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MULTIPLE SOLUTIONS TO FOURTH-ORDER ELLIPTIC
PROBLEMS WITH STEEP POTENTIAL WELL

LIU YANG, LIPING LUO, ZHENGUO LUO

ABSTRACT. In this article, we are concerned with a class of fourth-order elliptic
equations with sublinear perturbation and steep potential well. By using vari-
ational methods, we obtain that such equations admit at least two nontrivial
solutions. We also explore the phenomenon of concentration of solutions.

1. INTRODUCTION
We consider the fourth-order elliptic problem (Py),
A%y — Au+ NV (z)u = f(z,u) + a(@)|u)’?u, inRY,

ue H*(RY), 1)
where N > 5, A\ > 0 a parameter, A2 = A(A) is the biharmonic operator, f €
C(RYN x R,R), a(z) is a weight function, 1 < v < 2, and the potential V satisfies
the following conditions:

(V1) V € C(RY) and V > 0 on RY;

(V2) there exists ¢ > 0 such that the set {V < ¢} = {z € RY|V(z) < ¢} is

nonempty and has finite measure;

(V3) Q= intV~1(0) is nonempty and has smooth boundary with Q = V' ~1(0).

In view of the concrete applications of fourth-order differential equations in math-
ematical physics, such as nonlinear oscillation in suspension bridge or static deflec-
tion of an elastic plate in a fluid; see [5}/9], in recent years, a lot of attention has
been focused on the study of the existence of nontrivial solutions for fourth-order
equations; see, for example, [1,|3L141(7,[T0LTTL[{12L|13]|14L{18L{17L{19].

For the case of problem on the bounded domains, Zhang and Wei [19] stud-
ied the existence of infinitely many solutions for the following problem when the
nonlinearity involves a combination of superlinear and asymptotically linear terms:

A%y — cAu = f(z,u), inX,

. (1.2)
Au=u=0, in 9%,
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where ¥ is a bounded domain of RY. Hu and Wang [7] studied the existence of
solution for ([1.2)) under the conditions

lim M =p(z), lim M =1

t—0 t t—00 t

uniformly a.e. € ¥, where 0 <[ < 400, 0 < p(z) € L>®(X) and [pleo < A1, Aq is
the first eigenvalue of (A% — cA, H2(X) N HE(X)).

The case of problem on the unbounded domain has begun to attract much at-
tention; see, for example, [3,[10,{14}/17,/18]. The main difficulty is the lack of com-
pactness for Sobolev embedding theorem in this case. To overcome this difficulty,
the potential V' was generally assumed to satisfy on the following two conditions:

(VO) infyepn V(z) > a > 0 and for each M > 0, meas{z € RY : V(z) < M} <
+00, where a is a constant and meas denote the Lebesgue measure in RY;
(VO’) inf cry V(z) > a >0 and V(z) — +00 as |z] — oo.

Under condition (V0), Yin and Wu [18] proved that with A=1and a=0
has infinitely many high energy solutions by using the symmetric mountain pass
theorem. When N = 1, under condition (V0’), Sun and Wu [14] studied multiple
homoclinic solutions for a class of fourth-order differential equations with a sub-
linear perturbation. It is worth to emphasize that the hypothesis (V0) or (VO’) is
used to guarantee the compact embedding of Sobolev space. However, if (VO0) or
(V0) is replaced by (V1)-(V2), then the compactness of the embedding fails, which
will become more delicate. More recently, Liu et al. [10] studied this case. Ye and
Tang [17] improved the results of [10] under the conditions that the nonlinearity f
is either superlinear or sublinear at infinity.

On the other hand, conditions (V1)—(V3) imply that AV represents a deep poten-
tial well whose depth is controlled by A, which are first introduced by Bartsch and
Wang [2] in the study of solutions for Schrédinger equations. From then on, these
conditions have extensively been applied in the study of the existence of solutions
for several types of nonlinear equations; see [8}15}/20].

Motivated by the above facts, in this article we study the multiplicity of nontrivial
solutions for problem with steep potential well. We consider the case that the
nonlinearity is a combination of superlinear or asymptotically linear terms and a
sublinear perturbation. As far as we know, this case seems to be rarely concerned
in the literature. Our aim is to generalize the result of |14] to fourth-order elliptic
problem. In addition, the results in [10,|17] is also improved by considering the
different nonlinearity.

Notation. Throughout this article, we denote by |-|, the L™-norm, 1 < r < oo, and
we use the symbols p* = sup{#p, 0} and 2** = %. Also if we take a subsequence
{un}, we shall denote it again by {u,}. We use o(1) to denote any quantity which
tends to zero when n — oo.

We need the following minimization problem for each positive k € [1,2** — 1),

k+1
)\gk) = inf {(/ (|Aul* + |Vu\2)dx) *iue H*(Q)N H&(Q),/ qlulfTldx = 1},
’ " (13)

where ¢ is a bounded function on © with ¢t # 0. Then )\gk) > 0, which is achieved
by some ¢ € H?*(Q) N Hg () with [, qlu[*T'dz = 1 and ¢ > 0 a.e. in Q, by
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Fatou’s Lemma and the compactness of Sobolev embedding from H?(Q) N Hy (£2)
into LF+1(Q).
Now, we give our main result.

Theorem 1.1. Suppose that (V1)-(V3) hold. In addition, for each k € [1,2** —1),
we assume that the function f and o satisfy the following conditions:
(A1) a € L7 (RN) and o > 0 on €;
(F1) f € C(RY x R), f(x,s8) =0 for all s < 0 and x € RN. Moreover, there
exists p € L (RN) with

|p+|oo < @ = L)Qw
HV <c}| 7
such that
. flz,s
Jim 25 =

uniformly in x € RY and % > p(x) for all s > 0 and x € 2, where S**
is the best constant for the embedding of D*?(RN) in L?>™ (RN), D>2(RV)
will be defined in Section 2, and |- | is the Lebesgue measure;

(F2) there exists ¢ € L°(RN) with ¢* # 0 on Q such that

lim % =q(x)

§— 00
: : N.
uniformly in x € RY;

(F3) there exist constants 6 > 2 and do satisfying 0 < dy < ®

2_92) © such that

F(x,s) — %f(a:,s)s < dys?

for all s >0 and x € RN
Then we have the following results:

(i) If k =1 and )\51) < 1, then there exist M > 0 and A > 0 such that for
every |a+\% € (0, M), problem has at least two nontrivial solutions
for all X > A.

(ii) If k € (1,2** — 1), then there exist M > 0 and A > 0 such that for every
|a+|% € (0, M), problem has at least two nontrivial solutions for all

A> A

On the concentration of solutions we have the following results.

Theorem 1.2. Let uf\l), u(f) be two solutions obtained by Theorem . Then for
every r € [2,2*%), ug\l) — u} and ug\z) — u strongly in L"(RN) as A — oo, where

ud,ud € H*(Q) N HY(Q) are two nontrivial solutions of the problem

Au— Au = f(x,u) + az)|ul”"?u, inQ,

1.4
u =0 ¢€ oN. (14)

The article is organized as follows. In Section 2, we present some preliminaries.
In Section 3 and 4, we give the proof of our main results.
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2. PRELIMINARIES

Let D%2(R™) be the completion of C§°(RY) with respect to

1/2
[l pe.z = (/RN |Au|2dx) .

From [3, (1.7)], the embedding D*?(RY) < L?> (R") is continuous, one has

I

1/2
we < (570 ( [ 18uPar) " vue 2N, (2.1)
RN

Let
X ={ue H*R"Y): / V(z)u®(z)dz < +oo}.
RN
Then X is a Hilbert space with the inner product
(u, v) :/ (AuAerVqu)der/ V(z)u(z)v(z)de
RN R

N

and the corresponding norm ||ul[> = (u,u). Note that X C H?(RM) and X C
L"(RYN) for all r € [2,2**] with the embedding being continuous. For any p €
[2,2**), the embeddings X — L (RY) are compact. For A > 0, we also need the
inner product

(u,v)) = /]RN (AuAv + VuVu)dz + x AV (z)u(z)v(x)dx

and the corresponding norm ||ul|3 = (u,u). It is clear that ||u|| < |lu||x for )\ > 1.
Set X\ = (X, |lullx). From (V1)-(V2), Holder and Sobolev inequalities (2.1]), we
have

/ (|Aul? + |Vul|* + u?)dz
RN

:/ (|Aul? + |Vul?) dw—i—/ dw—i—/ u?(x)dx
RN {V<c} {V>c}

ok*

< /RN(|AU|2 + |Vu| dx + (/{V<C} 1d$c) 52 (/{V<C} " 2**dx)2%

1
- V(2)u?(z)dx (2.2)
+ /{M} (1) ()

<1+\{V<c}| T (S )/RN(muFﬂwP)dz

+ 1/ V (x)u?(x)dax
€ J{vze}

s 1
<max {1+ |{V < c}|22**2 , E}/ (|Au? + |Vul* + V(z)u?)dz,
RN

which implies that the imbedding X — H?(RY) is continuous. Moreover, using
the same conditions and techniques, for any r € [2,2**], we also have

T 22 (5™ g 2:*7;‘ %) —T T
[ e < (max {1y < 5= BT sl @)
RN C
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This implies that for any A > @\{V < c}|%7

2**
ToFE

/RN ul"de < {V < e} 7= (57) 7" ull3 (2.4)
In particular, for any A\ > @HV < c}|25i,
2** o ook — 1
/ [uffde < [{V < e} 77 (57) [Jul = Il (2.5)
RN

where O is defined by condition (F1).
It is well-known that (L.1)) is a variational problem and its solutions are the
critical points of the functional defined in X by

Ji(u) = 1/ (|Aul? + |Vul? + AV (x)u?)dz —/ F(z,u)dx — 1/ a(z)|u]”dx.
2 RN RN UV JrRN
(2.6)
Furthermore, the functional Jy is of class C* in X, and that
Jy(u),v) = / (AulAv + VuVv)dz + / AV (z)uv dx
By Ry (2.7)
- [z, w)vdz —/ afx)|ul’ " uv dx.
RN RN

Hence, if u € X is a critical point of Jy, then u is a solution of problem (|1.1)).
Moreover, we have the following results.

Lemma 2.1. Suppose that (V1)—=(V3) hold. In addition, for each k € [1,2** — 1),
we assume that f satisfies (F3). Then for each nontrivial solution uy of (1.1]), we
have

y)(G—V)IaJFI;‘V[ (0 —v)laF| 2 }r
2 ISk 037100 — 20 — 20d,) '
Proof. If u) is a nontrivial solution of , then

f(z,up)urdz + / a(x)|uyl’d.

RN

In(uy) > K := —(1 —

[ Q30+ s v @i = [

Moreover, by (F3), we have
1
/ [F(x,ux) — = f(z,ux)uy]dz < / dou3 dz.
RN 0 RN
By ([2.5)), one has

1
Ia(uy) = 3 /}RN(|AW|2 + [Vux|? + A\Vu3)dx

1
—/ F(x,u,\)dx—f/ a(x)|up|”dz
RN V JrN

1 1 1
> §||u,\||§ —do/ u%\dx— 5/ flz,uy)urde — f/ ax)|uy|"dx
RN RN V JrN
11 11 )
> Goglunli—d [ = (G- [ @l
0-2 d O—=v)at] =
= (W - g)IIUAHi - WHUAH,\ > K.



6 L. YANG, L. LUO, Z. LUO EJDE-2015/124

d

Next, we give a useful theorem. It is the variant version of the mountain pass
theorem, which allows us to find a so-called Cerami type (P.S) sequence.

Theorem 2.2 ( [6]). Let E be a real Banach space and its dual space E*. Suppose
that I € C1(E,R) satisfies

max{I(0),I(e)} <pu<n< inf I(u)

llull=p
for some p <n,p>0 and e € E with ||e|| > p. Let ¢ > n be characterized by

‘ot !
¢= inf max (v(7)),

where T' = {y € C([0,1], E) : v(0) = 0,~v(1) = e} is the set of continuous paths
joining 0 and e. Then there exists a sequence {u,} C E such that

I(un) = é2n and (14 |un|))[H"(un)|

g~ — 0,as n — oo.

In what follows, we give a lemma which ensures that the functional Jy has
mountain pass geometry.

Lemma 2.3. Suppose that (V1)-(V2) hold. In addition, for each k € [1,2** — 1),
we assume that the function f satisfies (F1)—(F2). Then there exist M >0, p > 0
and n > 0 such that

inf{Jy(u) : uw € Xy, ||ullx = p} >n

for all/\zﬂ\{v<c}|25*2:* and |a™| 2 < M.

Proof. For any € > 0, from (F1)—(F2) there exists Ce > 0 such that

Ce

+
<Pt e s|”, Vs €R, (2.9)
r

F(z,s) < 5 5%+
where max{2,k + 1} < r < 2**. Then by (2.5) and Sobolev inequality (2.1, for
%\ 2 oA
every u € X and A\ > %HV < c}\22*2* , we have
1

Ja(u) = 3 /RN(|AU\2 + |Vul? + A\Vu?)dz

—/ F(x,u)dx—l/ a(z)|u|”dx
RN V JrN

Ll vdre g /RN al@)uldz (2.10)
L (pfe + OV <3FN, 10
> = —
> (1 o Yl
2 o]

CAV <ej7= 2
et e LS

L (Pl OV <N o , ,
=5(1- 5y YUl = Alllls = Bllull3)-
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Therefore, by (F1) and |16, Lemma 3.1], fixing € € (0,0 — |pT|s), we have that
there exist tp > 0, M > 0 such that, for ||ul|y =t >0,

2** 2
P loe + )V <} =

Tra(u) > %(1 | ) n(in) >0

) (S**)Q
provided that
laf| 2 < M,
where W4 p(t) =t2 — AtY — Bt", A, B > 0. It is easy to see that there is 7 > 0 such
that this lemma holds. (]

Lemma 2.4. Suppose that (V1)—(V3) hold. In addition, for each k € [1,2** — 1),
we assume that the function f satisfies (F1)~(F2). Let p > 0 be as in Lemma[2.3,
then we have the following results:

(i) If k=1 and )\§1) < 1, then there exists e € X with |le||x > p such that
Ira(e) <0 for every A > 0.

(i) Ifk € (1,2** —1), then there exists e € X with ||e||x > p such that Jy 4(€) <
0 for every A > 0.

Proof. (i) Since )\gl) < 1land v < 2, from (V3), (F1)-(F2) and Fatou’s Lemma it
follows that

o a(tr) 1/ 2 2 2 T F(x,t¢1)
dm =g =g AA AVl +AVede = Tim | e s dde

1 1

< 5/(|A¢>1|2+|V¢1\2)dx7 5/ qlen [*dx

Q Q

1 1

< = o 2 2

<3(1=5m) [(20iP + wouaz <o

where ¢, is defined in the minimum problem (1.3). Thus, Jx(t¢1)
t — 4o00. Hence, there exists e € X with |le||x > p such that Jy(e) < 0.
(ii) By (F2), k > 1, v < 2 and Fatou’s Lemma, we have

— —00 as

. Ia(tor) . F(x,tor)
tl*-'rOO tk‘+1 - tl}g—IlOO RN tk+1¢k (bkdx
< kg
S TR Al de
1
=—-——— <0,
kE+1

where ¢y, is defined in minimizing problem (1.3)). Thus, J(t¢r) — —o0 as t — +00.
Hence, there exists e € X with |le||x > p such that Jy(e) < 0. O

3. PROOF OF THEOREM [I.1]
First we define

ax = inf max (1)),

ap(2) = veiflif(ﬂ) max Inl w2 @)nmg ) (V(1)),

where J)|p2(q)nmg () 1s a restriction of Jx on H?*(Q) N Hy(Q),
Iy ={y € C([0,1], X)) : 7(0) = 0,7(1) = e},
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TA(Q) = {y € C([0,1], H*(2) N Hy(2)) : 7(0) = 0,7(1) = e}.
Note that

1 1
Ry ) = 5 [ (8P +[VuPytr = [ Fe.de = [ a@luras.

and ao(Q2) is independent of A\. Moreover, if (F1)—(F3) hold, similar to the proofs
of Lemmas and we can conclude that JA|H2(Q)mHé(Q) also satisfies the
mountain pass hypothesis in Theorem Note that H?(Q) N H} () C X, for all
A >0, then 0 <n < ay < agforal A > %HV < c}|25£ Then for each
k € [1,2** — 1), we can take a positive number D such that 0 <n < ay < ag < D

for all A > gHV < c}|25¢1 Thus, by Lemmas and and Theorem

we obtain that for each A\ > @HV < c}|25*2: , there exists {u,} C X, such
that

Ia(up) —ax>0 and (1+ ||un||)||J/’\(un)||X;1 — 0, asn— oo, (3.1)
where 0 <n < ay <ag<D.

Lemma 3.1. Suppose that (V1)—(V3) hold. In addition, for each k € [1,2** — 1),
sk ) 2 _gk*
we assume that [ satisfies (F1)-(F3). Then for each A\ > M|{V < c} T and

c

{un} defined by (3.1)), we have that {u,} is bounded in X,.
Proof. For n large enough, by (F3) and (2.2)), we have

1
ax+12> Jxy(un) — §<J§\(un),un>

= (3= Pl + [ [~ Feu)lis

+G =) [ el d

14

11 11 )
> luli=do [ adde+ =) [ @l

( Ml - (& = 522
=g e/t T e il
which implies that {u,} is bounded in X. O

Next, we shall investigate the compactness conditions for the functional J).
Recall that a C! functional I satisfies Cerami condition at level ¢ ((C).-condition
for short) if any sequence {u,} € E and I(u,) — ¢ and (1 4+ ) |1’ (uy)]
has a convergent subsequence, and such sequence is called a (C').-sequence.

Proposition 3.2. Suppose that (V1)—(V3) hold. In addition, for each k € [1,2** —
1), we assume that the function f satisfies (F1)-(F3). Then for each D > 0, there
exists Ag = A(D) > C(ng%) > 0 such that Jy satisfies the (C)q—condition in Xy for
all o< D and X > Ag.

Proof. Let {uy} be a sequence with v < D. Then, by Lemma[3.1] {u,} is bounded
in X . Therefore, there exist a subsequence {u,} and ug in X such that

E*HO

Uy — ug weakly in Xy;
: N e (32)
Uup, — ug  strongly in L (RY), for 2 <r <2,

loc
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Moreover, {;\ (up) = 0. Now we show that u,, — ug strongly in X. Let v, = u, —uq.
By a € L= (R") and (3.2)), we have

/ a(@)[ul’dz — 0. (3.3)
RN

From (V2) it follows that

/ vzdx:/ vzdx—i—/ v2dr
RN {V=c} {V<et

1
— V2 da + / v2dx
Ac Jivzey (v<e) (3.4)

1 2
— 1
N Jon AVusdx + o(1)

IN

IN

1
= Il + o)

Then, by Hélder and Sobolev inequalities, we have

2**
/ |vn|"dx < (/ v,%dx)Z 72(/ [vn
RN RN RN
n
< (/ vidw)Z B
RN

7; wk | —2%F 2 22 2:*7_722 (3 5)
[ e S '
RN
1 2*,:‘7*; oy — 2 (r=2) .

< (32) TEE) T s + o)

r—2
ok 2FF _ o
2 dx)

Moreover, by (F1)-(F2) and Brezis-Lieb Lemma, we have
Ix(vn) = Jx(un) — Ja(uo) +0o(1) and Ji(v,) = o(1).
Consequently, from this with (F3), and Lemma we obtain
D — K > oa— Jx(up)
> Jaen) = 53 (0n), ) +0(1)

0
-2
= (929 )/ (|Av, > + |V |2 + A\V02)dx
RN

- /RN (éf(x,er'Un - F($7Un)>d$ +o(1)
(0—2)

onll2 — do /RN o2 dz + o(1)

02 doy. o
> (22 _ Y
= ( 20 )\C)an”)\ + 0(1)7

which implies that for every A\ > %, one has

20\c(D — K)

7= 2ox —20a; + V! (3.6)
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By ([2.4)), we obtain

2%* o
V < c}| 77
/ [un|"dz < RV <ol [[ullX
RN

S** T
( )2“4 (3.7)
HV <c}7 / 20A¢(D—K) \7/2
ST 5y ((0 “2)er— 20d0) +o(l).
Since (J} ,(vn),vn) = o(1) and
f(z,v)vndr < (|pT oo + e)/ vidr + C. vy d. (3.8)
RN RN RN

It follows from (3.3)-(3.7)) that

o) = ([ 180+ Vanfrdr+ [ aveie)
RN RN

—mﬁu+@/ vz —C. [ vda
RN RN

+ I (r=2)/r 2/r
> o2 = Pl 12 o ([ onde orde
)\C RN RN

N ) {V < c}|*5=" / 20Ae(D — K) \r/20=2)/r
2 (1 e )H“"”* _Cf{ (S**)" ((072)(%729(10) }
1 %_; Kok —2**5:”72) 2/r
< [(2) )T el
Cptle e, [HV < T 20Me(D — K) /22
> (1=t o] (5 ((9 “D)er— 20d0) ]
1 72::_; o) —2*1&7'72) 2/r
x ()T )T D,

Therefore, there exists Ag = A(D) > C(ng‘é) > 0 such that u,, — ug strongly in X

for A > Ag. 0

Proof of Theorem[I.], By Lemmas and and Theorem we obtain that
for each
(S**)2 22 20dg

A> A= maX{THV < c} 7 ,0(972)},

there exists Cy,-sequence {uy} for Jy on X,. Then, by Proposition and 0 <
ay < ap(2) < D, we can obtain that there exist a subsequence {u,} and ug\l) € X

such that u,, — ug\l) strongly in X as n — oo and for \ large enough. Moreover,

J,\(uf\l)) =a)>n>0and ug\l) is a nontrivial solution for .

The second solution for will be constructed by the local minimization. We
will first show that there exists ¢ € X, such that Jy(l¢) < 0 for all I > 0 small
enough. Indeed, we can take ¢ € H?(Q) N H}(Q) with [, a(x)|u[’dz > 0. Using
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(F1), we have, for all I > 0 small enough,
2

l 1
ip) =5 [ 18pR + VpPde = [ Flatoda == [ aaigrds

v

12 l 3
<5 [1ael +1veide -t [ pllp@ar— = [ a@lelds
Q Q viJa
< 0.

(3.9)

It follows from that the minimum of the functional Jy on any closed ball in X

with center 0 and radius R < p satisfying Jy(u) > 0 for all u € X with |ul]|x = R

is achieved in the corresponding open ball and thus yields a nontrivial solution u(f)

of problem (1.1} satistying J)\(ug\z)) < 0 and ||uf\2)|| < R. Moreover, (3.9) implies
that there exist Iy > 0 and k < 0 being independent of A such that Jy(lopp) = k
and ||lop|] < R. Therefore, we can conclude that

I, W) <k <0<y <an, =J, @)

for all A > A. This completes the proof. |

4. PROOF OF THEOREM [I.2]

In this section, we investigate the concentration of solutions and give a proof.

Proof of Theorem[I.3. For any sequence A, — oo, let ugf) = uE\ZZ,Z = 1,2 be the
critical points of Jy, obtained in Theorem Since

I, W) <k <0<n<ay, =Jy, @) <D, (4.1)
i 0—2 do i (0—1/)|O(+|23U 1) ||V
D> ay, (ul?) > (W - g)HU%)Hin - W”U%)H,\M (4.2)
one has
[u$? |5, < C, (4.3)

where C'is a constant independent of \,,. Therefore, we may assume that ugf ) u(()i)

weakly in X and ul) — u((f) strongly in LT (RY) for 2 < r < 2**. By Fatou’s
Lemma, we have

(2 )2 Jlust 3

/ V(z)(uy’) de < liminf/ V() (u?)?dz < liminf ———2n
RN RN

n—oo n—0o0

=0,
this implies that u(()i) =0a.e. in RV \V~1(0), and u((f) € H*(Q)NH(Q). Now, for

any ¢ € Cg°, since (J} (ugf)), ©) = 0, it is easy to check that

| @80+ vuve) = [ 1)+ ol 120l o

That is, vl is a weak solution in H2(Q) N HL ().
Now we show that ) — uél) strongly in L"(RY) for 2 < r < 2**. Otherwise,
there exist 6 > 0, Ry > 0 and z,, € RY such that

/ (uﬁf) — ugi))de > 4.
BN(manO)



12 L. YANG, L. LUO, Z. LUO EJDE-2015/124

Since |BY (2, Ro)| N{V < ¢} — 0 as z,, — 0o, by Holder inequality, we have

(ul — u(()i))2d:c — 0.

n

\/BN (zp,Ro)N{V<c}
Consequently,

0=[ul|3,

> )\nc/ (ul)2da:
B(xyn,Ro)N{V>c}

= /\n,C/ (ugf) - uéi))de (4.4)
B(xyn,Ro)N{V>c}
= )\nc[/ (ul) — u(()i))Qda: —/ (ul®) — “0 ) dx
B(zy,Ro) B(zyn,Ro)N{V<c}
— 00,

which contradicts (4.3). Therefore, u — u()z) in L"(RY) for 2 < r < 2**. More-

over, using (A1), Holder inequality and u%) — uéi) in L2(RY), we have

/ a(a:)|u$f)\”dze/ o) [ul? P2 (Z)d:r
RN RN

By (F1)—(F2), we have
f(z, D de — f (2, uld )uo)dx.
RN RN
Since (J} (qu’) Un > (J3., ( ) ué”) =0, we have

3. = / Far,uyuld d + / o(@)[uld | dz,
RN RN
W) = [ S [ @l Pl ds
RN

RN

Then by (V3) and u)) € H2(Q) N HL(R), we have

lim (o3, = lim () ug’)s, = [lu”|

n—oo n—oo
On the other hand, by the weakly lower semi-continuity of norm, one has

||u(()i)||2 < liminf ||u{?|? < lim inf ||u7(f)||§\n
Hence, u( Do (()i) in X. Using (4.1)) and the constants x,n are independent of A,
we have

1

5/ |Auél)\2 + \Vu(()1)|2 - / F(a:,uél))dx - / oz(x)|u(()l)|”dm >n>0,
Q Q Q

1

5/ |Aué2)|2 + \Vué2)|2 - / F(a:,ué2))dx - / oz(as)\u(()z)|”dm <k <0,
Q Q Q

which imply that u(()i) #0,i=1,2 and u(()l) #+ u(()z). This completes the proof. [
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