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A COMPARISON PRINCIPLE FOR SINGULAR PARABOLIC
EQUATIONS IN THE HEISENBERG GROUP

PABLO OCHOA

ABSTRACT. In this work, we prove a comparison principle for singular par-
abolic equations with boundary conditions in the context of the Heisenberg
group. In particular, this result applies to interesting equations, such as the
parabolic infinite Laplacian, the mean curvature flow equation and more gen-
eral homogeneous diffusions.

1. INTRODUCTION

The notion of viscosity solution was firstly introduced by Crandall and Lions [§]
in the context of scalar nonlinear first order equations. This concept was related
to some previous work by Evans [I2]. In general terms, the definition of viscosity
solutions for parabolic problems may be motivated as follows: consider a C2-regular
function u : @ x (0,7) — R, where @ C R" is an open set and T' > 0 is given.
Suppose that u solves the differential inequality

ug(2) + F(z,u(2), Vu(z), V2u(z)) <0 (1.1)
for all z = (t,p) € 2 x (0,T). Here, F : [0,T] x @ x R x R" x S"(R) — R is a given
function, which is assumed to be degenerate elliptic:

F(t,p,r,n,X) < F(t,p,r,n,Y) whenever Y < X,
so that

ug(2) + F(z,u(2), Vu(z), V2u(z)) = 0 (1.2)
is a parabolic equation. Suppose now that ¢ is a smooth function defined in € x
(0,T) so that the difference u — ¢ attains a maximum at a point 2 € Q x (0,7).
Then, it follows that

ur(2) = p1(2), Vu(2) = Ve(2), Vu(2) < Ve(2).
From the degenerate ellipticity of F', we derive
(pt(é) + F(év u(é)’ V@(é), stﬁ(«%))

. o e (1.3)
<wu(2) 4+ F(2,u(2), Vu(2), Veu(2)) < 0.
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Observe that the extremes of these inequalities do not depend on the derivative
of u. Hence, this suggests to define an arbitrary function u to be a generalized or
weak subsolution of in Q x (0,7) if for each 2 € Q x (0,7, a test function ¢
that touches u from above at Z always satisfies

ei(2) + F(2,0(2), Ve(2), VZp(2)) < 0.

The notion of viscosity supersolution is defined analogously. Finally, a viscosity
solution of is a subsolution and a supersolution. The primary virtues of
this theory are that it allows merely continuous functions to be solutions of fully
nonlinear equations of second order, that it provides very general existence and
uniqueness theorems and that it yields precise formulations of general boundary
conditions. Moreover, it has a great flexibility in passing to limits in various settings.
For a more complete treatment of viscosity solutions in the Euclidean framework
see [T 21 8, @, II] and the references therein. For extension of the definition to
singular equations, see for instance the book [I5].

In this work, we are concerned with the development of a comparison principle
for a large class of boundary value problems, in the Heisenberg group H, of the
form

ug + F(t,p,u, Vyu, (V%u)*) =0, in(0,T)xQ (E)
u(t,p) =g(t,p) pe€dQ, tel0,T) (BC) (1.4)
u(0,p) =h(p) peQ  (IC)

Here Q2 C H is open and bounded, and F' = F(t,p,r,n, X) is assumed to be possibly
singular at n = 0 (extra assumptions on F' will be provided in Section . See
Section [2| for definitions of the horizontal gradient Vyu and the symmetrized Hes-
sian matrix (V3,u)* in H. A general comparison principle for parabolic equations
in the Heisenberg group for everywhere continuous F' was introduced in [3]. (See
[11] for the related result in the Euclidean context). With respect to singular para-
bolic equations, we can quote the particular case of the horizontal mean curvature
flow equation treated in [I3], for which a comparison principle for axisymmetric
surfaces was proven. (See also [I5], [7] for the Euclidean treatment of singular par-
abolic equations). In this work, we prove that under some extra assumptions on
F', a comparison principle for the boundary value problem holds for solutions
u which are symmetric with respect to some class of surfaces ps = G(p1,p2) (see
(4.1)) in the sense that

u(t, p1,p2,p3) = u(t, p1,P2,p3)  whenever G(p1,p2) = G(p1,p2)-

We would like to point out that some of the arguments used in our proof of the
comparison principle are similar to those from the works [I3], [3] and the seminal
paper [I1], adapted to our framework and generality.

The organization of the paper is as follows. In Section [2] we provide a brief in-
troduction to the Heisenberg group. In the next Section[3] we discuss the parabolic
boundary problem we intend to study, the notions of viscosity solutions and we
provide the main assumptions to prove the comparison principle, which is formu-
lated and proven in Section [d] We close the paper with Section [5] where we give
examples of applications.
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2. PRELIMINARIES ON THE HEISENBERG GROUP

In this section, we introduce the definition of the Heisenberg group H together
with its differential and metric structures. The notion of parabolic jet on H and
its characterization in terms of smooth functions are also explained.

2.1. The symmetric three dimensional Heisenberg group. We consider the
first order Heisenberg group H = (R3,-), where - is the group operation defined by

1
p-q= (pl +q1,p2 + g2,p3 + g3 + 5(1?16]2 —pth)),

for all p = (p1,p2,p3), ¢ = (¢1,2,q3) € R3. The group H is a Lie group with Lie
algebra b generated by the basis

o 0 P2 0
X1_3P1_23P3
0 P1 0
Xo=—4+—— 2.1
? 3P2+23P3 1)
0
X5 = —
3 8p37

where p = (p1,p2,p3) € R3. Observe that the following Heisenberg uncertainty
principle holds:

[X1, X2] = X5.
The exponential mapping takes the vector p; X7 + p2 X2 + p3 X3 in the Lie algebra
b to the point p in the Lie group H. This allows us to identify vectors in h with
points in H.

On the Heisenberg group, an important role is played by the distribution H"
generated by the linearly independent vector fields X; and X5, called the horizontal
distribution. Thus, this space at p, denoted by HZ, is a two dimensional linear space
generated by the vectors X;(p) and Xo(p). As [X;, Xo] = X3 ¢ H", the horizontal
distribution is not involutive, and hence, by Frobenius theorem, it is not integrable;
that is, there is no surface locally tangent to H".

2.2. Carnot-Carathéodory distance. A curve c(s) = (¢1($), c2(s), e5(s)) is hor-
izontal if ¢/(s) € ’Hi‘(s). Moreover, by Chow’s theorem any two points p and ¢ in ‘H
can be joined by a smooth horizontal curve. Hence, the set

Sp.q ={c:¢c(0) =p,c(l) = g, cis horizontal} # 0.

The length of a horizontal curve c is given by

I(e) = / V(). ¢ (5)ds,

where ¢ is the subRiemannian metric. The Carnot-Carathéodory distance is defined
as do : R3 x R? — [0, 00),
dc(p,q) = inf{l(c) : ¢ € Spq}.

One may verify that d¢ satisfies the distance axioms and that it is complete. This
metric induces a homogeneous norm on H, denoted | - |, by

‘p| = dC(07p)a
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and we have the estimate

Ipl ~ | (p1, p2) | & + [ps|'/>. (2.2)

Here, || - || g stands for the Euclidean norm in R™. This estimate leads to define the
left-invariant Heisenberg gauge |- |3 that is compatible to the Carnot-Carathéodory
distance, and is defined as follows:

1/4
Pl = [(p} +p3)* +16p3] .

For the rest of this article, we shall consider all topological notions with respect to
the metric space (H,d¢). Also, for any p € H and 6 > 0, we write

By(p.6)={qa€H:lg""-pl <3},
to denote the ball in the Heisenberg group with center at p and radius 4.

2.3. Analysis on H. The left translation L, : H — H is defined by

Ly(¢)=p-q
Observe that L, is an affine map. Indeed:
D1 1 0 0\ [fa&
Lp(g) = |p2 | + 0 1 0 g |,
P3 —p2/2 p1/2 1) \@

and the determinant of the matrix on the right-hand side is 1. It follows then that
the left-invariant Haar measure of H is the Lebesgue measure £ of R? (which is in
fact also right invariant).

For a smooth function u : H — R the horizontal gradient V4 of u at a point p
is the projection of the gradient of u at p onto the horizontal space HZ,

Viu = (Xiu) X1 + (Xou)Xo.
The symmetrized horizontal second derivative matrix, denoted by (V%u)* is given
by
(VQ ’U,)* o X%u %(XlXQu—i—XgXlu)
H N %(X1X2U+X2X1u) X2u ’
With this notation and the estimate (2.2), the Taylor expansion for a smooth u
around pg reads as

_ 1 . — - -
u(po) = u(p) + (Vu(po),py " ) + 5 (V3uo))'py ' edotp,pg” - p) +ollpg " - pl”

For more about the Heisenberg group, the interested reader is referred to [3} 6] 161 [5],
and the references therein.

2.4. Parabolic subelliptic jets. We start by defining the parabolic superjets of
a function u at a point (tg,po) € (0,00) x H, denoted by P%Fu(tg,po), as the set
of all triples (7,7, X) € R x R3 x S?(R) that satisfies

_ 1 _
u(t,p) < u(to,po)—l—T(t—to)—l— <7],p0 ! 'p> +§<Xh7h> +0(|t_t0| + ‘po ! 'p|’%-t)’ (23)

as (t,p) — (to,po). Here, h denotes the horizontal projection of pal - p. We define
the parabolic subject P?~u(to, po) by

P>~ u(to, po) = — P> (—u)(to, o).
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As in the subelliptic case (see [I0] for the Euclidean case, [3] for the subelliptic
case), it was shown in [4] that

P2%u(to, po) = {(#e(to, o), Vep(to, po), (V3p(to, p0))*) = ¢ € Aulto, po) },
where
Au(to, po) = { € C*(H x (0,T)) : u — ¢ has a strict local maximum at (to,po)}.
Similarly, one has

P>~ u(to,po) = {(¢t(to, po), Veo(to, po), (Vie(to, po))*) : ¢ € Bulto, po)},
where
Bu(to,po) = {¢ € C*(H x (0,T)) : u — ¢ has a strict local minimum at (to, po)}.

We also define the closure of second order superjets and subjets.

Definition 2.1. The closure of the second order superjet of an upper-semicontin-
uous function u at a point (o, pg), denoted by ?2’+u(t0,p0), is defined as the set
of (1,1, X) € R x R? x S%(R), such that there exist sequences of points (t,, p,) and
(Trs s Xn) € P2 Fu(ty,, pn) such that

(tn7pn> u(tn,pn)> Trns NMns Xn) - (t07p07 u(tO,p0)7 T, 1, X)a as n — oQ.
Similarly, the closure of the second order subjet of a lower-semicontinuous function

uw at a point (tg,po), denoted by ?2’_u(t0,p0), is defined as the set of (7,7, X) €
R x R? x S?(IR), such that there exist sequences of points (t,,p,) and (Tn, 1, Xn) €
P?~u(t,, pn) such that

(tnapnau(tn7pn)a7-na77n7)(n) - (thp07u(t07p0)aTa777X)7 as n — 0.

3. GENERAL SETTING

3.1. The parabolic problem under study and the notions of viscosity so-
lutions. Let Q be an open and bounded domain in H. We consider the following
class of problems:

e + F(t,p,u, Vagu, (Viu)*) =0, in (0,7) xQ (E)

u(t,p) =g(t,p) pedQ, tel0,T) (BC) (3.1)
u(0,p) =h(p) peQ (IC)
Here g € C([0,T) x Q), h € C(Q) and F : [0,7] x 2 x R x (R?\ {0}) x S?(R) — R
is assumed to satisfy the following properties:
(1) F is continuous in [0, 7] x QxR x (R?\ {0}) x S?(R), and there is a modulus
of continuity w so that

|F(t,p,’f‘,?’],X) - F(S7Qa Tanv‘)()‘ < w(|t - S‘ + dc(p, Q))7 (32)

for all r € R, n € R?\ {0} and all X € S%(R). (Observe that the modulus
w is the same for all r,n and X.)
(2) F is proper, that is,

(r, &) — F(t,p,r,n, X)
is increasing in r € R and decreasing in X € S%(R).

(3) Fu(t,p,7,0,0) = F*(t,p,r,0,0) =0 for all t,p,r € [0,T] x Q2 x R. F, and
F* are locally bounded in the set [0,7] x Q x R x R? x S?(R).
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(4) F(t,p,r,ne,Ye) — F(t,p,7,me, Xe) < 0(1), uniformly in ¢, p, r, and 7). uni-
formly bounded, and all X,, Y. € S?(R) so that

Xe =Y. <o(1)I,
where [ is the identity matrix.

Remark 3.1. We may replace assumptions (1) and (4) by the following stronger
assumption: there exist constants K, L > 0 such that

F(t,p,r,my)—F(s,q,r’,ﬁ,X) SK(dc(p,q)+|8—t|+|7"—7“/|+|ﬁ—7’]|) +LO’,
for all p,q € Q, 5,t € [0,T], r,7’ € R, n,3 € R2\ {0} and all X,Y € S?(R) so that
X <Y+ol.

Next, we introduce the definition of viscosity solution to the singular parabolic
equation (E) in the context of the Heisenberg group.

Definition 3.2. An upper (respectively, lower) semicontinuous function u : (0,77) x
) — RU{+£oo} is a viscosity subsolution (resp. supersolution) in (0,7) x Q to (E)
if for all (tg,po) € (0,T) x £ and all smooth ¢ € Au(tg,po) (resp. ¢ € Bu(to,po))
there holds

@1 (to, po) + Fu(to, po, ulto, po), Vs (to, po), (Vie(to, po))*) < 0.
(resp. @i (to,po) + F*(to, po, ulto, po), Vg (to, po), (Vap(to, o))*) > 0.)
A continuous function w is a viscosity solution if it is a viscosity subsolution and a
viscosity supersolution.

It is also possible to deal with the singularity of F' at = 0 € R? by restricting
the set of test functions to the set

Ao = {p € C*((0,00) x H) : Vyp(t, p) = 0 implies (V3,0(¢,p))* = 0}.

This is the content of Definition [3.3] Another way is to use parabolic jets as
in Definition [3.4] below. We shall see in Lemma [3.5] that these definitions are
equivalent.

Definition 3.3. An upper (respectively, lower) semicontinuous function u : (0,77) x
0 — RU{+oo} is a subsolution (resp. supersolution) to (E) if:
(i) u < oo (resp. u > —o0) in (0,7T) x €
(ii) For any smooth function ¢ and (o, po) € (0,7") x§2 such that ¢ € Au(to, po)
(resp. ¢ € Bu(to, po)), the function ¢ satisfies
Pt + F(toapOau(tova)a V'H907 (V%(p)*) S Oa at (t07p0)7
(resp. Pt + F(t(]7p07u(t07p0)7 VH‘Pv (V%{QP)*) Z 07 at (t07p0)~)

if Vyp(to,po) # 0, and ¢i(to, po) < 0 (respectively ¢:(to,po) > 0.) when
Vip(to,po) = 0 and (VFp(to, po))* = 0.

Definition 3.4. An upper (respectively, lower) semicontinuous function u : (0,77) x
2 — RU{+£oo} is a subsolution (resp. supersolution) to (E) if:

(i) u < oo (resp. u > —o0) in (0,7T) x €;
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(ii) For any (to,po) € (0,7) x Q and any (7,7, X) € ?2’+u(to,p0) (resp.
(r,n,X) € P2’7u(t0,p0)), we have

T+F*(t07p05u(t0;p0)7na)() S 0
(resp. T+ F*(to, po, u(to,po),n, X) > 0.

It is straightforward to check that Definition[3.2]and Definition[3.4)are equivalent.
Moreover Definition [3:2] implies Definition [3:3] Hence, it is remains to prove the
converse. This is the content of the next result, which is [I3, Proposition 3.1].

Lemma 3.5. An upper-semicontinuous function u is a subsolution to (E) in the
sense of Definition if and only if it is a subsolution in the sense of Definition
[7-3 A similar statement holds for supersolutions.

Proof. The proof is the same as that of [I3] Proposition 3.1]. We just mention how
to treat with the dependence of F' on ¢, p and r, which is not the case considered in
[13]. First of all, it is clear that Definition implies Definition To prove the
converse, assume that u is a subsolution according to Definition [3.3] Let (f, p) €
(0,T) x 2 and let ¢ a smooth function such that

(Or’rqlwz)uX{Q(u — ) = (u—)(t,p).

As in [13], we let

(I)T<t7p7 Q) = U(t,p) - 7-|q_1 : p|4 - (p(t?p)

Then ®(¢,p,q) = limsup;_, . ®7(¢t,p,q) = —oco when p # ¢, and @(¢,p,p) =
limsup_, . ®7(¢,p,p) = u(t,p) — p(t,p). By the convergence of maximum points
[15, Lemma 2.2.5]), there exists a sequence (¢7,p",¢") converging to (f,p,p) such
that ®7 attains a maximum at (¢7,p”,¢"). Moreover

lim ®7(7,p",q7) = (t,p,p). (3.3)

Hence, since ¢(t7,p7) — @(t,p) as 7 — oo, we derive from (3.3) and the upper
semicontinuity of u that

u(f,ﬁ) - thigf (“(tT7PT) - T|(q7—)_1 .pT|4)

< liminf u(t™, p7) (3.4)
< limsupu(t™,p") < u(t,p).
T—00
Concluding that
lim u(t™,p") = u(t, p). (3.5)
T—00
With (3.5) in mind, we may proceed with the proof as in [13]. a

Finally, we proceed as in [11} [4] and we introduce the definition of viscosity
solution to the problem (3.1]).

Definition 3.6. A subsolution u(t, p) to problem (3.1) is a viscosity subsolution
to (E), u(t,p) < g(t,p) on 9Q, t € [0,T), and u(0,p) < h(p) in Q. Supersolutions
and solutions are defined in an analogous manner.
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4. COMPARISON PRINCIPLE

Let G : R? — R be a smooth function verifying that there is no point (p1,p2) €
R?\ {0} such that
pl%(pl,pz)+p2%g(p1,pz) =0. (4.1)
In particular, observe that the Euclidean gradient (0G/dp1(p1,p2), 0G/0pa(p1,p2))
is not zero for all (p1,p2) # (0,0). We are interested in a comparison principle for
the problem in the case of sub or supersolutions v which are symmetric with
respect to the surface ps = G(p1, p2):

u(t7p17p27p3) = u(t7ﬁ17ﬁ27p3)7 when G(p17p2) = G(ﬁlaﬁ?)'
This is the content of our main result.
Theorem 4.1. Let u and v be respectively an upper semicontinuous subsolution

and a lower semicontinuous supersolution to (3.1). Assume that either u or v are
symmetric with respect to the surface ps = G(p1,p2). Then:

w<wv in[0,T)x Q.

Proof. Let us assume that v is symmetric with respect to the surface ps = G(p1,p2).
To obtain a contradiction, we assume that there exists a point (¢,p) € (0,T) x Q
so that

(u—v)(t,p) > 0.

Then, we are able to find a positive number § > 0 satisfying

u(l,7) ~vE.7) — 5 >0
Let (£,p) € [0,T) x Q so that
M = (i, p) — v(i,p) — —2— — max_ (u(t,p) —v(t,p) — L) >0, (4.2)
T—1t [07)x0 Tt

As usual in the proof of comparison principles, we double the variables and proceed
with the penalizing process defining the function M7 by

T 9 1)
- — t _ e

SR
where g(p,q) = |p- ¢ '|3,- This is the same penalizing process as in [I3]. We
take maximizers (¢7,p",s7,q") € ([0,T) x Q)% of M7. In view of (4.2)) and the
boundedness from above of the functions v and —v, the points ¢” lie in a compact
subset of [0,T") for T large. Moreover, the inequality

MT(tT7pT’sT7qT) ZMT(f’ﬁ)i\?ﬁ) (4'3)

MT(t,p, st) = u(tap) - v(qu) - 7—92(pv q)

implies that
Ip" - (¢") "y — 0 and |tT —sT| =0, (4.4)
as T — oo. This fact, together with the compactness of the set Q yield the existence
of a point (tg,po) € [0,T) x 2 such that p™,¢q™ — pg and t7,s™ — . It also follows
from (4.3) and the above convergences, that
0 < lim sup (ng(pT,qT) + z(tT - 57)2) <0.

T—00 2
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Concluding that
Tg°(p",q") + %(tT —57)? =0 asT — o0.
In addition, the fact u(0,p) < v(0,p) implies that ¢y # 0. Indeed, if ty = 0, then
0< M= M7(E.5.0.5) < lim M7(7.07,87.47) = u(0,po) ~ v(0.p0) — 3 <0

which is a contradiction. Hence, tg € (0,7). On the other hand, we also need to
check that pg € 2. Observe that

M < lim MT(tTvaasTvqT) = u(t()?pO) - v(thPO) -

. 4.5
T—00 T —tg ( )

Hence, If py € 02, the property u(t,p) < v(t,p) on [0,T) x I says that the right-
hand side above is negative, which contradicts that M > 0. Therefore, py should
be an interior point. Thus, we may apply the parabolic Euclidean Crandall-Ishii
lemma [I1, Theorem 8.3]) to the functions

_ T T\ _ 2 T _z T Q_L
(t;p) = u(t,p) —v(s™,¢") = 79°(p,q7) = 5 (¢ = 8T)" = -
and 5
N T T\ _ _ 2(,.T _Z T N\2
(5,q) = ut”,p") —v(s,¢) =79°(0",¢) = S(t" = 8)" =~ -—

which have, respectively, a maximum at the points (¢",p") and (s7,¢"). To do so, we
need to check [I1], Condition 8.5], namely, that there is an r > 0 such that for every
M > 0 there is a C such that for all (b, 3, X) € Ppit u(t, p): if [u(p, t)|+|8]+]| X || <
M and |t —t7| + |lp — p"|lg < r hold, then b < C, with an analogous statement
for —v. Indeed, if this is not true, for all » > 0, there is an M > 0 such that
for all C' there is (b, 3, X) € Pyl u(p,t) so that |u(t,p)| + |B] + | X| < M and
[t —t7| + |[p—p"||lg < r but b > C. This would imply that

(b, (DL,B, DL,XDLY)3x2) € P*Tu(t, p)

which contradicts the fact that u is a subsolution for large C' in view of the local
boundedness of the function F,. A similar argument applies to —v. Hence, we may
apply [11, Theorem 8.3] to obtain matrices X7, Y™ € S3(R) such that

4 T T T T T B2+ T T
<W+T(t —57),7V,g% (0", q7), X ) € Pryau(t”,p") (4.6)
T T T T T 52— T T
(7t = 57),=7V4g? (07, a7). YT) € Prav(s™. "),

with the property that

X7 0 T AT T T
( 0 _YT) <7[V2,0° 07,0 + (V2,62 (07 .q7))%). (4.7)
It is also clear that
(5 T T T T T 72,+ - -
(m +7(t"T —s ),TDLpTvpg2(p .q )7(DLPTX DLZ;T)Qx2) eP” wu(t,p")

(4.8)
and

(7t = 57),~7DLy Vg (07, a7), (DLy YT DLL ) € P u(s7, 7).
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As in [3] and [I3], let

1
Wpr = (DLpT)T(wl,w2,0)T = (w17w27 i(pf’wz fpéwl)),

1
Wqr = (DLqT)T(wl,w%())T = (w17w2, 5((1{102 - qgwl))

Then, defining the matrices X7, V7 € S?(R) as
X7 = (DLy X" DL )axo,
V7 = (DLyY"DLyr ),
we deduce from that
(XTw,w) — (Y w,w)
= (XTwpr, wpr) — (YT wgr, wyr) (4.9)
< r([V2,8°(07.07) + (V2,020 a)?) (wpr & wgr), wpr @ wy- ) = o(1),

locally uniformly in |jw]|.
Because of the singularity of F' at n = 0, we have to consider two cases. Firstly,
assume that
N =1Vhg (T.q7) = —TVig* (pT,q7) # 0
for all large 7. Using that u is a subsolution and v is a supersolution to equation
(E), we obtain

6 T T T T T T T T
m‘FT(t =)+ P, pTult,p),n", X7) <0, (4.10)
T(tT = sT) + F(s",q",v(s",q"),n", V7) >0, (4.11)
Subtracting (4.11)) from (4.10), we have
1)
e P ) X = Pl ) V) S0 (412)
‘Whence
)
0< gy S F(T a7 0(7 @), V7) = P, 97, uld, 7)., X7).

We now estimate the difference on the right-hand side. From assumption (1) on F,
we obtain

F(s™,q"0(s7,q7),n" V") = F(@7,p",ut™, p"),n", X7)
< w(|tT 57|+ dc(pT,qT)) + F@",p",v(sT,q7),n", V") (4.13)
= F(@7,p7um,p"),n", XT).
By , we have
u(t™,p") —v(s,q") >0,
for large enough 7. Hence, by assumption (2), and assumption (4), the in-
equality becomes
F(s™,q",v(s",q"),n", Y7) = F({t",p",u(t",p"),n",X") <o(l) as 7 — co. (4.14)

Then we obtain the contradiction

4]

0< Tt < o(1).
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Secondly, suppose that n77 = 0 for a subsequence 7; — oo. One has to distinguish
two subcases:

Subcase 1: If g(p™,¢™) = 0, then reasoning as in [13], we obtain the contradiction

6
- <o
(T —tg)? =0

Subcase 2: Suppose g(p™,q™) # 0, then it follows that V%,g(p™,q™7) = 0. We
first prove that p;” = p;’ = 0. Assume to get a contradiction that (p7’)2+(ps’ )% # 0.
Observe that the function p — u(p, ¢™,t%) —7¢*(p,q™) attains a maximum at p™,
which is an interior point of Q for 7; large enough. For all point p = (p1, P2, p3) # 0
closed to p™ such that

ps = G(p1,p2) = G(py',py’) = 3,
we have by the assumed symmetry of u that
w(p,t7) = 79*(P,q7) <u(p™, i) — g (p7,q")
which yields:
9(B,q™) > g(p™,q™).
The method of Lagrange multipliers says that there exists a constant A € R such

that 5 8
2y ,q7) = A (07)
5']91 8171
(4.15)
@( 7j Tj) _)\%( Tj)
O p,q O p).
From the assumption n™ = 0 and (4.15)), we obtain
oG, w 09 , . .
Ao, P7) = %879@ 7,q7) =0
821 - (;’3 (4.16)
T Py g T Tj
AT (i) + P 29 s gy = 0.
op, )T gy, P47
If \ # 0, then
~0G . p’py 09, .
' 5 - ") = 2 (p7,4"7)
Op1 2% Ops (4.17)
pp 28 iy = PLL2 09y i
% Opo 2\ Ops - 7

Adding these equations gives a contradiction to (4.1). Hence, A = 0. Thus, equa-

tions (4.15) and (4.16) take the form

8 ST Tj T. Tj Tj Tj T

0= 8T;(Jl(ijvq i) = 4[(171] - Q1J)2 + (pzJ - Q2J)2](p1j - Q1J)
8 . T T; T T; T T T;

0= G a™) =407 — a7+ 07 — a7 P)0Y —a) (419
_ 99

. . . I RS,
0=, @".a7) = 2<p§’ —a3’ +5pd'a’ + 5Py q?),
which yields p™ = ¢™, contradicting the assumption g(p™,q™) # 0.

Therefore, the claim is proved. As in [13], it also follows that ¢;” = ¢,” which
implies

(v%2g2)*(p7'j7q‘rj) — ( 171_,{292)*(2?7'3-’(174') =0.
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An application of Definition [3.3] gives the contradiction:
1)
(4T — ¢TI <
@—pp TS0
and
(T — s7) > 0.

Hence, the proof is complete. O

Remark 4.2. Another way of proving Theorem [.1]is the following: for each § > 0,
the function 5

i
is also a subsolution. Indeed, if ¢ is a smooth function touching @ from above at
some point (tg,po) € (0,T) x Q such that

(0{1%?>X<Q(ﬂ — ) = (a— ¢)(to, po)

then it clear that

(O{I%?i((l(u — QO) = (U/ - @)(thp0)7

where

1)
o(t = (1 —_—
P(tp) = p(t.p) +
Observe that Vi@ = Vi and (Vr@)* = (Vie)*. Hence, if Vi # 0, we have
by Definition [3.3] and assumption (2) on F' that

i N i N 5
("2 + F(tvpvu? V’HQO7 (V%QO) ) S Pt + F(t7p7u7 V'H807 (vgﬁp) ) - m
5 (4.19)
<—— .
=Tmnpe <
If Vip =0 and (V3,0)* = 0, then by Definition
5 )
=@t — < - . .
VL= Q¢ T2 = T2 <0 (4.20)

Therefore, without loss of generality, we may assume that the subsolution w satisfies
. )
Ut + F(tapa u, V’H'U/, (v%{u) ) S _ﬁ < Oa

in the sense of viscosity subsolution; that is, u is a subsolution of

ug + F(t,p,u, Vyu, (V%u)*) <0

where 5
F(tsp,rn, &) = F(t,p, 7., X) + 7.
Also we may assume that the subsolution u satisfies
lin} u(t,p) = —oo, uniformly in Q. (4.21)
t—

Then we take the limit § — 0 to obtain the desired result for any subsolution wu.
Proceeding as above, we assume u(t, p) —v(t, p) > 0 for some point (¢,p) € 2x[0,T).
The function M7 is redefined as follows

-

2(t75)2.

M (t,p,s,q) = u(t,p) — v(s,q) — 79*(p,q)
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As above, we derive
pT7qT_)p0’ tT>ST_>t07 as 7 — OQ.

Observe that by assumption on u, the points t7 lie in a compact subset of
[0,T). Moreover, (pg,tg) € Q x (0,T), and we may apply the parabolic Crandall-
Ishii lemma as before. Recall that the term §/(T —t7)? does not appear now in the
expressions and . The proof proceed as above, getting the contradictions:

0
0< 75 S F(sq70(s7,¢7), 0", Y7) = F(t7,p7, u(t”,p"),n", X7) < o(1),
when 77 # 0 for all large 7, and
0 <0

T2 =
in the two subcases of the case n™ # 0 for a subsequence 7; — 0.

5. EXAMPLES

5.1. Parabolic infinite Laplacian. We consider the following parabolic equation
in the Heisenberg group H:

up — AéVO,Hu =0, inHx(0,T). (5.1)

Here, the operator —AéVO’H denotes the normalized co-Laplacian in the Heisenberg
group, and it is defined, for all u such that Vyu # 0, as follows:

1 *

2
1
= —W Z XZUXJ’U,XZXJU
i,j=1

For a vector n € R?\ {0}, and X € S?(R), we introduce the function

2
17
Fos(n, X) = — Z |77|2J Xij- (5.3)

i,j=1
Hence, equation can be written whenever Vyu # 0 as
up + Foo (Apu, (A3,u)*) =0, inH x (0,7T). (5.4)
Moreover, observe that
F>(0,0) = F (0,0) = 0,
and that, for all pairs (n, X) € (R? \ {0}) x S%(R),
FL(n,X) = Feo x(n, X) = Fo (1, X).

Finally, it is clear that F' also satisfies assumption (4) in Section Therefore,
Theorem tells us that there exists a unique symmetric viscosity solution to the
problem

u— AL ;u=0, inQx(0,7)

u(t,p) = g(t,p) pedQ tel0,T) (5:5)
u(0,p) = h(0,p) peQ
for T >0, g € C([0,T) x Q) and h € C(Q2) given.
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5.2. Mean curvature flow equation. We consider now the following problem
involving the mean curvature flow equation:

Vuu @ Vyu 2 )] _ )
Ug — tr [(I_W)(VHu) )] =0, inQx(0,7)
u(t,p) = uo(t,p) pe€dQ, tel0,T) (5.6)

u(0,p) =uo(0,p) peQ

A derivation and interpretation of the problem ([5.6)) in the Euclidean setting may
be seen in [I5] and [7], and in [6] and [14] for the analogue in the Heisenberg group.
Let F: R?\ {0} x S?(R) — R be given by
F(n,X) = —tr [(I - ”ﬁzn)x}.
n

Observe that F satisfies all the assumptions (1)-(4) from Section [3.1] By Theorem
the boundary value problem (5.6) admits a unique viscosity solution which is
symmetric in the sense specified in Theorem

5.3. Homogeneous diffusions in H. Consider the following one parameter fam-
ily of Cauchy problems in the Heisenberg group:

up + CpA) yu=0, inQx(0,7)
u(t,p) = uo(t,p) pe€ N, te|0,T) (5.7)
u(0,p) = uo(0,p) peq

where
p

Cp = pan
and the 1-homogeneous p-Laplacian Azl7 is defined, for 1 < p < o0, by
A AL o
SFU (V3w ) + (1= 2) Foo(Vieu, (V3u)®), if p> 2.
Here F : S?(R) — R is given by
Fi(X)=—trX.

Our result Theorem indicates that the problem (/5.7 has a unique symmetric
(with respect to a surface p3 = G(p1, p2)) viscosity solution.

2
P
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