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OSCILLATION CRITERIA FOR EVEN-ORDER NONLINEAR
NEUTRAL DIFFERENCE EQUATIONS WITH CONTINUOUS
VARIABLES

SHUHUI WU, PARGAT SINGH CALAY, ZHANYUAN HOU

ABSTRACT. In this article, we study the oscillatory behavior of solutions to
even-order nonlinear neutral difference equations of the form

AT (2(t) — pa(t — 7)) + f(t,z(g(t))) = 0.
Using an integral transformation, the Riccati transformation, and iteration,

we obtain sufficient conditions for all solutions to be oscillatory. Examples are
also given to illustrate the obtained criteria.

1. INTRODUCTION

Difference equations have attracted a great deal of attention of researchers in
mathematical, biological, physical sciences, and economy. This is specially due to
the applications in various problems of biology, physics, economy, and so on. The
topics studied for oscillation of the solutions have been investigated intensively and
the references [I]-[I7] are just a few examples.

In this article, we study even-order nonlinear neutral difference equations with
continuous variable of the form

AT (x(t) — pa(t —r)) + f(t,2(g(1))) = O, (1.
where m is an even integer m > 4, p > 0, 7 and r are positive constants, A z(t) =

)
z(t+71)—2(t), 0 < g(t) < t, g € C[ty,),RT), ¢'(t) > 0, and f € C([ty,00) x
R,R). Throughout this article we assume that

git+7)>gt)+7 fort>t, (1.2)
f(t, u)/u>q(t) >0 foru+#0and qe C(R,R"). (1.3)

Let t§ = min{g(to), to — r} and Iy = [t§, to]. A function x is called the solution
of with z(t) = ¢(t) for ¢ € Iy and ¢ € C(Ip,R) if it satisfies for ¢ > to.

A solution z is called oscillatory if it has arbitrarily large zeros; otherwise it is
non-oscillatory. z is eventually positive if there exists t; > tg, such that x(¢) > 0
for all ¢ > t;. Eventually negative definite is defined similarly.

This article is organized as follows. The main results is stated in section 2
and leave the proofs for section 5. Examples will be presented in section 3 to
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demonstrate the application of the obtained results. In section 4, some lemmas will
be given to be used in the proofs of the main results.

2. STATEMENT OF MAIN RESULTS

The assumptions on g guarantee the existence and differentiability of its inverse
g ! Let
m

— . . —1 /

it =a_min g} min  {g76)) (2.1)
where 0 < o < 1. The function g will play an important role in the oscillatory
criteria for . Throughout this article, we use the symbol [a] to denote the
smallest integer not less than a.

Theorem 2.1. Assume that for some ty > tg,
o0
> gty +ir) =o0. (2.2)
i=0
Then for every solution x(t) of , is either oscillatory, or for any T > tg there
exists a ta > T such that |x(t2)| < plz(ta — ).

Theorem 2.2. In addition to (2.2, we assume that 0 < p < 1 and there is a
positive integer ko and a ty > to satisfying mi(n) = [(g(t1 +n7) —t1 +kor)/7] < n
for all large enough n. Moreover, assume that there is a sequence {ny} — oo such
that

nk
Z q(ty +i1) >

i=mq(nk)
for all k large enough. Then for every solution x(t) of (1.1), either x(t) or x(t) —

px(t — 1) or both are oscillatory.

Corollary 2.3. In addition to , we assume that 0 < p < 1 and there is a
positive integer ko and a t1 > to satisfying mi(n) = [(g(t1 +n7) —t1 +kor)/7] <n
for all sufficiently large n. Moreover, we assume that there is a sequence {ny} — oo
such that

p(1-p)

" (2.3)

Nk
> (i—my+1)q(ty +it) >
i=my(ng)
for all k large enough. Then for every solution z(t) of , either x(t) or z(t) —
px(t — 1) or both are oscillatory.

Remark 2.4. Note that the requirement (2.4]) for g(¢) is weaker than (2.3 since
(¢ —my+1) > 1 holds in (2.4).

Corollary 2.5. In addition to , we assume that 0 < p < 1 and that there is a
positive integer ko and a t1 > to satisfying my(n) = [(g(t1 +n7) —t1+kor)/7] < n
for all sufficiently large n. Moreover, assume that there is a sequence {ny} — oo,
and an integer 1, 1 <1 < m such that

pM(1—p)

T (2.4)

1 ng ko(1 —
Y (z'—ml+1)(¢—m1+2)...(¢—m1+1)q(t1+i7)z7”1(_729%*”) (2.5)
" i=ma (ng)

for all k large enough. Then for every solution x(t) of (1.1), either x(t) or x(t) —
px(t —r) or both are oscillatory.
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Remark 2.6. Note that (2.5 coincides with (2.4)) for [ = 1. For I > 1,

) — 1)(z — 2)...(1—
(t—mi+1)(i—mg+2)...(4 m1+l)2i—m1+121.

!
Thus, (2.5)) is weaker than (2.4]) and (2.3]).

Theorem 2.7. In addition to (2.2), we assume that p = 1 and that there is a
positive integer ko and a ty > to satisfying mi(n) = [(g(t1 +n7) —t1 +kor)/7] < n
for all sufficiently large n. Moreover assume that there is a sequence {ny} — oo

such that
n(k)

1
Sooat+in) > — (2.6)
, ko
i=m1(nk)
for k large enough. Then for every solution x(t) of (L.1)), either x(t) or x(t)—x(t—r)
or both are oscillatory.

Corollary 2.8. In addition to , we assume that p = 1 and that there is a
positive integer ko and a t; > to satisfying my(ng) = [(g(t1+n7)—t1+kor)/7] <n
for all sufficiently large n. Moreover assume that there is a sequence {ny} — oo
such that

Nk 1
> (i my+1)qt +ir) > = (2.7)
izml(nk) 0

for k large enough. Then for every solution x(t) of (1.1)), either x(t) or x(t)—x(t—r)
or both are oscillatory.

Corollary 2.9. In addition to , we assume that p = 1 and that there is a
positive integer ko and a t1 > to satisfying mi(ng) = [(g(t1+n7)—t1+kor)/7] <n
for all sufficiently large n. Moreover we assume that there is a sequence {ny} — oo
and an integer I, 1 <1 <m — 1 such that

1 &

i > (=m0 —my+2).. (i —my+ Dt + i) >

i:ml (nk)

1
— 2.8
= e
for k large enough. Then, for every solution x(t) of (1.1)), either x(t) or xz(t) —
x(t —r) or both are oscillatory.

Theorem 2.10. In addition to (2.2)), we assume that p > 1 and that there is a
positive integer ko and a ty > to satisfying mi(ng) = [(g(t1+n71)—t1+kor)/7] < n
for all large enough n. Moreover assume that there is a sequence {ny} — oo such
that

ng

ko(1 _
S gt +in) > pl(_lpkop) (2.9)

1:m1(nk)

holds for all k large enough. Then, for every bounded solution x(t) of (1.1), either
x(t) or z(t) — px(t — r) or both are oscillatory.

Corollary 2.11. In addition to (2.2)), we assume that p > 1 and that there is a
positive integer ko and a t1 > to satisfying mi(n) = [(g(t1 +n7) —t1+kor)/7] < n
for all large enough n. Moreover assume that there is a sequence {ni} — 0o such
that

Nk

> (i—my+1)q(ty +it) >

i:m1 (nk)

pr(1—p)

" (2.10)
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holds for all k large enough. Then for every bounded solution x(t) of , either
x(t) or x(t) — px(t — r) or both are oscillatory.

Corollary 2.12. In addition to , we assume that p > 1 and that there is a
positive integer ko and a t1 > to satisfying myi(n) = [(g(t1 +n7) —t1 +kor)/7] <n
for all sufficiently large n. Moreover assume that there is a sequence {ny} — oo
and an integer I, 1 <1 < m, such that

1
il

i (t—mi4+1)(i—my1+2)...(6—my +1)q(t; +i7) >

z:ml(nk)

pr(1—p)

o (2.11)

holds for all k large enough. Then, for every bounded solution z(t) of equation
(1.1)), either x(t) or x(t) — px(t — r) or both are oscillatory.

Remark 2.13. Note that
(i—m1—|—1)(i—m1—|—2)...(i—m1—|—l—1)
(-1
holds. Thus, (2.11]) is weaker that (2.10) and (2.9).
Corollary 2.14. In addition to (2.2), we assume that p > 1 and that there is a
positive integer ko and a ty > to satisfying mi(n) = [(g(t1 +n7) —t1 +kor)/7| < n

for all sufficiently large n. Moreover assume that there is a sequence {ngp} — oo
such that

>i—mp+12>1

1 o (i—mi4n—1) _ ) pFo (1 —p)
(n—1) ; ! h+in) > =—5=  (212)
1=mi1(ng

holds for all k large enough. Then, for every bounded solution x(t) of (1.1), either
x(t) or z(t) — px(t — r) or both are oscillatory.

3. EXAMPLES

Three illustrating examples are given here to demonstrate the applications of
the obtained oscillatory criteria.

Example 3.1. Consider the linear difference equation
1 o
A2 (z(t) — pa(t — —a(t —
2(w(t) —palt =) + alt = 7

for ¢ > 0, where n is a positive integer, p > 0, § > 0, the constants r, 7 and o
are positive. Viewing (3.1) as (1.1)), we have ¢(t) = 1/t and g(t) =t — o /(1 + Bt).
Then, according to (2.1)), G(¢t) = a/(t + 2n7) for =0 and

t+2nT (1+ pt)2 + o3

for > 0. Since G2, (t) > o'/(t + 2n7) for some o/ > 0 and all ¢ > 0, ga,, satisfies

(2.2) with ¢t; = 0. By Theorem for every solution z(t) of (3.1)), either z(¢) is
oscillatory or for any T > to there exists a to > T such that |z(t2)| < p|la(te — 7).

In particular, when p = 0, every solution of (3.1) is oscillatory.

)=0 (3.1)

q(t)

Example 3.2. Consider the difference equation

A2 (x(t) — pa(t — 7)) + 8z(t — 7) + 23t —7) =0, (3.2)

1+ ¢t2
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where o > 0 is a constant. Regarding (3.2) as (1.1), we have 7 = 7, r = m,

g(t) =t — 7 and q(t) = 8. Then, for some o € (0,1), Gop, = 8 by (2.1) so is
satisfied. Forp=1, kg =1 and t; = t, we have m; =1 and

: 1

Z (8+1—ml)Cj2n(t1+ST) =8a>1= ]{17

s=my 0

if > 1/8. Also we have

!
Z (s+1—my)Gon(t; +s7) =8a>p=
s=my
if p € (0,1) U (1,8) and o > p/8. According to Theorems and for every
solution x(t) of (3.2), either x(t) or x(t) — px(t — r) is oscillatory if 0 < p < 1.
Furthermore, by Theorem for every bounded solution x(t) of (3.2), either x(t)
or x(t) — px(t —r) is oscillatory if 1 < p < 8.

(1 —p)p*
1 — pko

Example 3.3. Consider the difference equation
A2 (x(t) — x(t — 7)) + 22" Tla(t — 3) = 0, (3.3)

where 7 and r are positive odd integers. Viewing (3.3]) as (1.1]), we have g(t) =¢—3
and q(t) = 22"t Then, for some a € (0,1), g2, = a2?"! by [2.1) so (2.2) is
satisfied. For p =1, kg = 1 and t; = ¢, we have m; = [ and
!
— 2n+1 1
Z(s+1—ml)an(t1+57):a2 >1=—

s=my 0

if @ > 2-(7+1) According to Theorem for every solution z(t) of (3.3), either
x(t) or z(t) — xz(t — r) is oscillatory.

4. RELATED LEMMAS

In this section, we present the lemmas which will be needed in the proofs of the
main results. The following lemma can be found in [I, page 31].

Lemma 4.1. Let u(k) be defined on N(a), wherea € N, and u(k) > 0 with A™u(k)
of constant sign on N (a) for any positive integer m and not identically zero. Then,
there exists an integer h, 0 < h < m, with m + h odd for A™u(k) <0 or m + h
even for A™u(k) > 0 such that
(i) h <m —1 implies (—1)"Alu(k) >0 for allk € N(a), h <i<m—1,
(ii) h > 1 implies Alu(k) >0 for allk € N(a), 1 <i<h—1.

By applying the above result to the difference with continuous variables, we have
the following lemma.

Lemma 4.2. Let y(t) be defined on [to,+00) where tg € R, and y(t) > 0 with
A™y(t) of constant sign on [tg, +00) for any positive integer m and not identically
zero. Then, there exists an integer h, 0 < h < m, with m + h odd for ATy(t) <
0 or m—+h even for ATy(t) >0 such that
(1) h <m — 1 implies (—1)"Aly(t) > 0 for all t € [tg,00), h <i<m —1,
(ii) h > 1 implies Aly(t) >0 for allt € [tg,+00), 1 <i < h—1.
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Proof. Let t; be any constant real number in [ty,+00). For this fixed t;, by the
assumption, we have y(t; + k7) defined for any k € {0,1,...}, and y(¢t1 + k1) >0
with A™y(t; + k7) of constant sign for any k € {0,1,...} and for any positive
integer m and not identically zero. Thus, by Lemma [4.1] the conclusion holds with
the replacement of ¢ by ¢t; + k7 for all Kk € N. Since t; € [tg,00) is arbitrary, we
can see that the conclusion holds for ¢ € [tg, +00). d

Lemma 4.3 ([I], page 289]). Let y(t) be an m times differentiable function on R4
of constant sign satisfying y"™) (t) # 0 and y"™ (t)y(t) < 0 on [t1,00). Then the
following statements hold.
(i) There exists a ty > t1 such that the functions y9)(t), j = 1,2,...,m — 1,
are of constant sign on [ta, 00).

(ii) There exists an integer k < m which is odd (even) when m is even (odd),
such that

y®y () >0 forj=0,1,... .k, t > ts,
(=)™ )y D () >0 forj=k+1,...,m, t > ty.
Lemma 4.4 ([5, page 289]). Assume that y(t), ¥'(t),...,y ™ () are absolutely
continuous and of constant sign on the interval (t, 00), and assume y™ (t)y(t) > 0.
Then either y®) (t)y(t) > 0, k = 0,1,...,m or there exists an integer 1,0 < 1 <
m — 2, which is even (odd) when m is even (odd), such that
y(k)<t)y(t) 207 fork:07 1""717
(=) Ry B (y(t) >0, fork=1+1,...,m.
Lemma 4.5. Assume that 2(t) is an eventually positive (negative) solution of (|1.1))

such that y(t) = x(t) — pz(t —r) > 0 (< 0) eventually. Then Ary(t) > 0(<0) and
A™=1y(t) > 0(< 0) hold eventually.

Proof. Suppose z(t) > 0 and y(¢) > 0 hold eventually. Due to g(t) < t, ¢'(t) > 0
and (1.2)), there exists a t; > to such that xz(g(t)) > 0 for all ¢ > t;. Further, (1.1))
becomes

ATy(t) + f(t,z(g(t))) = 0.

According to (L.3), f(t,z(g(t))) > q(t)z(g(t)) > 0 for t > t; hold. Therefore,
Ay(t) < —q(B)e(g(t)) <0 (4.1)

for all large enough ¢, namely, A”y(t) < 0 eventually. By Lemma h could
be odd with 1 < h < m — 1. For all cases, we could obtain A,y(t) > 0 and
Am=ly(t) > 0 eventually. If z(t) < 0 and y(¢) < 0 hold eventually, then
becomes ATy(t) > —q(t)z(g(t)) > 0. Applying Lemma to —y(t), we obtain
ALy(t) < 0 and A™1y(t) < 0. O

Lemma 4.6. Let the hypothesis of Lemma be satisfied. Moreover, let G(t) be
defined by (2.1)). Set

t+7 t14+T tom_o+T tp—1+7T
u(t) = / dty / dty. .. / dtm—1 / y(a) do.
t t1 t t

m—2 m—1
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Then u satisfies u™ (t) = A™y(t) < 0 (> 0), u(t) > 0 (< 0), v/(t) > 0 (< 0),
umD (1) > 0 (< 0), A™ tu(t) > 0 (< 0), and

k
AT u(t) +q(t) u(g(t) — kr) Y _p’ <0(=>0)
i=0
for each fized number k and for all large enough t.

Proof. Suppose z(t) > 0 and y(t) > 0 hold eventually. According to the definition
of u(t) and (&.1)), we can see that u(t) > 0, ul"™(t) = A”y(t) < 0 and

ATy () + q(t)z(g(t)) <0 (4.2)

for sufficiently large ¢. Taking into account the definition of y(t), we have
ATy(t) +q(t)(y(g(t)) + pa(g(t) — 7)) <O.

By repeating the above process k times, we deduce

t) +qt Zpy ) —ir) +q(t)p*a(g(t) — (k+1)r) <0.

Therefore, since g(¢ )p’”lx( t) — (k+ 1)r) >0, it follows that

) +q(t Zp y(g(t) —ir) <O0.
Furthermore,
u(m )+ q(t Zp y(g(t) —ir) <O0. (4.3)

Then, for large enough ¢, the assumptlons on g and q give

t+7 s1+7 Sm—2+T Sm—1+T
/ dsy / dSm—2 - . / dsm—1 / y(g(0) —ir)q(0) do
t

Sm—2 Sm—1

S14+T1
>  min } d51 dSm—o ...
tSlSt-&-mr

Sm—o+T S — 1+'r
x / dsm_1 / y(g(0) — ir) do

Sm—2 Sm—1

g(t+7) . g(g™ (s1)+7) . )

> min {q()} / (g~ (51))ds1 / (g7 (52)) dss ...
g(t)
+7)

t<Ii<t+mr 51

9(97 (sm-2) L . (97 (sm—-1)+T7) ' L .
X/ (gi (Sm—l)) dsm—l/ y(@—zr)(g’ (0)) do

m— m—

L N g(t) s1+T
> i i -
> i, A0y min G ON)" [ e [

Sm—2+T Sm—1+T
x/ dsm_l/ y(0 — ir)df

Sm—2 Sm—1

> . . —1 /o sAm s
> i {gO}( _min (g7 () min)"u(g(r) — ir)

> q(t)ulg(t) —ir).
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Thus, integration on both sides of (4.3 @ gives

t)+q(t Zpu ) —ir) <0. (4.4)

According to the definition of u(t), the equahty

t+7 to+7 tm—2+T tm—1+T
t t2 t'm72 tnzfl

holds. Then it follows from Lemma [£.5]that u/(¢) > 0. Similarly, we have
t+T1
u™ V(1) = / A 1y(0)do
t

so um=1(t) > 0 from Lemma 4 Hence,

t+7 t1+T tm—2+T
ALt / dty / / u™= D (9)df > 0.
ty

7n 2
Further, (4.4) implies
k
ATu(t) + glt)ulg(t) — k) S <0

for each fixed natural number k and for all large enough ¢. If 2:(¢) < 0 and y(t) < 0
hold eventually, then u(t) < 0, u(m) (t) = ATy(t) > 0 and ATy (t) +q(t)x(g(t)) >
for large enough t. Moreover, ) becomes

) +q(t Zp y(g(t) —ir) >0
and (4.4]) becomes
)+ gt Zp u(g(t) —ir) > 0.

That u'(t) < 0 and u(™~D(¢) <0 follow from Ary(t) < 0and AT 1y(t) < 0. Then
A" yu(t) < 0 follows from the integration of u(™~1)(t). Since u(t) is decreasing,
each u(g(t) — ir) can be replaced by u(g(t) — kr) in the above inequality. O

5. PROOFS OF THE MAIN RESULTS

Proof of Theorem[2.]. Let z(t) be a solution of (1.1)) satisfying z(¢) > 0 and z(¢) —
pz(t —r) > 0 for all large ¢. Let y(t) be as in Lemma 4.5 and u(t) be as in Lemma
[4:6] Furthermore, for any positive integer k, we have

k

ATu(t) + q(t)ulg(t) — kr) Y p' <0,

i=0
where u(g(t) — kr) > 0. Define the Riccati transformation by
ATyt
o(t) = Tiw
u(g(t) = kr)
Notice that v(t) > 0. Moreover we deduce
Asv(t) =v(t+7)—ov(t)
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AP lu(t+7) AP lu(t)
u(g(t+7) —kr)  ulg(t) - kr)
u(g(t) — kr) AT Yt + 1) —u(g(t + 7) — kr)A™ Lu(t)
u(g(t +7) — kr)u(g(t) — kr)
ulg(t) = kAT u(t + 1) + ulg(t + ) — kr) (Au(t) — AP u(t + 7))
u(g(t +7) — kr)u(g(t) — kr)
ATu(t) ATt +7)Au(g(t) — kr)

= g — k) ulg(t) — kyulg(t+ 1) — kr)
IO Arulg(t) — kr)
< —q(t) Zz:;p —v(t+ T)W

k
<—q(t)) »"
i=0
Therefore, there exists a t; > ty such that
k
Arv(ty + §7) + gt + 47) > ' (5.1)
i=0

Summing both sides of (5.1)) from 0 to n, we have

'Mﬁ

k
v(ty + (n+1)71) —v(t) + > _p' > q(ts +j7) 0.
=0 7=0

Thus

Zp Z (tr +j7) < o(tr) <

i=0 =0

which leads to a contradiction to (2.2). If z(t) is a solution of satisfying
z(t) < 0 and y(t) < 0 eventually, from Lemmas and the above argument
about v(t) is still valid and also leads to a contradiction. Therefore, the conclusion
of the theorem holds. O

Proof of Theorem - According to Theorem. 2.1} if (2.2 . ) holds, we have that every
solution z(t) of ([L.1)) is either oscillatory or for any T' > tg, there exists one to > T
such that |x(t2)| § p|9:(t2 — 7).

Assume that has an eventually positive solution z(t) such that y(t) =
z(t) — pz(t — 7) is not oscillatory. Then from Theorem we deduce that y(t) < 0
for all large enough t. Let z(t) = —y(t). Therefore, z(t) > 0 and

AT'z(t) — f(t,2(g(t))) =0.
Moreover,
AT'z(t) = q(t)z(g(t)) > 0
AT(t) — q(t)a(g(t)) > 0. (5.2)

For z(t), according to Lemma h is even. So Alz(t) > 0 for all even number
i with 2 <i <m — 2, and |AZz(t)| > 0 for all odd number j with 1 < j <m — 1.
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We show that A,z(t) < 0. Indeed, if A,z(t) > 0, then, since AZz(t) > 0, we
may assume A, z(t; + k7) > 1 > 0 for a large enough ¢; and all k € N. Then

d
S Azt +iT) = z(t 4+ (d+ 1)7) = 2(t) = (d+ 1)L
i=0
Let d — oo, then z(t; + (d+ 1)7) — +oo. We have lim;_, o, (t) = 0 by repeating
x(t) < px(t—r) for 0 < p < 1. Thus, by the definition of z(¢), we have lim;_, o, 2(t) =
0 which contradicts z(¢; + dr) — +00 as d — co. Thus, A, z(t) < 0.
So, according to Lemmaagain, h = 0. Thus, A% z(¢) > 0 for all even number
i with 2 <i <m —2, and AZz(t) < 0 for all odd number j with 1 < j <m — 1.
Notice (t) = (z(t +7) + 2(t + r))/p. Hence, from (5.2)), it follows that

AT () ‘ﬁf)z@(t) ) — q;f)mg(t) >0,

and further

AT~ 1) - +(a(t) + ir) - q}f}?x(m k) >0
=1
So,
ko1
AT(0) = a(t) 3 - 29(0) +ir) >0 (5.3)

since z(g(t) + kr) > 0. Let

sﬁ»'r Sm_2+T t+sm_1+T7T
/ dsl/ / dsm_l/ 2(0)d6.
Sm— t+sm—1

m—2

Then we have «(™)(t) > 0 and u(t) > 0. Since

S1+‘r Sm—2+T
/ dsl/ / A z(t+ Sm—1)dSm—1,
Sm—2

then A, z(t) < 0 implies u/(t) < 0. Moreover, u(!)(t) > 0 for all even number 7 with
2<i<m-—2,and u(j)(t) < 0 for all odd number j with 1 < j <m — 1.
Integrating (5.3)) and from the proof of Lemma replacing y(¢) by z(t), we

have
F o1
at) ) -sulg(t) +ir) > 0,

which leads to

i=1

Due to Zle 1/pt = (1 —p*)/(p¥(1 — p)), we deduce that
> ————q(t)u(g(t) + kr) > 0.

Ly ) ulo(t) + k)

Replacing k by ko and ¢ by ¢; + i7 in the above inequalities yield

1 — pho
ATty + i) > P

= po(1—p) q(t +iT)u(g(ts +i1) + kor).
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Summing up both sides of the above inequality for ¢ from s to n and since u/(t) < 0,
we have

1 _ n
A" Lyt 4 (n41)7) = AT Lt 4-57) > Tp—) u(g(ts+n7)+kor) > q(tr+ir),
which implies
1 — pho

pro(1—p)

due to A™ u(t) < 0. For the above inequality, we will reduce the order of Adu(t;+
sT) by rewriting it as AT u(t + (s + 1)7) — Al u(t + s7) for j = 1,2,...,n — 1.
Taking into account the fact that all even terms are positive and all odd terms are
negative, we will write off all the negative terms from the left hand side of this
inequality. It yields

— A"yt 4 s7) > u(g(ts +n7) + kor) Z (t1 +i7) (5.4)

1 — pho -
u(ty + s7) > ————u(g(ts + n7) + kor) » q(t; +i7).
pro(1—p) z:: (
Since g(t1 +n7) + kor < t1 +m17 and w is decreasing, by taking s = my, we obtain

n

u(ty + my1) > u(ty + mq7) ko 1 — Z (t1 +i7)

i.e.,
n

ko

_ o pr(1-p)
1=m1

This inequality contradicts (2.3). If xz(¢) is an eventually negative solution such

that y(t) is not oscillatory, then y(t) > 0 holds eventually. The above reasoning

with an obvious minor modification also leads to a contradiction. Therefore, for

every solution z(t), either x(t) or y(t) is oscillatory. O

Proof of Corollary[2.3 Without loss of generality, we suppose has an eventu-
ally positive solution x(t) such that y(t) = x(¢t) — pz(t — r) is not oscillatory. The
proof is the same as that of Theorem up to . By the same technique we
reduce the order of the difference on the left hand side of this inequality down to
the second order and it yields

u(g(ty +n7) + kor) Z gty + 7).

i=s

1 — pho

2
AZu(ty + sT) > o =)

Summing the above inequality for s from m; to n, we have

1
Aru(ti+(n+1)7)—Aru(t+myT) > k0<1p_ ) u(g(t1+nt)+kor) Z Zq (t14i7).

s=my i1=s

Due to Ayu(t) < 0, it follows from the above inequality that

1_

pko(l, o u(g(ty + n7) + kor) ZZ (t1 +i7),

Smllé

—Aru(ty +myT) >
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SO

1—p
u(ty +myt) > ko(lf p u(g(ty + n7) + kor) ZZ (t1 +47).

s=mj 1=s

According to g(t; + n7) + kor < t; + mi7 and u is decreasing, it follows that

1 — pho =
u(tl + m]_T) > m’u(t] + m]_T) Z (Z —my + 1)q(t1 + 7;7'),
i=’m1
ie.,
n ko
. _ y_p(l—p)
Z (i—my 4+ 1)q(t; +ir) < T
This inequality contradicts (2.4). Thus conclusion holds. O

Proof of Corollary[2.5 The proof is the same as that of Theorem up to ([5.4)).
We reduce the order of the difference at the left hand of this inequality down to
the Ith order as we did in the proof of Theorem [2.2] Since 1 <[ < m, [ is odd, we
obtain
! 1—ph -

—ALu(ty + s7) > mu(g(h +nr) +kor) Y qlty + i),
and if [ is even,
u(g(ty +n7) + kor) Y _ qlty +ir).

i=s

1 — pho

!
Az u(ty + s7) > Py T—

We can reach the same conclusion for the above two cases. Thus, we only give the
details of the proof when [ is odd. Summing up the above inequality for s from m;
to n, we have

- Al_lu(tl + (n+ 1)71) + ALYty + myr)
1—
p u(g(ty + nr) + kor) Z Zq (t1 +1i7).

>
ko (1 — 1)
po(l s=my i=s

Since Al=tu(t) > 0, the above inequality implies

1—p
Aty + myr) > ko(l_ - u(g(ts +n7) + kor) ZZq (t1 +i7).

s=my i=s

By repeating the above procedure, we obtain

u(ty +maT) > ]30(1_ 2 u(g(tys +n7) + kor) Z Z ZZ (t1 +97).

Mmo=m1 Mm3=mso s=m; i=s

Because g(t1 +n7) + kor < t; +m17 and u is decreasing, we have
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n

X Z %(i —my—1+ 1)@ —my—1+2)q(t1 + 2'7-))

i=my_1

Lt (S i) Y
- qlh +or
pre(l-p)\ & =,

x...(i7m2+(lfl)))

(l_ll)!(i—m2+1)(i—m2—|—2)

n

_ ko
:171’)(2 l(ifm1+1)(ifm1+2)X...(ifm1+l)q(t1+i7_)>,

pro(1 —p) \ I
1=m1
ie.,
1~ . P (—p)
i Z (i—mi+1)...(0—my +1)q(ty +i7) < T
i:ml
This inequality contradicts (2.5). Thus the conclusion holds. O

Proof of Theorem[2.7. The proof is similar to that of Theorem However, the
proof of the feature of z(¢) is different from that of Theorem due to p = 1. We,
hence, just give the proof about the feature of z(t). For z(t), by Lemma we
notice h could be even with 2 < h < m — 2. So Alz(t) > 0 for all even number i
with 2 <i <m — 2, and |AJ2(¢)| > 0 for all odd number j with 1 < j <m — 1.

If A;z(t) > 0, from the proof of Theorem[2.2] we have z(t;+dr) — 400 as d — oo
for some t; > to. Since p = 1, from 0 < z(t) < x(t—r), we know that x(¢) is bounded
on [tg,00). Thus, z(t) is bounded on [tg,00). This contradicts z(t; + d7) — +00
as d — oo. Thus, A,;z(t) < 0. So, according to Lemma again, h = 0. Thus,
Alz(t) > 0 for all even number i with 2 < i < m — 2 and A z(¢) < 0 for all odd
number j with 1 <j7 <m — 1.

The rest of the proof is as in Theorem replacing p*o(1 — p)/(1 — p*°) by
1/ko. O

The proofs of the following corollaries are very similar to those of Corollaries
2.5| except minor changes. Thus, we omit them.

Proof of Theorem[2.10} Suppose that z(t) is a bounded eventually positive solution
of (2.2). The proof of Theorem is then still valid for Theorem subject to
a few obvious minor changes. Therefore, we omit the proof of the results following

equation (1.1) with p > 1. O
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