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GLOBAL EXISTENCE FOR SEAWATER INTRUSION MODELS:
COMPARISON BETWEEN SHARP INTERFACE AND
SHARP-DIFFUSE INTERFACE APPROACHES

CATHERINE CHOQUET, JI LI, CAROLE ROSIER

ABSTRACT. We study seawater intrusion problems in confined and unconfined
aquifers. We compare from a mathematical point of view the sharp interface
approach with the sharp-diffuse interface approach. We demonstrate that, if
the diffuse interface allows to establish a more efficient and logical maximum
principle in the unconfined case, this advantage fails in the confined case.
Problems can be formulated as strongly coupled systems of partial differential
equations which include elliptic and parabolic equations (that can be degener-
ate), the degeneracy appearing only in the sharp interface case. Global in time
existence results of weak solutions are established under realistic assumptions
on the data.

1. INTRODUCTION

In coastal zones, which are densely populated areas, the intensive extraction of
freshwater yields to local water table depression causing sea intrusion problems.
In order to get an optimal exploitation of fresh water and also to control seawater
intrusion in coastal aquifers, we need to develop efficient and accurate models for
simulating the transport of salt water front in coastal aquifer. We refer to the
textbooks [ Bl [7] for general information about seawater intrusion problems.

We distinguish two important cases: the case of free aquifer and the one of con-
fined aquifer. In each case, the aquifer is bounded by two layers with lower layer
always supposed to be impermeable. The upper surface is assumed to be imper-
meable in the confined case and permeable in the unconfined case (the interface
between the saturated and unsaturated zones is thus free).

The basis of the modeling is the mass conservation law for each species (fresh
and salt water) combined with the classical Darcy law for porous media. In the
present work we essentially have chosen to adopt the simplicity of a sharp inter-
face approach. This approach is based on the assumption that the two fluids are
immiscible. We assume that each fluid is confined to a well defined portion of the
flow domain with a smooth interface separating them called sharp interface. No
mass transfer occurs between the fresh and the salt area and capillary pressure’s
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type effects are neglected. This approximation is often reasonable (see e.g. [4] and
below). Of course, this type of model does not describe the behavior of the real
transition zone but gives information concerning the movement of the saltwater
front.

Following [I0], we can mix this abrupt interface approach with a phase field
approach (here an Allen—Cahn type model in fluid-fluid context see e.g. [1L 2 8] 12])
for re-including the existence of a diffuse interface between fresh and salt water
where mass exchanges occur. We thus combine the advantage of respecting the
physics of the problem and that of the computational efficiency. The same process
is applied to model the transition between the saturated and unsaturated zones in
unconfined aquifers.

From a theoretical point of view, in the unconfined case, two advantages resulting
from the addition of diffuse areas compared to the sharp interface approximation
are stated in [I1]:

o If diffuse interfaces are both present, the system has a parabolic structure, so it
is not necessary to introduce viscous terms in a preliminary fixed point for treating
degeneracy as in the case of sharp interface approach.

e The main advantage is that we can now demonstrate a more efficient maximum
principle and logical from the point of view of physics, which can not be established
in the case of sharp interface approximation. (see for instance [13, [16, [19]).

However the latter is no longer valid in the confined case. Indeed, we need
to assume a freshwater thickness strictly positive in the interior of the aquifer to
ensure uniform estimation in the L? space of the gradient of the freshwater hydraulic
head. This artificial condition is always necessary in the case of diffuse interface.
The maximum principle is then identical in both cases (sharp interface and sharp-
diffuse interface).

The outline of this article is as follows. Section [ is devoted to models and
their derivation: we model the evolution of the depth h of the interface between
freshwater and saltwater and of the freshwater hydraulic head (in the confined case)
and of depths h and hq, the interface between the saturated and unsaturated zone
(in the unconfined case). The resulting models consist in a system of strongly and
nonlinearly coupled PDEs of parabolic type in the case of free aquifer and a system
of strongly and nonlinearly coupled PDEs of elliptic-parabolic type in the case of
confined aquifer. In section |3| all mathematical notations are stated and global in
time existence results are established in the two following cases: the confined case
with sharp-diffuse interface approach and the unconfined case with sharp interface
approach. The section [d] is devoted to the proof of the existence results: we apply
a Schauder fixed point strategy to a regularized and truncated system then we
establish uniform estimates allowing us to turn back to the original problem.

2. MODELING

Introducing specific index for the fresh (f) and salt (s) waters, we write the mass
conservation law for each species (fresh and salt water) combined with the classical
Darcy law for porous media. Hydraulic heads ®;, i = f, s are defined at elevation
z by
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where P; denotes the pressure. The Darcy law relating together the effective velocity
q; of the flow and the hydraulic head ®; reads:

G =—KV(@®), K =""9 (2.1)
i
Characteristics p; and p; are respectively the density and the viscosity of the fluid,
K is the permeability of the soil and g the gravitational acceleration constant. The
matrix K; is the hydraulic conductivity. It expresses the ability of the ground to
conduct water, K; is proportional to x the permeability of the ground which only
depends on the characteristics of the porous medium and not on the fluid.
At this point, using , we derive from the mass conservation law for each
species (fresh and salt water) the following model:

Si0:®; +V-qi=Qi, ¢ =—-KV®;, K;=kgp;/p.

The coefficient of water storage S; (i = f,s) characterizes the workable water
volume. It accounts for the rock and fluid compressibility. In general, this coeflicient
is extremely small because of the weak compressibility of the fluid and of the rock.
In the present work, we choose to neglect it but we emphasize that, in the case of
free aquifer, S;0,®; is of order of ¢0; Py, with ¢ the porosity of the medium.

Let us now exploit Dupuit approximation which legitimates the upscaling of the 3D
problem to a 2D model by vertical averaging. We integrate the mass conservation
law between the interfaces depths h and h; in the fresh layer and between h and
the lower topography hs , in the salty zone. The averaged mass conservation laws
for the fresh and salt water thus read

Sfoatéf = V’ . (BfoVI(i)f) — qf|z:h,1 . V(Z — hl) + qf|z:h . V(Z - h) + Bf@f,
(2.2)

V(Z - h2) - qs’z:h ) V(Z - h) + BSQS)
(2.3)

SsBsatés = v/ ' (Bsksvl(i)s) + qs‘

Z:h2 ’

where V' = (0y,,0z,). The coefficients By = hy — h and By = h — hy denote the
thickness of the fresh and salt water zones and ®;, i = f, s, the vertically averaged
hydraulic heads

h1 1 h

pdz and @, = = [ ®.d.
By ),

Y —
T~ By ),

The source terms Q;, i = f, s represent distributed surface supplies of fresh and salt
water into the aquifer. Besides sharp interface assumption implies the continuity
of the pressure at the interface between salt and fresh water, it follows that

(1+a)d, =y +ah, a=2_1 (2.4)
Pr
Here the parameter o characterizes the densities contrast. Equation allows us
to avoid @, in the final system.
Our aim is now to include in the model the continuity properties across interfaces
in view of expressing the four flux terms in —. First, since the lower layer
is impermeable, there is no flux across the boundary z = hs:

ds|z=hy * V(Z - h2) = 0. (25)
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In the same way, in the case of confined aquifer, the upper layer is impermeable,
thus

Qf\z:hl . V(Z — hl) =0. (26)
At the interface between fresh and salt water, we present the two following ap-
proaches:
e Sharp interface approach. With the traditional sharp interface characterization,
there is no mass transfer across the interface between fresh and salt water, i.e. the
normal component of the effective velocity ¢ is continue at the interface z = h,

(qf\;:h_g).ﬁ:(%‘ff”—ﬁ)-ﬁ:(),

where 77 denotes the normal unit vector to the interface. Thus we obtain
qf|z=h " V(Z - h) = qs|z=h * V(Z - h) = ¢8th (27)

e Sharp-diffuse interface between fresh and salt water. This approach includes
now existence of miscible zone, taking the form of diffuse interface of characteristic
thickness § between fresh and salt water. Upscaling the 3D-dynamics of the diffuse
interface assumed ruled by a phase field model, we obtain the following continuity
equation instead of (see [I0] for more details about the derivation of this
equation):

qf|z=h " V(Z - h) = Qs|z=h " V(Z - h) = ¢(8th - 5A/h) (28)
The same approach for the capillary fringe in the unconfined case yields
Qf\z:hl . V(Z - hl) = (ﬁ(@ﬂll — 5A/h1) (29)

Finally, the following assumptions are introduced for sake of simplicity in the no-
tation. The medium is assumed to be isotrope and the viscosity the same for the
salt and fresh water, then
K,=(1+a)K;. (2.10)

We re-write models with some notational simplifications. The ‘primes’ are sup-
pressed in the differentiation operators in R? and source terms are denoted without
‘tildes’. We also reverse the vertical axis thus changing h; into —hq, h into —h, ho
into —hs, z into —z (bearing in mind that now B, = ho — h, By = h — h1).

In the case of confined aquifer, the well adapted unknowns are the interface
depth h and the freshwater hydraulic head ®;. We set aK ¢t = K and P r = af.
The final model then reads

=V (K(h2 = h))Vf) + V- (K(h2 = h)Vh) = ByQf + B,Qs,
d)% + V- (K(hy = h)Vf) = V - (K (hy — h)Vh) — 36,V - (V1) = —B,Q..

The coefficient 3 is equal to 0 in the case of sharp interface and to 1 in the case of
sharp-diffuse interface.

In the case of an unconfined aquifer, the unknowns are the interfaces depths
h and h;. Since quantities h and h; are only meaningful inside the aquifer, we
introduce in the final model h™ = sup(0,h) and h{ = sup(0,h;). Neglecting the
storage coefficient Sy and introducing the characteristic function Xj on the interval
(0, +00), the sharp-diffuse interface model reads

$Xo(h1)0ihy =V - (K 1 Xo(h1)((h = h1) + (ha — h))Vha)
— BV - (00Kt Xo(h1)Vhy) =V - (Kfa(he — h)Xo(h)Vh) = —B; Qs — BsQs,
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oXo(h)Oth — V - (af(f(hz — h)Xy(h1)Vh) — BV - (66X (h)Vh)
— V- (K Xo(h1)(h2 — h)Vhi) = =ByQs.
Again the coefficient (3 is equal to 0 in the case of sharp interfaces and to 1 in the
case of sharp-diffuse interfaces.
In the previous two systems, the first equation models the conservation of total
mass of water, while the second is modeling the mass conservation of fresh water.

This is a 2D model, the third dimension being preserved by the upscaling process
via the depth information h and h;.

3. MATHEMATICAL SETTING AND MAIN RESULTS

We consider a bounded and open domain Q of R? describing the projection of
the aquifer on the horizontal plane. The boundary of €, assumed C!, is denoted
by I'. The time interval of interest is (0,7"), T being any nonnegative real number,
and we set Qp = (0,7") x .

3.1. Some auxiliary results. For any n € N* and any p € (1, +00), let W™P(Q)
be the usual Sobolev space, with the norm ||¢[lwn.r) = Dy enz acn 10%¢lLr (@)
For the sake of brevity we shall write H*(Q2) = W2(Q) and

V=H}Q), E=H}Q)NL>®Q), H=L*Q).

The embeddings V € H = H' C V' are dense and compact. For any T > 0, let
W(0,T) denote the space

W(0,T) := {w € L*(0,T;V), dw € L*(0,T;V")}
endowed with the Hilbertian norm ||w||w (0,7 = (||w||2L2(07T;V) + HatWHZH(o,T;V/)) 1/2
The following embeddings are continuous [I5, prop. 2.1 and thm 3.1, chapter 1]
W(0,T) c C([0,T]; [V, V']12) = C([0, T]; H)

while the embedding
W(0,T) c L*(0,T; H) (3.1)

is compact (Aubin’s Lemma, see [18]). The following result by Mignot [14] is used
in the sequel.

Lemma 3.1. Let f: R — R be a continuous and nondecreasing function such that
limsup| s 4 o0 [F(A)/A] < +o0. Letw € L*(0,T; H) be such that diw € L*(0,T; V")
and f(w) € L*(0,T;V). Then

(Ow, flw)hv v = (Z/Q(/OW(W) f(r) dr) dy in D'(0,T).

Hence for all0 <t; <ty <T,

to w(t27y)
| <ows@vvar= [ ([ 7 swyar)dy.
t1 Q Mw(t,y)

3.2. Main results.
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3.2.1. Case of confined aquifer. We focus here on models in confined case. We aim
giving existence results of physically admissible weak solutions for these models
completed by initial and boundary conditions. We consider that the confined aquifer
is bounded by two layers, the lower surface corresponds to z = h; and the upper
surface z = ho. Quantity ho — hy is the thickness of the groundwater, we assume
that depths hq, hy are constant, such that hy > 6; > 0 and without lost of generality
we can set h; = 0. We introduce functions 7 and Ty defined by

u u e (51,h2)

Ty(u) =hy —u Yu€ (6;,hs) and Tf(“):{o u <8

Functions T and Ty are extended continuously and constantly outside (d1, he) for
T and for u > ho for Ty. T,s(h) represents the thickness of the salt water zone, the
previous extension of T for h < §; enables us to ensure a thickness of freshwater
zone always > 07 in the aquifer. We also emphasize that the function 7 only acts
on the source term @y for avoiding the pumping when the thickness of freshwater
zone is smaller than ;. Then we consider the following set of equations in Qp:

$Oh — V - (KTs(h)Vh) V. (ﬂdgth) YV (KTs(h)V f) — —Q.T,(h), (32)

-V (thv f) +V- (KTS(h)Vh) = Q;Ty(h) + Qs T(h). (3.3)
This system is complemented with the boundary and initial conditions:

h=hp, f:fD iHFX(O,T), (34)
h(0,z) = ho(z), in Q,

with the compatibility conditions
ho(z) = hp(0,z), zel.

Let us now detail the mathematical assumptions. We begin with the characteris-
tics of the porous structure. We assume the existence of two positive real numbers
K_ and K, such that the hydraulic conductivity tensor is a bounded elliptic and
uniformly positive definite tensor:

0<K_[(P < 3 Ko@) <Ky e <oo zeQ R €40,

i,j=1,2

We assume that porosity is constant in the aquifer. Indeed, in the field envisaged
here, the effects due to variations in ¢ are negligible compared with those due to
density contrasts. From a mathematical point of view, these assumptions do not
change the complexity of the analysis but rather avoid complicated computations.

The source terms Q¢ and @ are given functions in L?(0,T; H) such that Q, < 0.
Notice for instance that pumping of freshwater corresponds to assumption @ < 0
a.e. in Q x (0,T). Functions hp and fp belong to the space (L*(0,T; H(2)) N
HY(0,T; (H*(€))")) x L*(0,T; H'(Q)) while function kg is in H*(2). Finally, we
assume that the boundary and initial data satisfy conditions on the hierarchy of
interfaces depths:

0<d <hp <hy ae. ian(O,T), 0< 6y <hyg<hy a.e. inf.

We state and prove the following existence result.



EJDE-2015/126 SEAWATER INTRUSION MODELS 7

Theorem 3.2. Assume a low spatial heterogeneity for the hydraulic conductivity

tensor:

K <K, < gK,.

Then for any T > 0, problem — admits a weak solution (h, f) satisfying
(h—hp, f — fp) € W(0,T) x L*(0,T; H}(Q)).
Furthermore the following maximum principle holds
0< 01 <h(t,x) <hg forae x€Q and for anyt < (0,T).

Theorem is proven in [I6] in the degenerated case 3 = 0. The main difficulty
is the handling of the degeneracy since the classical Aubin’s Lemma can not be
applied. Furthermore, we need to assume the thickness of freshwater zone > §; > 0
inside the aquifer to ensure an uniform estimate in L? space of the gradient of fresh
water hydraulic head f.

With the additional diffuse interface (corresponding to the case § = 1), the
system has a parabolic structure, it is thus no longer necessary to introduce viscous
terms in a preliminary fixed point step for avoiding degeneracy . But we still need
to impose a freshwater thickness strictly positive inside the aquifer to prove an
uniform estimate of the gradient of f since the presence of the diffuse interface
does not allow us to get this estimate. We can then establish the same maximum
principle for the sharp interface approximation than for that of the diffuse interface.

3.2.2. Case of unconfined aquifer. We focus now on the unconfined case. f(f is now
denoted by K and we set a = 1. We assume that depth hso is constant, ko > 0. We
distinguish the two approaches as follows :

e 3 = 0. We define functions T, and T by

hy — € (0,h
Ts(u)_{02 ’ u“<0( ? Tp(u) =u, Yu€ (61,hs).

Function T is extended continuously and constantly for v > hy and T} is ex-
tended continuously and constantly outside (1, h2). This condition on Ty imposes
a thickness of freshwater always > 0; inside the aquifer.

e 3 =1. We define functions T, and Ty by
Ts(u) = hy —u, Ty(u)=u, forue (0,hs)

and Ts and Ty are extended continuously and constant outside (0, ha).
Then we consider the following set of equations in Qr,

$Oh — V- (KTs(h)Vh) —v. (ﬂégth) V. (KTs(h)Xo(hl)Vhl)

= —Q.T.(h), o0
$Ohy — V - (K (Tf(h — hy) + Ts(h))Vhl) -V (ﬂ5¢Vh1>
~Vv. (KTs(h)Xo(hl)Vh) (3.7)

= —Xy(hy) (Q,-Tfm —h1) + QsTs(h))'

Notice that we do not use h™ = sup(0,h) and h{ = sup(0, h;) in functions 7
and Ty because a maximum principle will ensure that these supremums are useless.
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Likewise, we have canceled the terms Xy(h) (resp. Xo(h1)) in front of 9;h and
Vh (resp. Oihi). System (3.7) is completed by the following boundary and initial
conditions:

h=hp, hi=h,p inlx(0,T), (3.8)
h(0,z) = ho(z), h1(0,2) =hi1o(z) inQ,
with the compatibility conditions
ho(z) = hp(0,2), hio(x)=h1,p(0,2), xel.

We make the same mathematical assumptions than above for the porosity and
the hydraulic conductivity tensor K but we do not make any assumptions on the
sign of the source terms @) and @;. Functions hp and h; p belong to the space
L2(0,T; HY(Q)) N HY(0,T; (H'(2))’) while functions hg and hyo are in H'(Q).
Finally, we assume that the boundary and initial data satisfy physically realistic
conditions on the hierarchy of interfaces depths:

0 S hl,D S hD S hg a.e. in I' x (O,T), 0 S h’l,O S ho S hQ a.e. in .
Now we state and prove the following existence result.

Theorem 3.3. Assume a spatial heterogeneity for the hydraulic conductivity ten-
sor:

8
Ky <2\/7K_, 0<7<§.
Then for any T > 0, problem (3.6))-(3.9) admits a weak solution (h,hy) satisfying
(h— ho, by — hyp) € (L2(0,T; H(Q)) x L2(0, T HY(©)) 1 H(0, T3 (HY()')?
Furthermore the following maximum principle holds,
e I[f3=0,0< hi(t,z) and 0 < h(t,x) < hy ae. = € Q and for any
te(0,7).
o If3=1,0<hyi(t,z) < h(t,z) < hs a.e. x € Q and for any t € (0,T).

Theorem is proven in [I1] in the non degenerated case § = 1, with condition
K_ < Ky < 5K_ on the spatial heterogeneity for the hydraulic conductivity. We
aim to give an existence result of weak solutions for this model when 8 = 0. We
introduce a viscous term depending on a parameter € in the preliminary fixed point
step for avoiding degeneracy. We again suppose the thickness of freshwater zone
> §; > 0 inside the aquifer to ensure an uniform estimate in L? of the gradient
of hy. But, since € is expected to tend to zero, we only can establish a weaker
maximum principle without hierarchy between h; and h .

Remark 3.4. We can prove Theorem [3.2] without any restrictions on the sign of
the source terms Q5 and @, but in this case, we have to impose assumptions on
additional leakage terms ¢z and qrs like in [I1].

Depths hy and ho are assumed to be constant for sake of simplicity but the proof
extends directly to h; € L (), i =1,2.

Next section is devoted to proofs of Theorem for § = 1 and of Theorem
for B = 0. Let us sketch our strategy. First step consists in using a Schauder
fixed point theorem for proving an existence result for an auxiliary regularized
and truncated problem. More precisely, in the unconfined case, we regularize the
equations by adding a viscous term and we also regularize the step function A with
a parameter € > 0. Furthermore we introduce a weight based on the velocity of
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the fresh front in the two equations. We show that the regularized solution satisfies
the maximum principles announced in Theorem and in Theorem We then
prove that we have sufficient control on the velocity of the fresh front to ignore the
latter weight. We finally show sufficient uniform estimates to let the regularization
€ tends to zero.

4. PROOFS

4.1. Proof of Theorem [3.2]
Step 1: Existence for the truncated system. Let M be a positive constant to be
determine later. For x € R, we set

Ly/(z) = min (1, %)

Such a truncation Lj; was originally introduced in [I7]. It allows to use the following
point in the estimates hereafter.
For any (g,91) € (L?(0,T; H*(£2)))?, setting

d(gvgl) = *Ts(g)LM(||v91||L2(QT)2)Vgl’
we have
d(g, 91) | L2 0,7:m) = ITs(9) Lar (IV 911l £2(22)2) V1| L2 (20)2 < M.

Now, we denote L ([ Vg1l r2(az)2) by Las([[Vg1llr2). The variational formulation
of the problem under consideration involves the two following integral equations:

T
/ ¢<6th, w>V,V’ + 6¢Vh - Vw
0

Qr

Qr

+ QSTS(h)w drdt=0,
Qr

/ ho KV f - Vwdz dt — / Ts(h)KVh - Vwdx dt
Qr Qr
(4.2)
— / (QsTs(h) + Q¢T¢(h))wdzdt =0.
Qr
For the fixed point strategy, we define the application
F L0, T; HH(Q)) x L*(0,T; H'(Q)) — L*(0, T; H()) x L*(0,T; H' ()
(Baf> _>]:(Baf7) = (fl(huf) :h)fQ(Baf) :f)a

where the pair (h,f) is a solution of next variational problem: for all w € V,

T
/ $Och, WYy + | 86Vh-Vuw +/ T.(h) (KVh Vw
0 Qr Qr
(4.3)
— Ly (|Vfll22) KV - Vw) dvdt+ | Q.Tu(R)wdzdt=0,
Qr
ho KV f - Vwdx dt — / Ts(h)KVh - Vwdz dt
or or (4.4)

_ /Q (QuT(R) + QTs (R))w da dt = 0.
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Indeed we know from classical parabolic theory (see e.g. [I5]) that the linear vari-
ational system (4.3)-(4.4) admits an unique solution. The end of the present sub-
section is devoted to the proof a fixed point property for application F.

Continuity of 7. Let (_h_",f_") be a sequence of functions of L2(0,T; H'(Q)) x
L2(0,T; HY(Q)) and (h, f) be a function of L2(0,T; H'(2)) x L(0,T; H'(2)) such
that
(hm, f7) = (b, f)in L2(0,T5 HY(Q)) x L*(0,T; H'(9)).

We set h, = Fi(h", f) and h = Fi(h,f). We aim showing that h, — h in
L?(0,T; HY(Q)).

For all n € N, h,, satisfies (4.3)). Choosing w = h,, — hp in the n-dependent
counterpart of (4.3]) yields

T
/ $Oh (i — hp).hy — By vt + / (06 + KTy(h"))Vhy, - Vh, da dt
0

Qr

= [ (@) Lasl19 ) KV SV ) ded,

Qr

T
7Qng(7Ln)(hn — hD) dQ} dt — / <8thDa hn — hD>V’,th
QT 0

+/ (8¢ + K Ty(h™))Vhy, - Vhp d dt
Qr

Function h,, — hp belongs to L2(0,T; V)N H(0,T;V’) and then to C(0,T; L*()).
Thus, thanks moreover to Lemma [3.1} we write

T
| 6004t~ bo)s (o = )yt = Sha . T) = |y = S lho — hoyucolhy
0

Also
/Q (5(;5 + KTs(i_L”))th -Vh, dzdt > 5¢||th||%2(0,T;H).

Then applying Cauchy-Schwarz and Young inequalities, for all e; > 0 we obtain
| / (66 + KTy(h™))Vh,, - Vhp da dt
Qr

< (00 + K1 ho)|[Vhal 220,00 IV ED | L2 (0,73 1)
(66 + K hy)?

€1 9
< §||th||L2(0,T;H) + 9,

IVhollZ2 0,78

] — | KT L (|V 7| 12) V™ - Vh,, da dt
Qr

< K+||d(hn7 .fn)||L2((),T;H) ||Vh7l||L2(O,T;H)

< MK hol|[Vhy 22(0,7:m5)

_ K3

2 €1 2
9, hs + §||th||L2(o,T;H)-

Since it depends on hp, the next term is simply estimated by
‘ KTy Loy (|V F*|| 12 ) V™ - Vhp da dt
Qr
< Ky ||d(h™, ™) 220,03 |ho |l L2 0,70
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< MK, he|lhplr2(0,1;m1)-

Finally we have

T
‘ —/ &(0thp, (hn — hp))v vdt
0

¢ 0¢ oo
< gHathD||2L2(o,T;(H1(Q))/) + ?thniz(O,T;V) + 7“hD||2L2(O,T;V)7
and
- HQS”%2 0.T:H 10}
‘ - 0 QSTS(hn)<hn —hp) dmdt‘ < *h% + §||hn - hDH%Q(O,T;H)'
T
Summing up all these estimates, after simplifications, we obtain

¢ o¢
S T) = hollf + (5~ e)IVhnlliz0.7:m)

¢ o [T Pd
< §||h0 — hpje=ollir + 2 ), |hn — hp |7 dt + ?”thiz(O,T;V)

+ ( ||Qs||%2(QT) n I(_Qi_M2
2(b 281

(4.5)

2
)h% + (0¢ + Ky ho)
1

e Yy

¢
+ g||3thDH%2(o,T;(H1(Q))/) + MK ho||hpllL20,7;m1)-

We choose €1 such that §¢/2 —e; > ¢y > 0 for some ¢y > 0. Relation (4.5)
with Gronwall lemma enables to conclude that there exists real numbers A, =
Ap (0,6, K, ho,hp, ha, Qs, M, T) and By = Ba(4,0, K, ho, hp, he,Qs, M, T) de-
pending only on the data of the problem such that

|AnllLoeo,msmy < Anry Bl L2070y < Bar- (4.6)

Hence sequence (hy, ), is uniformly bounded in L2(0,7; H*(Q)) N L>(0,T; H). No-
tice that the estimate in L°°(0,T; H) is justified by the fact that we could make
the same computations replacing 7' by any 7 < T in the time integration. In the
sequel, we set

Cyn = max(Ayr, Byy).
Now we prove that (9;(h,, — hp)), is bounded in L?(0,T;V").

[0¢(hs — hp)l[L2(0,73v7)

T
= sup ‘/ (0t (hnp th),w>v/7vdt’
<11Jo

”wHLQ(o,T;V),

T 1 _
= sup ‘/ —(Othp,w)y: ydt — 7</ (6¢+KTS(h"))th -Vwdz dt
lwll 2 0.2y <11 o o\ Jar
+ | KT Ly (VP 02) V- Vwdedt — [ Q.Tu(R™)w da dt) ‘
QT QT
Since

‘/ (6¢+KTS(H”))thVw dl‘dt‘ < (6¢+K+h2)||hn||L2(O,T;H1(Q))||w||L2(O,T;V)a
Qr
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and since h,, is uniformly bounded in L2(0,T; H*(2)), we write
‘ /Q (5¢ + KTS(E”)>th -Vwdx dt‘ < (6¢ + Kyho)COumllwl 20,0y (47)
T
Furthermore,

‘/ T e (|97 12) V" - Ve dt| < Mo 202,01, (4.8)
Qr

[ QI wdedt] < 1Qul o hallwliza oz (4.9)
Qr

Summing up (4.7)—(4.9), we conclude that

1
[0:hn |l L2(0,1v7) < p (||3thDH%2(o,T;(H1(Q))/) +0¢Cy
(4.10)

+ ha(K+Cos + M + | Qullz(ar)) ) i= Dar.

We have proved that (h,), is uniformly bounded in L?(0, T; H'(Q))NH' (0, T; V").
Using Aubin’s lemma, we extract a subsequence, not relabeled for convenience,
(hp)n, converging strongly in L?(Qr) and weakly in the space L?(0,T; H'(2)) N
H'(0,T;V’) to some limit denoted by £. Using in particular the strong convergence
in L?(Q7) and thus the convergence a.e. in Qr, we check that ¢ is a solution of
([4.3). The solution of being unique, we actually have £ = h.

It remains to prove that (h,,), actually tends to h strongly in L2(0,T; H*(Q)).
Subtracting the weak formulation to its n-dependent counterpart for the test
function w = h,, — h, we obtain

T
/0 @(O¢(hp, — h), hyy — h)yr vt
+ / (66 + KTu (™)) V(hy — ) - V(hy, — h) da dt
Qr
- / K (Tu(h™) — To(h))V (hy — h) - Vhda dt
Qr

Jr/Q K(TS(E”)LM(||Vf”\\L2)Vf" — Ts(l_z)LM(HVfHLz)Vf_) -V(hy, —h)dzdt
4 [ Q) ~ L) (o W)t =
Qr
o o (4.11)
Using assumption (h™, f*) — (h, f) in L?(0,T; H*(Q2)) x L*(0,T; H*())) and the
above results of convergence for h,,, the limit as n — oo in reduces to
lim (/ (86 + KT(h™)(hy — ) - V(h, — b didt) =0.
Qr

Due to the positiveness of K, we infer from the latter relation that
lim ( 86|V (hyy — B2 dadt + | K_Ty(h™)|V(hyn — h)|? da dt) <o0.
n=oo N Qr Qr

Hence Vh,, — Vh strongly in L?(0,T; H). Continuity of F; for the strong topology
of L2(0,T; H'(f2)) is proved.



EJDE-2015/126 SEAWATER INTRUSION MODELS 13

Continuity of 7. Likewise, we prove the continuity of 7, by setting f,, = Fo(h", ™)
and f = Fy(h, f) and showing that f, — f in L?(0,T; H'(Q2)). The key estimates
are obtained using the same type of arguments than in the proof of the continuity
of 1. We thus do not detail the computations. Let us only emphasize that we
can now use the estimate previously derived for h”™, thus the dependence with
regard to C)j in the estimate

an||L2(O,T;H1) < Ey = FM(QSa 53 K’ fD; h25QsanaMa CMaT) (412)

Conclusion. F is continuous in (L2(0,T; H'(Q2)))? because its two components F;
and F3 are. Furthermore, let A € R be the real number defined by

A = maX(CM, l)]v[,f?]w)7
and W be the nonempty (strongly) closed convex bounded set in (L2(0,7T; H'(£2)))?
defined by
2
W ={(g.9) € (L2, T: H () N H'(0,T:V")*; (9(0), 1(0)) = (ho, fo).
(g9lr, 91lir) = (hp, f); 1109, 9l (L2 (0,157 (@) H (0,13 1)) x L2 (0,151 (2)) < A}~

We have shown that F(WW) C W. It follows from Schauder theorem [20] cor. 9.7]
that there exists (h, f) € W such that F(h, f) = (h, f). This fixed point for F is a

weak solution of truncated problem (4.1})-(4.2).

Step 2: Maximum Principles. We are going to prove that for almost every x € Q2
and for all t € (0,7,

51 S h(t, (E) S hg.
First we show that h(t,x) < hg a.e. x € Q and for all £ € (0,T). We set

ho = (h—hy) " = sup(0,h — hy) € L*(0,T; V).

It satisfies Vhy, = X{n>hy VR and hy(t,z) # 0 if and only if h(t,x) > he,
where x denotes the characteristic function. Let 7 € (0,7). Taking w(t,z) =

hm(tvx)X(O,T) (t) in ’ yields
/ ¢<ath,hmx(0j)>vl,vdt+/ /5¢Vh~th+/ /KTS(h)Vh-thdxdt
0 0 Q 0 Q

+/0 /QKTS(h)LM(HVfHLa)Vf-thdxdt+/(J /QQSTS(h)hmdxdt:O;

(4.13)
that is,

¢<3th,hm>v’,vdt+/ /5¢X{h>hz}wh\2dl‘dt
0 Q

0

+/ /KTS(h)X{h>h2}|Vh|2dxdt
0_Js (4.14)

+/T/ KT,(h)Lar (IV £l 22) V f - Vhon (2, t) da dt
0 Q

+/0 /QQSTS(h)hm(ac,t)dxdtzo.
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To evaluate the first term in the left-hand side of (4.14)), we apply Lemma 1 with
function f defined by f(A\) = A — ha, A € R. We write

/OT SO, hyn )y ydt = g/@ (hfn(r,aﬁ) - h?n(o,x)) dz = g/gh?n(ﬂ z) dz,

since hp,(0,+) = (ho() — hg(-))+ = 0. Moreover Ts(h)X{n>n,) = 0 by definition
of T, the three last terms in the left-hand side of (4.14)) are null. Hence (4.14)
becomes

?/ h?n(r,a:) dr < —/ /5¢X{h>h2}|Vh|2 dx dt < 0.
2 Ja o Ja

Then h,, =0 a.e. in Q7.
Now we claim that §; < h(t,z) a.e. z € Q and for all ¢ € (0,T"). We set

h = (h—061)" € L*(0,T; V).

Let 7 € (0,7). We recall that h,,,(0,-) = 0 a.e. in Q thanks to the maxi-
mum principle satisfied by the initial data hg. Moreover, V(h — 61) - Vh,, =

X{5,—h>0}|V(h — 61)[%. Thus, taking w(t, z) = hy (2, )X (0, (t) in and

hy — &
22 Las (192 0. (1)

in (4.2) and adding the two equations gives

w(t,z) =

/T A(Oh, by (z, ) v v dt + /Q (6¢ + KTs(h))Vh - Vhy, drdt

TV 12) 9 - Vi de

ho — 1) Las(|[V £l 2) KNV f - Vhyy, dz dt

LM(||Vf||Lz)KVh Vhm da dt

" / (QsTs(h)(l— 20 Lt (19 )

-0
= QTy(h ) -

By definition of Ts(h), Ts(h)x{h<51} = ho — 01, we can simplify the above equation
as follows

%/ hfn(T,x)dx—F/ X{h<s,}0¢Vh - Vhdzdt
Q Q,

-0
</ Qfow)x{ml}(al—h) LtV |52) dade

+/Q (hy — 61)(1 — 121

.

Lar(IV £l )R )dmdt:O.

LM(HVfHLQ))X{h<51}KVh Vhdzdt

+ [ ol =002 81— o Lar((9f]12)) dade =0,
Q.

We first note that

— 01

-2

La([V£llz2)) = 0.
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Moreover, since T¢(h)X{n<s,} = 0 by definition of Ty and @, < 0, the previous
equation leads to

/ hZ (1, x)dx < 0
2 Ja
and then h,, = 0 a.e. in Q.

Step 3: Elimination of the auxiliary function Lj;. We now claim that there exist
a real number B > 0, not depending on M, such that any weak solution (h, f) € W

of problem (4.1))-(4.2)) satisfies
IVl a0 < B and |V fllzaorm < B. (4.15)
Taking w = h — hp (resp. w = f — fp) in (4.1) (vesp. (4.2)) leads to
T
/ $(h, b — hp)yr v dt + / (66 + Ty (R)K)Vh - V(h — hp) dz dt
0 Q

- /Q (T Las IV A 2KV f - V(b — hip) = QuTu(R)(h — hp)) derdi
and

/ hQKVf~V(f—fD)d£L'dt—/ Ts(h)KVh-V(f — fp)dxdt
Qr Qr

- /Q (QuTu()(f — f0) + QT3()(f — fp)) da dr.

Summing up the previous equations yields

g [(h— hp)2(T,2) — (h— hp)?(0,2)]dz + [ 8¢|Vh|? dz dt
Q Qr

+ | K_T.(h)|V(h—f)Pdedt+ | K_(hy—Ty(h)|Vf|? da dt

Qr Qr
+ , K_Ty(h)(1 = Ly ([[V£|22))|VR|? dz dt
T
< —/ ¢<8thD,h—hD>V/7vdt
0
+ /Q Ty(h)(1 = Las([V £]112))Kh - V(b — f) da dt
+/ 5¢Vh-Vhdedt+/ To(h)KV(h — f)-Vhp dxdt
Qr Qr
+/ T.(R)(1 — Lar (V|| 22)) KV f - Vhp dz dt
Qr
—/ (Ts(h) — ho) KV f - V fp da dt
Qr

—/ T,(WEKV(h— f) -V d:cdt—i—/ T,(R)KVh -V fp dz dt
Qr Qr

+ [ QT(R)[(f = h)+ (hp — fo)ldzdt + [ Qsh(f — fp)dxdt
Qr Qr
2211+I2+I3+I4+I5+16+I7+Is+19+.[10.
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Using the Cauchy-Schwarz and Young inequalities, we obtain
\11] < @l0shpllL20,7,vH) 1R — hpllL20,7,v)
< @l9:hpllz20,0,v (VR L200,1522(0)) + IVAD L2(0,7522(2)))

3¢ )
< F||Vh||2L2(O,T;L2(Q)) + 275||3thD||2L2(o,T,V/) + §||3thDH2L2(o,T,V/)
)

+ §||VhD||2L2(O,T,V/)’

Bl < Ko ([0 = a9l O doar)

Qr

y (/Q Ts(h)|V(h—f)|2dxdt>1/2

= KJ(/Q ()1 = Las IV £122)) VA da dt

+ K;(/Q TV (h— ) ddt),

|| qu&(/g |Vh|2d:cdt)1/2</ |VhD|2dxdt>l/2
T

< %b |Vh|? de dt + —- 30¢

|Vhp|? dz dt,
QT T

1/2 1/2
4] §K+</Q Ts(h)|V(h—f)|2dxdt) (/Q hQ\VhD|2dxdt)

T

<L [ - pdedt+
12 Jo,

1 < Ko (( [ 21w g ) "

([ - a9 IvaP dsar) ) ([ 1Vho dzan

Qr

6K2hy
2K

/ Vhp|? de dt,
Qr

_ K-
<15 To(h)|V(h = [)|* da dt
K_ 6ho K2
+ﬁ/ To(R)(1 = Las (V]| 22))|VA|? dz dt + [2( +/ |Vhp|? dz dt,
— QT

|IG|§K+\/E(/Q (ho — T, ())|Vf‘2dxdt> 2(/9 |VfD‘2da;dt)1/2

K_ 2 3h2K2
< - T Vf dx d +

1 < Koa(( [ 29— pRarar) ([ vpoasar)”

K
_12

| WPz
Qr

6hy K2
S(h)\v(hff)|2dxdt+ 2 */ IV fp|? dx dt,
2K Jq,
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1/2
|Ig|§K+h2(/ \Vh\zdxdt)l/Q(/ |VfD|2dxdt)
QT QT

3h2K2
<%¢ IVh|? do dt + =2

Vfp|?dzdt,
Qr 200 Jor Vol

o] < hol|Qs|lL2 (0,760 1k — hp 220,70y + 1 f = fDllL200,758))
< ha||Qs|l 20,750y ([1h = hpllL20,1:m) + CpllV(f = fo)ll20,1:0))

¢ h3
<= | (h=hp)dudt+ 2—2||Q3||2L2(07T;H)
Qr o}
HEK_ ) 3C2h3
dz dt . ‘
+ 6 Jo, IVfI* dvdt + 95, K_ Qs 220,71

+ ha||Qsllz20,1:m) Cpll V f D L2 (0,7:H) 5

[T10| < hal|Qsl 20,11 f — follL2(0.7:m)
61K 5 3C2h3
< dodt + 22720, .
< o [V f|* dxdt + 56, K Qs L2 (0,11

+ ha||Qs 20,7 Cp IV [ D | 20,15 1) -

Since 61 < h < hg a.e. in Qp, it follows that Ts(h) — ha = h > 67 and then

K_
o / IV f|2 da dt
Qr

O (h = hp)2(r,a)de + ‘Ld’/ VP2 de dt +
2 Qr 2 Qr

+ /QT wn(h)w(h — PP dzdt

11K_ — 6K
+ | B = L1V 12)) VP e

S ? (h—hD)2dl'dt+C(h275761ah0ahvaDan?Qs)
Qr

Now we apply the Gronwall lemma and we deduce that there exists a real number
B, that does not depend on M, such that

Hh”L""(O,T;H)OL2(O,T;H1(Q)) < B and Hf||L2(07T;H1(Q)) < B.

In particular, ||V f||12(.)> < B and this estimate does not depend on the choice
of the real number M that defines function Ljy;. Hence if we choose M = B, any
weak solution of the system

b0k — V- (56Vh) =V - (KTy(h)Vh) +V - (KT, () L(IV 1)V f)
= 7Q5Ts(h)7
—V - (KhoVf) + V- (KTs(h)Vh) = QsTs(h — h1) + QsTs(h)
in Qp, with the initial and boundary conditions h = hp and f = fp on T, h(0,z) =

ho a.e. in Q, satisfies Lg(|[V f||z2) = 1. Then the term L (||Vf||r2) = 1 may be
dropped. The proof of Theorem is complete.
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4.2. Proof of Theorem Let € > 0 and let M be a positive constant to be
determined later. For x € R* , we set

Ly (z) = min (1, %)

Such a truncation L), allows again to use the following point in the estimates
hereafter. For any (g,91) € (L?(0,T; HY(Q)))?, setting

d(g,91) = *Ts(g)LM(||V91||L2(QT))V91,
we have
ld(g. gl 20,y = 1 Ts(9) Lar (V91 2(00)) Vil < Mho.
We also define a regularized step function for A by
0 ifh; <0 0 if hy <0
Xo(hy) = 5 =
o(h1) {1 if hy >0, 6(h) {hl/(h% + Y2 if by > 0.
Then 0 < A5 <1 and X§ — Ap as € — 0. Introducing the regularization A of Xy,
we replace system (3.7)) by the system
POthe — V - (eVh) = V - (KTy(h*)Vh©)
=V - (KTs(h) XS (h) Lt (| VR 22) VRS)
= 7QSTS(hE)?
6005 — V- (eVh5) = V- (K (Tp(h" = h§) + Ty (h)) VS )
— V- (KTs(h) X5 (h{)Vhe)
= —Q¢Ty(h = hy)&X5(h1) — QsTs(h) X5 (hy).
The proof is outlined as follows: In the first step, using Schauder theorem, we prove

that for every T' > 0 and every € > 0, the above regularized system completed by
the initial and boundary conditions

hC:hD’ hizhl,D inI" x (O,T),
he(0,z) = ho(z), h5(0,z) =hio(x) a.e. in
has a solution (h® — hp,h{ — h1 p) € W(0,T) x W(0,T). We observe that the
sequence (h® — hp, h§ — hy p) is uniformly bounded in (L?(0,7;V))? and we show
the maximum principle 0 < h{(¢,z) and 0 < h¢(t,x) < hg a.e. in Qp for every € > 0
Finally we prove that any (weak) limit (h, hy) in (L2(0,7; HY(Q)) N H(0,T;V"))?
of the sequence (h¢, h§) is a solution of the original problem.

Step 1: Existence for the regularized system. We now omit € for the sake of
simplicity in the notation. Then the weak formulation of the latter problem reads:
for any w € V,

T
/ ¢<ath,w>v/7vdt+/ eVh-Vwdzdt
0 Qr
+ [ KTy (h)Vh-Vwdzdt+ [ KT (h)Xs5(h1)Las([[VhallL2)Vhy - Vw da dt
QT QT
+ QsTs(h)wdx dt =0,

Qr
(4.16)
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T
/ ¢<5¢h1,w>vgvdt+/ eVhy -Vwdzdt
0 Qp

+/ K(Ts(h)—i—Tf(h—hl))Vhl~dexdt+ KX (h1)Ty(R)Vh - Ve da dt
QT QT

+ /Q (Qfo(h ~h) + QSTS(h))Xg(hg)w dz dt = 0.
(4.17)
For the fixed point strategy, we define the application F by
F:L*(0,T; H' () x L*(0,T; H'(Q)) — L*(0, T; H'(Q)) x L*(0,T; H' (%))
(hyhn) = F(h,h1) = (]'—1(_,711) = h, Fo(h,h1) = h1)7

where (h, h;) is the solution of

T
/ d(Oph, wyy vdt + / eVh - Vwdzdt + KTy(h)Vh-Vwdzdt
0 Qr Qrp

+ [ KT(h) Ly (|Vha || 2) X () Vi - Vwdedt + | Q Ty (h)w da dt (4.18)

Qr Qr
=0 YweV,

T
/ ¢<5th1,w>vgvdt+/ eVhy -Vwdzdt
0 Qp

+/ K(Ts(ﬁ)—i—Tf(ﬁ—i_Ll))Vhl~dexdt+ KT,(R)XE(h1)Vh - Ve da dt
QT QT

+/ (Qfo(ﬁ ~h) + QSTS(B))Xg(El)w dedt=0 Ywe V.
Qr
(4.19)

Indeed we know from classical parabolic theory (see e.g. [I5]) that the linear vari-
ational system — admits an unique solution. It remains to prove a fixed
point property for application F.

Since the proofs of the continuity of F; and F» are very similar to the previous
ones, we do not reproduce here the computations. We also emphasize that this
step is proven in [I1I] by considering that the parameter e plays the same role
as ¢, the thickness of the diffuse interface, of course the estimates depend on e,
but it is sufficient for this step. We can thus conclude that F is continuous in
(L2(0,T; H*(9)))? because its two components F; and F are. Furthermore, there
exist a real number A € R (depending on the data and on the parameter €) and a
non empty (strongly) closed convex bounded set W in (L?(0,T; H*(£2)))? defined
by

W ={(g.0) € (20, T; () N H'(0,T:V"))* (9(0), 91(0)) = (o, hn,0),
(9lr 91lr) = (hp, h1,0); (9, 91) (220,751 (@) E (0,7:v7)))2 < A}-

such that (W) C W. It follows from Schauder theorem [20] cor. 9.7] that there
exists (h,h1) € W such that F(h,hy) = (h,hy). This fixed point for F is a weak

solution of problem (4.16)-(4.17).
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Step 2: Maximum Principles. We aim at proving that for almost all x € (2 and
forall t € (0,7), 0 < hq1(t,x) and 0 < h(t,z) < ha.
First we show that h(t,z) < hg a.e. z € Q and all t € (0,T). We set

ho = (h—h) " = sup(0,h — hy) € L*(0,T; V).

It satisfies Vhy, = X{n>hy VR and hy(t,x) # 0 if and only if A(t,x) > ho,
where x denotes the characteristic function. Let 7 € (0,7). Taking w(t,z) =

hm(tvx)X(O,T) (t) in ) yields
/ ¢<ath7hm>V’,th+/ /GX{h>h2}|Vh|2d$dt
0 o Ja

+/ /K,Ts(h)x{h>h2}|Vh|2dxdt
0_Ja (4.20)

+/ /Xg(h;)x{h>h2}KTs(h)LM(||Vh1||L2)Vh1.Vh(x,t) da dt

//QT m(@,t) dzdt < 0.

Lemma 1 applied to , gives
T _ 9 2 2 _ ¢ 2
&{(O¢h, hpp) v vdt = h, (1T,2) — h5,(0,2) ) de = hz, (1, 2) dz
0 ' 2 Jo 2 Jo

taking into account hy,(0,-) = (ho(-) — hz('))+ = 0. Since T5(h)X{h>h,y = 0 by
definition of T}, the three last terms of (4.20) are null. Hence (4.20) becomes

?/ R (1, 2) dx < —/ /ex{h>h2}|Vh|2dasdt§0.
2 Q 0 Q

Then h,, =0 a.e. in Q7.
Now we claim that 0 < h(t,z) a.e. z € Q and all t € (0,T). We set

h = (= h)" € L2(0,T;V) since hp(-,-) > 0.
Let 7 € (0,T). We recall that h,,(0,-) = 0 a.e. in © thanks to the maximum

principle satisfied by the initial data hg. Moreover, Vhy, = —x{n<o}Vh. Thus,
taking w(t, ) = hm(z, )X (0,r)(t) in [{@.16) yields
/ ¢<8th, hm>\//’vdt — / / 6X{h<0}|Vh|2 dx dt
0 0o Ja
= / / Ts(h))({h<0}KVh - Vhdxdt
o Jo
4 / / X ()X neoy KTo (W) L (| Vha | 12) Vha - (e, t) de dt

/ /Qs y(R)hp(z,t) do dt.

Applying Lemma 1 to the first term of (4.21) and taking into account h,,(0,-) =
(—ho)™ =0, gives

" —¢ 2 2 T
Oyh, ho )y vt = h2 12 (0, h2,
/0¢<t Vv / (1,2) — h ( m / (1, )

(4.21)
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Since T (h)X{n<o0y = 0 by definition of T, the three last terms in the left-hand side

of (4.21) are null. Hence (4.21) becomes

é/ hZ, (1, x)dr < —/ /ex{h>h2}|Vh|2 dxdt <0.
2 Ja 0o Ja

Then h,, =0 a.e. in Q.
We finally prove that 0 < hy(¢,2) a.e. x € Q and all t € (0,T). We set

hn = (— )" € L2(0,T;V) since hyp(-,-) > 0.

Let 7 € (0,T). We recall that h,,(0,-) = 0 a.e. in € thanks to the maximum
principle satisfied by the initial data hy . Moreover, Vh,, = —x{x, <0y Vh1. Thus,

taking w(t, ) = hm(x,t)x (0, () in yields
/ (b(&thl, hm>vl7vdt — / X{h1<0}(6 + Ts(h) + Tf(h — hl))Vhl -Vhydxdt
0 Q.
— / X()E(hl)T5<h)X{hl<0}Vh . Vhl dx dt
Q,

- /Q (QSTSUL) + Qfo(h - hl))XOE(hl)X{hl<0}h1 dx dt = 0.

(4.22)
Applying Lemma 1 to (4.22)) and taking into account hy, (0,-) = (—ho)™ = 0, gives

/OT S(Oha, hon )yt = —%/Q (hfn(T, z) — hfn(o,x)) do = —g /Q 12 (1, z) da.

Since A (h1)X{n, <0y = 0 by definition of A(-), the two last terms of (4.22) are
(13)

null. Hence (4.22)) becomes (since T and T are nonnegative functions)

?/ R, (1, 2) dr < —/ /ex{h>h2}|Vh|2 dx dt <0.
2 Jo 0o Ja

Then h,, =0 a.e. in Q.

Step 3: Elimination of the auxiliary function Lj;. We now claim that there
exist a real number B > 0, not depending on € neither on M, such that any weak

solution (h, hi) € W of problem (4.16))-(4.17) satisfies
||Vh’HL2(O,T;H) S B and ||Vh’1||L2(O,T;H) S B. (423)
Taking w =h — hp (resp. w = hy — hy p) in (4.16]) (resp. (4.17)) leads to

T
/ ¢<8th,h—hp>vl7vdt+/ eVh-V(h—hp)dzdt
0 Qr
+ [ KT,(WVh-V(h—hp)dedt
iz (4.24)
= — KTS(h)XOE(hl)L]\/[(||Vh1||L2)Vh1 . V(h - hD) dx dt
Qr

| Q.T(W)(h - hp)ddt
Qr
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and

T
/ ¢<8th17 hl - h17D>Vlyvdt + / EVhl . V(hl - hl,D) dx dt
0 Q

T

+ / K(Ts(h) + Tf(h — hl))Vhl . V(hl — hl,D) dxdt
fr (4.25)
= — | KTy(h)X:(h)Vh-V(hy — hy.p) do dt
Qr

= [ QT (= ) + QUE) (s ~ ) d .

Summing up relations and , and using the decomposition
KVh-Vh+ KX§(h)(La(|[Vha|z2) + 1)Vhy - VR + KVhy - Vhy
= KV(h+h1) - V(h+h1)+ K<1 - X(f(hl)LM(\|Vh1HL2))Vh1 ~Vhi  (4.26)
— K (1= X5 () Lar (1Y A l12) ) Fha - V(b + B,

we write

T
| (01t = ). b= ho)yovdt+ @4l = ha.o) by = haphve) de
0

J1

QT QT

J2 JS

+/ K((l—Xg(h,l)LM(HVhl||Lz))Ts(h,)+Tf(h—h1))Vh1-Vhldxdt
Qr

Ja

— [ R X0 Lar( Vs 2)) L)V - VBt ) d
Qr

Js

—|—/ (e + KTy(h))Vh-Vhp dx dt
Qr

Je

—I—/ (6+KTS(h)+KTf(h—h1))Vh1'Vhl)DdJ?dt
Qr

Jz

+ KTS(h>L1\/1(||Vh1||L2)X0€(h1)Vh1 VhD dz dt

Qp

Js

+ | KT,(h)XE(h1)Vh-Vhy pdadt

Qr

Jo
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_ /Q (QuTu(h)(h — hp) + XE(h1) (QsTy(h — hy) + QuTu(h)) (hy — hy p)) das it

J1o

T
_ / 6((Onhpsh— hphvry + (Ouhaps by — by phyry ) dt.
0

Ji1

We now estimate all the terms in the above expression. We recall that
|X5(hi] <1, Lar([Vhallz2) <1, 0<Ty(h) < hg, 6 <Ty(h—hy) < ho.

Then, we note that

|| = ((h = hp)*(T,2) = (ho — ho,p)*(2)) dx

EVIRSS
S

+ ((h1 — h1,p)*(T, z) — (h1,0 — ho,p)*(2)) dz,

[VIRSS
S

|J2|:/ e\Vh\2dzdt+/ €|Vh|? dx dt,
Qr Qr
|J3|z/ K_Tu (W) (h -+ h)[? da dt.
Qr

il = [ B (1= X)L (1T 1)) T )+ 60 ) Vi P s
Qr

Next, applying the Cauchy-Schwarz and Young inequalities, for some real v > 0,
we obtain

| J5] < /QT T, (h) (%(1 - XS(hl)LM(||Vh1HL2))2

K2
x V| + K[V (h + hl)\2) dz dt,

K_
|Js] < f/ |Vh|2d:cdt+f/ \Vhp2dzdt + 2= | Ty(h)|V(h + hy)|? de dt
2 Ja, 2 Ja, 16 Jg,

Ahy K2 K_
+ = +/ \VhD|2dxdt+51 / |V hy|? da dt
K- Ja, 12 Jar

3h2K2
K 5,

/ \Vhp|?dzdt,
Qr

51K
|J7|§f/ IVh|? da dt + = / \Vhy|? da dt
2 Jo, 6

Qr

e 3h3KZ )
+/QT (5‘1‘ e )|Vh1,D| dx dt

212

K- 6K2h
! \Vhy|? de dt + —= 2/ \Vhp|? dzdt,
T Qr

12

<
[Js] < 26, K_

O K_ K_
ol <25 [P dzdrs T [T k)P dode
QT QT
K% 3h2 4h
L 73)/ (Vhy p|? da dt,
_ Qr
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|J10] S/ﬂ Ts(h)le(h—h/r))|d~"'3dt+/Q Ty(h — h1)|Qf(h1 — ha,p)| dz dt

T

+/ Ts(h)|Qs(h1 — h1,p)| dx dt
Qr

< 3||QsH L2(0,T;H) +2||Qf||L2 OTH) ¢
- 2¢ T Qr
¢

+ = |hy — hy.p|? da dt,
2 Ja,

|J11] < g/ |h — hp|? dx dt +
Qr

|h — hpl|? dx dt

0 K
24

/ |V (hy — hy.p)|* dzdt
Qr

12¢° 2
*HathD”m o1:H) T T N 10¢h1,0 17200, 7;v1)
< ¢ |h — hp|* dzdt - \Vh1|2dxdt
2 Jor,
0 K_ 12¢?
12/, |Vh1,D|2 dadt + - ||8thD||L2(OTH)+ K ||5th1,D||2L2(0,T;V/)-
T

Summing up all these estimates, we obtain

¢/(h—hp)2(T,x) dx—i—q’)/(hl —hLD)Q(T,x)deF/ e(|VA® + [Vhi|?) da dt
Q Q

Qr

2
w2 [ (= ) (= A ) Lar (19 2) T 00) Vi d

K_
+2/ 512 |Vhi|*dzdt +2 | K_ (1—9%) Ts(h)|V(h+ h1)|?* dz dt
QT QT

<o |h—hD|2d.’L‘dt+¢/ |h1—h1)D|2d$dt+C7
QT QT

(4.27)
where C' = C(ug,vo, hp, h1,p, h2,Qs, Qf). We now aim at applying the Gronwall
lemma in (4.27)). By the hypotheses on K_ and K, (K_ ) > 0 and taking

~ such that 0 < v < 8/9, we obtain that
( 1K?
T 4K
is always true because 0 < 1 — X§(h1)Las(z) <1and K <2,/7K_.

Now we apply the Gronwall lemma and we deduce that there exists a real number
B, that does not depend on € nor on M, such that

4’7K

)>0

12l Loe 0,75y L2 0,73 ())) < By [¥ (M) || 20,5171 (02)) < B,
(4.28)
121l o 0,755y L2 0,735 (@) < B,
where we set
xT 2 .
U(z) = / (ho —t)"/2dt = g(hg/2 — (hy — 2)*/?).
0

In particular, ||Vhi||r2(0,7;#) < B and this estimate does not depend on the choice
of the real number M that defines function Ly;. Then the term L (|[Vhq||2) =1
may be dropped.
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Remark on the Maximum Principle. Even if we establish step 3, we can not
prove that hy(t,z) + 61 < h(t,x) a.e. © € Q and Vt € (0,T). We set

how = (51 + b —B) " € L2(0,T; V) since by p(--) + 61 < hp(-).

Likewise, we recall that h,,(0,-) = 0 a.e. in Q thanks to the maximum principle
satisfied by the initial data hg and hy . Moreover, Vh = x{h<5l+h1}V(h1 h).

Let 7 € (0,T), thus, taking w(t, ) = hm(z,t)x(0,~ (t) in [L17)—[@.16) yields
/ &(O¢(h hon) v vdt + /Q X{nh<sr+hi} (€ + To(h) |V (hy — h)[* da dt
+/ T¢(h —h1))Vh-Vhy, dcdt

/ X§(h1)Ts(h)(Vh - Vhy — Ly ([[Vha||2)Vhy - Vhy,) dadt

- / QT (h — hy)XE(hy ) da dt = 0.
Q,
Applying Lemma 1 to (4.22) and taking into account h.,(0,-) = 0, gives

/OT¢<ath1,hm>V/,th g/ﬁ (hfn(T,x) fhfn((),x)) do = g/thn(T,x) dz.

Moreover, Ly (||Vh1||r2) = 1, then the above equation becomes
& [ rrayde s [ ey (4 T = ()90 — 0P do
Q Q.

+/ Tf(h—hl))Vh~thdxdt—/ Qs Ty (h = ha) XS () da dt = 0.
Q Q.

’ (4.29)
Since Ty (h — h1)X{h<s,+h} = 01 > 0 by definition of T}, if we assume Q; < 0
hence (4.22)) becomes

¢ h2 (1, ) dx + 01Vh - Vhy, dedt
2 Jo Q-

_/OT/Qx{h<61+h1}(e+Ts(h)(1 _Xoe(hl)))W(hl — )2 dedt < 0.

and because of the term fﬂr 61Vh-Vh,, dzr dt, we can no more conclude that h,, =0
a.e. on Q.

Step 4: Existence for the initial system. We now proceed to the last step
in the proof of Theorem namely we let ¢ — 0. We infer from the above
estimates that (h{ — h1,p). is uniformly bounded in W(0,T"). We deduce thanks
to the compactness result of Aubin that (h{ — hi p)e is sequentially compact in
L?(0,T; H).

Concerning the sequence {h¢ — hp}., we proceed as in the case of the confined
aquifer when 3 = 0. We first observe that W is a strictly decreasing function of class
C! on [0, ha] and W1 is continue on (0, %hgﬂ). Using the time translate estimates
(see e. g. [3]), we deduce that {¥(h¢)}, is sequentially compact in L?(Qr). Namely,
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(4.28) yields the following time translate estimate in Lo norm of sequence {h¢}.

T
/E (S8, — ho(t — €, ), U (hE(t,2)) — W(RE(E — &, )y dt

< (/: 1he(t, ) — he(t — €, )12 dt)m(/: [W(Re(t, ) = WAt = &)1 dt)w

o . ) 1/2
= C(/§ 1RE(E, <) = Rt = &)l dt) thanks to (4.23).

However, we know that for all £ € (0,7T) (see [5])
]‘ T 2 r 2
7 /£ IR (t,) — he(t — &) dt < /E 10201yt < C,

Finally we obtain

T
/g (L) — hE(t — &), W(hE () — W(RE(E — €, )y db < CE, Y€ € (0.T).

Thanks ‘O he regularily Of \I] 5 we deduce
Q g

T
/€ (Wt 0) = W= £, W01 ) — W =€)

for all £ € (0,T). Therefore, as in [[9], Lemma 2.6], we deduce that {¥(h¢)}.
converges strongly in L?(Q7).

Up to the extraction of a subsequence, not relabeled for convenience, we claim
that there exists functions h and hy such that (h — hp, hqy — h1 p) € W(0,T)? and
h¢ — h in L*(0,T; H) and a.e. in Q x (0,7),

U(h®) — U(h) weakly in L?(0,T; H*(Q2)),
Ohe — 9;h  weakly in L?(0,T; V"),
h{ — hy in L*(0,T; H) and a.e. in Q x (0,7),

h§ — hy  weakly in L*(0,T; H*(Q)),

Oih§ — 9;hy  weakly in L?(0,T;V").
Letting ¢ — 0 in the weak formulation of the regularized problem and using
Lebesgue Theorem (thanks to the uniform estimates [4.28)), we obtain at once ([3.6])-
(3.7). The boundary and initial condition (3.4)-(3.9) holds true since the map
i€ W(0,T) — i(0) € H is continuous. Furthermore (h, h;) satisfies a maximum

principle which is not consistent with physical reality because we lost the informa-
tion between h; and h:

0<hi(z,t) and 0<h(z,t) <hs, Vte(0,T), ae. z €.
The proof of Theorem is complete.
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