = up(x), in Q, (2.3)
where Bw € L?(0,T;V*) and a control w € L?(Qo).
Now, we give the definition of the weak solution for problem (2.1])-(2.3)) in the
space W(0,T;V).
Definition 2.1. For all n € V, ¢t € (0,7T), the function u(z,t) € W(0,T;V) is
called a weak solution to problem ({2.1)-(2.3)), if
d d
23 W) + ko (Vu, Vi) +5(Au, An) + (Vo(u), Vi) = (Bw,n)vey.  (24)
We shall give Theorem [2.2] on the existence and uniqueness of weak solution to

problem —.

Theorem 2.2. Suppose ug € V, Bw € L?(0,T;V*), then the problem (2.1))-(2.3)
admits a unique weak solution u(x,t) € W(0,T;V) in the interval [0,T).

Proof. Galerkin’s method is applied for the proof. Let {z;(z)} (j =1,2,---) be the
orthonormal base in L?(£2) being composed of the eigenfunctions of the eigenvalue
problem

Az+ Az =0, z(0) = z,
corresponding to eigenvalues A; (j =1,2,---).

Suppose that u,(z,t) = Zjvzl Un;(t)z;j(x) is the Galerkin approximate solution
to the problem — require uy, (0, ) — ug in H holds true, where u,;(t) (j =
1,2,---,N) are undermined functions, n is a natural number. By analyzing the
limiting behavior of sequences of smooth function {u,}, we can prove the existence

of weak solution to the problem (2.1))-(2.3).
Performing the Galerkin procedure for the problem (2.1))-(2.3)), we obtain

(unt - kAunt + 7A2un - A@(un)? Zj) = (Bw? Zj)?
(’U,n('7 0)72]) = (unO(')a zj)? j = 1) 27 e 7N'
Obviously, the equation in (2.4]) is an ordinary differential equation and according
to ODE theory, there exists an unique solution to the equation (2.4)) in the interval
[0,t,). what we should do is to show that the solution is uniformly bounded when

t, — T. we need also to show that the times ¢,, there are not decaying to 0 as
n — oo.

(2.5)
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There are four steps for us to prove it.
Step 1. Multiplying both sides of the equation in (2.4) by u,;(t), summing up the
products over j = 1,2,..., N, we derive that
1d

5@(Ilunllz+kllvwll2)+7Aun+/ﬂd(un)lvwlzdfﬂ: (Bw, un)v-,v-

By Holder’s inequality, we conclude that

(Bw, up)v=v < |Bw|y-

unllv < el Bwllv- || Aun||

2
Y C1
< §||Aun||2 + EHBM Ve
Note that )
@' (un) = 3y2ul + 2mu) — 1> _7371 —1=—c,.
V2

Summing up,

d
7 (lunll? + k[ Vun]?) + A1l Aw |

2
C
< ﬁIIBwH%/* +2¢2]| Vu |*

2 2

‘1 2 Y 2, G 2
< —=||B <+ =lA =
< 7|| wllv- + 5 Aunll”+ VIIUnH

C% 2 Y 2 C% 2 2
< ;IIBva* + 1 Aun "+ ;(HunH + k([ Vun 7).

Since Bw € L?(0,T;V*) is the control item, we can assume that ||Bwl||y+ < M,
where M is a positive constant. Then, we have

L a2 + K Vunl®) + L A2 < D02 1 S (a2 + K[ Tun]?).
dt 2 Ty ¥
Using Gronwall’s inequality, we obtain

C2 2
ol + KV unl? < €5 (lun O + £IVun O)]%) + G2
2

2 2 (2.6)
<7 T(un(0)? + Kl Vun (0)|%) + C%MQ = ci.
2
By Sobolev’s embedding theorem, we immediately obtain
n  2n
mn ’7t S ) - — ). 2.
len(-Ollp < 10 pE (5, (2.7

Step 2. Multiplying both sides of the equation of (2.4) by Ajun;(t), summing up
the products over j =1,2,--- , N, we obtain
1d

5%(“Vun||2 + kHAunHQ) + '7||VAun||2 = —(Ap(un), Auy) — (Bw, Auy ) v« v.

Note that
Ap(un) = (372u2 4 2y1u, — 1) Auy, + (672U, + 271)|Vua)?.

Hence

1d
5 7 (IVnll® + Kl Aun?) + [ VAun* + 2| un Au |
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_ 2 2 2 2
- _272/ 2| Au, [2d — 271/ i At 2z + Aty
Q Q
— 672/ un|Vun\2Aun dx — 2 / |Vun|2Aun dz — (Bw, Auy)v- v
Q Q

< VQ/QUiIAunlzdl' +es([Aunl® + | Vunllz + [|Bwlf- + un?)
+ 21V AU,
Using Nirenberg’s inequality, we deduce that
csl|Vunlld < ca(d | VAU F [ Vun[|'™F + || Vu )" < %IIVAunH + ¢
On the other hand, we also have
o5 | Aun|* < %IIVAunII2 5HV nll? < IV AuL* +

Summing up, we derive that

d 4¢3

—([[Vun|* + || Aun ||?) + 7| VAU,||* < 2¢6 + 2¢3¢5 + 6% 4 + 2¢5|Bwl%,., (2.8)
dt vk

which means

d 4¢3
T (IVunl* + k| Aun|?) + | VAup|* < 266 + 2c505 + dcses +2c5 M.

vk

Therefore,

[Van|? + k| Au, |

9 2 | 40202 9

< [|Vun (0)]12 + k|| A, (0)||* 4 (2¢6 + 2c3cs + —22 s 5 4 2e5 M?)T (2.9)

= (cg)”
By (2.7), (2.9) and Sobolev’s embedding theorem, we conclude that
Adding (2.7) and (2.9) together gives

T
lun (@, )l|7200,mv) < C/O (lunll? + [IVunll? + | Aun [[*)dt < 3. (2.11)

Step 3. We prove a uniform L?(0,7;V*) bound on a sequence {u,}. Set y, =
Up, — kAuy,, by (2.4) and Sobolev’s embedding theorem, we obtain

ve= sup (Ynt,V)v+yv

[¥llv=1

< S 1{(Bw Vv v+ Y(Aun, AP)| 4 |(p(un), Ap)|} (2.12)

<c(IB*@llv+ + [|Aun || + [lunll)
< (M + [[Aup| + [un])-

Integrating (2.12)) with respect to ¢t on [0,T], we obtain

[Yn.¢]

Yn.l 720,00y < (MPT + || Aunll L2 0,71y + [tnllL20,7:m))-
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Hence

|%2(0,T;V*) = (I = kA) g

||un,t 2L2(O,T;V*) S 03. (213)

Step 4. Integrating (2.9) with respect to [0,7T], combining its result and (2.11)
together, we deduce that

lwn |l L2 (0, 1553) < ci0- (2.14)

By the compactness of the embedding L*>°(0,T; H?) — L>(0,T; H') and of
L?(0,T; H?) — L?(0,T; H'), we find that there exist v € L>(0,T; H') and u €
L?(0,T; H') such that, up to a subsequence,

up — u  strongly in L°°(0,T; H'),
U, — u strongly in L*(0,T; H').
It then follows from (2.14) that

(2.15)

lwn — wllpoo 0,11y — 0, [|Aupn — Aull 220,752y — 0.

According to the previous subsequences {u,}, we conclude that Ap(u,) weakly
converges to Ayp(u) in L2(0,T;V*). In fact, for any w € L?(0,T;V*), we have

|| et = (. w)y- vt

T
< / (p(un) — p(u) ]

<C| /OT ¢ (B + (1 — O)u)(un — u)wd| (2.16)

T
<c / 0! (Bun + (1 — Bl oot — ][0t
0

< Cllun — ullp2(0,7:m) 1wl L2 0,7: )

where 6 € (0,1). By (2.16)), we know that there exists a subsequence {u,(z,t)}
such that Ag(u,) converges weakly to Ap(u) in L2(0,T;V*). On the other hand,
the subsequence {u,,;} weakly converge to {u;} in L(0,T;V*).

Based on the above discussion, we conclude that there exists a function u(z,t) €
W(0,T; V) which satisfies . Since the proof of uniqueness is easy, we omit it.
Then, Theorem [2.2 has been proved. O

For the relation among the norm of weak solution and initial value and control
item, basing on the above discussion, we obtain the following theorem immediately.

Corollary 2.3. Suppose that ug € V, Bw € L*(0,T;V*), then there exists positive
constants C' and C" such that

HUHI%V(O,T;V) < C'(Jluollf + ||1UH%2(QO)) +C", (2.17)

3. OPTIMAL CONTROL PROBLEM

In this section, we consider the optimal control problem associated with the
viscous Cahn-Hilliard equation and prove the existence of optimal solution.
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In the following, we suppose L?(Qq) is a Hilbert space of control variables, we also
suppose B € L(L*(Qo), L*(0,T;V*)) is the controller and a control w € L%(Qy),
consider the following control system

ug — kAuy +yA%u — Ap(u) = Bw, (x,t) € Q x (0,7),
u(z,t) = Au(z,t) =0, (z,t) € 90 x (0,T) (3.1)
u(0) = ug, x € Q.
Here it is assume that ug € V. By Theorem we can define the solution map
w — u(w) of L?(Qo) into W (0,T;V). The solution u is called the state of the
control system (3.1). The observation of the state is assumed to be given by Cu.

Here C € L(W(0,T;V),S) is an operator, which is called the observer, S is a real
Hilbert space of observations. The cost function associated with the control system

(3.1) is given by
1 0
T,w) = 10— zall + Sulagay, (32

where 24 € S is a desired state and § > 0 is fixed. An optimal control problem
about the viscous Cahn-Hilliard equation is

min J(u, w), (3.3)

where (u,w) satisfies (3.1)).

Let X = W(0,T;V) x L?(Qp) and Y = L?*(0,T;V) x H. We define an operator
e=¢e(e1,e2) : X =Y, where

e1 = (A?)"(uy — kAuy + yA%u — Ap(u) — Bw),
es = u(x,0) — uo.
Here A? is an operator from V to V*. Then, we write (3.3)) in the form
min J(u,w) subject to e(y,w) = 0.

Theorem 3.1. Suppose that ug € V, Bw € L*(0,T;V*), then there exists an
optimal control solution (u*,w*) to problem (3.1)).

Proof. Suppose that (u,w) satisfy the equation e(u,w) = 0. In view of (3.2)), we
deduce that

0
J(u,w) > 5”“’“%2(@0)-

By Corollary we obtain that ||u|lyw o,r;v) — oo yields [|w| z2(g,) — oo. There-
fore,

J(u,w) — 0o, when ||(u,w)||x — 0. (3.4)
As the norm is weakly lower semi-continuous, we achieve that J is weakly lower
semi-continuous. Since for all (u,w) € X, J(u,w) > 0, there exists A > 0 defined
by

A =inf{J(u,w) : (u,w) € X, e(u,w) =0},
which means the existence of a minimizing sequence {(u", w™)},en in X such that
A= lim J(u",w") and e(u",w")=0, VneN

From (3.4), there exists an element (u*,w*) € X such that when n — oo,
u" —u*, weakly, u e W(0,T;V), (3.5)

w" — w*, weakly, w e L*(Qo).
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Since u, € L>®(0,T;V), uns € L*(0,T;V*), we also have L>(0,T;V) is con-
tinuously embedded into L?(0,7T; L>). Hence by [I5, Lemma 4] we have u™ — u*
strongly in L2(0,T; L™), as n — oo, u™ — u* strongly in C'(0,T; H), as n — oo.

As the sequence {u" },cn converges weakly, then ||u™||y (0,1, is bounded. Based
on the embedding theorem, |[u™||2(o,7;1) is also bounded.

Because u" — u* in L*(0,T; L) as n — oo, we know that ||u*||12(0 ;) is
also bounded.

It then follows from that

T
i [ () — g b))y vdt =0, Vi € 130, T; V).

and
T

lim [ (Aug (z,t) = Aug, (1) v- vt

n—oo O
T
= lim [ (uP(x,t) —uf, AY(t))y-vdt =0, Yo € L*(0,T;V).

n—oo 0

Using (3.6) again, we derive that

T
/ /(Bw — Bw*)ndx dt
0o Jo

By (3.5) again, we deduce that

‘/T/ (Ap(u™) — Ap(u*))ndz dt|
= ’/ / (u*)) An da dt|

.y / / (™) — (")) + 7 ((W™)? — (u*)?) — (u" — u*)] Anda di]

— 0, n— o0, Vne L*0,T;H).

= ’ / / N ((u™)? +uut 4 (u*)?) + 3 (u™ — o) (u" 4 u*)
u*)] An da dt |

<c| / (™) + uu™ + (u")?[loo + lu" + oo + 1) [u” = u”|| || A dt|

< (™) + w™u” + ()| 20, miz) + ™ + (| 2oz + 1)
X ||U — U ||C(O T'H)|||n||L2(OT-V) —>0, n — oo, V77€ Lg(O,T, V)
Hence we have u = u(w) and therefore

J(u,®) < lim J(u™,o") =\

n—oo

In view of the above discussions, we obtain
e1(u*,w)=0, VneN.

Noticing that u* € W(0,T;V), we derive that v*(0) € H. Since u” — u* weakly
in W(0,T;V), we can infer that «™(0) — u*(0) weakly when n — oo. Thus, we
obtain

(u”(())fu*(()),n)g)(), n — oo, V77€H7



EJDE-2015/165 OPTIMAL CONTROL 9

which means ey (u*, w*) = 0. Therefore, we obtain
e(u*,w*)=0, inY.

So, there exists an optimal solution (u*,w*) to problem (3.1). Then, the proof of
Theorem [3.1] is complete. O

4. OPTIMALITY CONDITIONS
It is well known that the optimality conditions for w are given by the variational
inequality
J (u,w)(v —w) >0, forall v e L*(Qy), (4.1)
where J'(u, w) denotes the Gateaux derivative of J(u,v) at v = w. The following
Lemma is essential in deriving necessary optimality conditions.

Lemma 4.1. The map v — u(v) of L?(Qq) into W(0,T;V) is weakly Gateauz
differentiable at v = w and such the Gateaux derivative of u(v) at v = w in the
direction v —w € L*(Qo), say z = Du(w)(v — w), is a unique weak solution of the
problem

2 — kAz + A%z — A(¢ (u(w))z) = B(v —w), (z,t) € Q,
z(x,t) = Az(x,t) =0, (x,t) € 002 x (0,T), (4.2)
z(0)=0, zeq.
Proof. Let 0 < h <1, up, and u be the solutions of (3.1]) corresponding to w+h(v—
w) and w, respectively. Then we prove the lemma in the following two steps:

Step 1. We prove that u, — u strongly in C(0,T; H}) as h — 0. Let ¢ = up, — u,
then
d dA
=~k + A% = Alp(un) - o) = hB(v —w), 0<t<T,
q(z,t) = Aq(z,t) =0, = €09, (4.3)
q(0) =0, ze€.

Using Corollary [2.3] and Sobolev’s embedding,

[ulloe < i, llunlloc < .
Taking the scalar product of (4.3) with ¢, we have
1d
5 7 gl + FIVal®) + v Ag]* = (hB(v = w), ) + (Alp(un) = @(w), ).
Noticing that
(Ap(un) = @(u), @) = (v2(uj, = u®) + 71 (up —u®) = (un — u), Aq)
= ([vo(ufy +u® +upu) + 3 (up +u) — g, Ag)
< vz (ufy +u® +unu) + 71 (up +u) = lollgl[|Agl]
~ C/ 2
< ellalagl < 21ag) + G g2
Y
Hence
d 2 2 o _ () o
2 lall™ + £lIVall”) + vl Agl” < THQII + 2h||B(v — w)]ll|q|
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< (c5)° 1 2 n2IB 2
=07 lgll” + A7 B(v — w)||%,
Using Gronwall’s inequality, it is easy to see that ||q||> — 0 as h — 0. Then, uj, — u
strongly in C'(0,T; H}) as h — 0.
Step 2. We prove that “&— — 2 strongly in W(0,7;V). Rewrite (4.3) in the

following form

d(“h*“) de(uth)+7Az(M),A<M)

at\ hn ) dt h h h
=Bv—w), 0<t<T,
Up — U _ Up — U _
- (x,t)—A( - )(a:,t)—O, (z,) € 99 x (0, T),
Lh_“(o)zo, zeQ.

We can easily verify that the above problem possesses a unique weak solution in
W(0,T;V). On the other hand, it is easy to check that the linear problem (4.2))
possesses a unique weak solution z € W (0,75 V). Let r = #24=* — 2, thus r satisfies

d d 2 plun) —p(u)
rn I - —_— — = <
dtr-ﬁ-kthr—kfyAr A( - gp(u)z) 0, 0<t<T,
r(z,t) = Ar(z,t) =0, (x,t) € 9Q x (0,T), (4.4)
r(0)=0, ze€.

Taking the scalar product of (4.4) with r, we obtain
1d
2dt
Noticing that

(Il + I IP) + lar? = (a2 22D i) 1),

h
_ (W(Uh)h_ @(u) _ Lﬂl(U)Z,AT>
< P2 oty ar]
Up — U

= [l (u+ 0(un — w))=— — ¢ (u)zl[| Ar|
Up — U
h

where 6 € (0,1). We have uj, — u strongly in C(0,T; H3) as h — 0, then

g
< SIATI + eyl (u + O (un —w)) — ¢ (W),

—Uu

h
)

1! (u + Oun — w) 22— (u)2|?

’ Up — U
= ! (u) (1

<djr|* ash—0.

I

Therefore,

(A(cp(w) —p(u)

v
G (w2, r) < A2+ e 2
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Summing up, we obtain
d 2 2 2
2 (Il + N rl?) + Al ar]* < 2eies5(IIr* + k[ V7).

Using Gronwall’s inequality, it is easy to check that “%—* is strongly convergent to
z in W(0,T;V). Then, Lemma is proved. O

As in [9], we denote the A the canonical isomorphism of S onto S*, where S*
is the dual spaces of S. By calculating the Gateaux derivative of via Lemma
we see that the cost J(v) is weakly Gateaux differentiable at w in the direction
v — w. Therefore, can be rewritten as

« )
(C*A(Cu(w) = za), 2)w vy wvy T i(w,v —w)r2(Qy =0, Vv € L*(Qo), (4.5)

where z is the solution of .

Now, we study the necessary conditions of optimality. To avoid the complexity
of observation states, we consider the two types of distributive and terminal value
observations.

Case 1. C € L(L*(0,T;V);S). In this case, C* € £(S*; L?(0,T;V*)), ([.5) may
be written as

T
1
/ (C*A(Cu(w) — zq), 2) v+ vdt + i(w, v— w2y =0, Vv € L*Qo). (4.6)
0
We introduce the adjoint state p(v) by
d .
— 2 [P(v) + kAp(v)] + ¥Ap(v) — ¢ (u(v)) Ap(v) = C"A(Cu(v) = z4), (w,t) € Q,
p(v) = Aplv) =0, = €09,
p(x,T5v) = 0.
(4.7)
According to Theorem the above problem admits a unique solution (after chang-

ing t into T — t).
Multiplying both sides of (4.7) (with v = w) by z, using Lemma we obtain

T T
/0 (—%p(w /0 dt
T T
| (= Ganw.z), /O Az)dt
/0 (A2p(w i )dt,
T T
/ (" (u(w)) Ap(w), )wvdt:/ (p(w), A(¢' (u(w))z))) dt
0 0

Thus, we obtain
T
/ (C*A(Culw) — 2a), 2)y- vt
0

= /OT (p(w), %(2 + kAz) +yA% 2 — A(ap'(u)z)x) dt



12 N. DUAN, X. ZHAO EJDE-2015/165

T
:/ (p(w), Bv — Bw)dt
0
= (B*p(w)7v - ’LU)
Therefore, (4.6) may be written as

T 1
0
/ / B*p(w)(v — w) dx dt + i(w,v —Ww)r2(Qp =0, Vo€ L*(Qo). (4.8)
0 Jo
Then, we have proved the following theorem.

Theorem 4.2. Assume that C € L(L*(0,T;V);S) and all conditions of Theorem
hold. Then, the optimal control w is characterized by the system of two PDEs

and an inequality: (3.1)), (4.7) and (4.8]).

Case 2. C € L(H;S). In this case, we observe Cu(v) = Du(T;v), D € L(H; H).
The associated cost function is

)
J(u,0) = [ Du(T50) = 2[5 + S vli2 gy Vo € L*(Qo)- (4.9)
Then, for all v € L%(Qy), the optimal control w for (4.9) is characterized by
5
(Du(T;w) — z, Du(T;v) — Du(T;w))v+v + §(w,v —w)r2(Q,) = 0. (4.10)

We introduce the adjoint state p(v) by

d
— o P(v) + kAp(v)] + YA%p(v) — ¢’ (u(v))Ap(v)z =0, (z,t) € Q,
p(v) = Ap(v) =0, = €09, (411)
p(T;v) = D*(Du(T;v) — zq).
According to Theorem the above problem admits a unique solution (after chang-
ing ¢ into T — t).
Set v = w in the above equations and scalar multiply both side of the first

equation of (4.11)) by u(v) — u(w) and integrate from 0 to T. A simple calculation
shows that (4.10)) is equivalent to

T /1
4]
[ ] Bvtwh-wdsdt+ wo w20, Voe Q). (412)
o Jo
We obtain the following result.

Theorem 4.3. Assume that D € L(H; H) and all conditions of Theorem[3.1] hold.
Then, the optimal control w is characterized by the system of two PDEs and an

inequality: (31), (1) and (E12).
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