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A SIGN-CHANGING SOLUTION FOR NONLINEAR PROBLEMS
INVOLVING THE FRACTIONAL LAPLACIAN

KAIMIN TENG, KUN WANG, RUIMENG WANG

ABSTRACT. In this article, we establish the existence of a least energy sign-
changing solution for nonlinear problems involving the fractional Laplacian.
Our main tool is constrained minimization in a closed subset containing all
the sign-changing solutions of the equation.

1. INTRODUCTION
In this article, we establish the existence of least energy sign-changing solutions
for the nonlinear problem involving the fractional Laplacian,
(=A)°u = f(x,u) inQ,
N (1.1)
u=0 inRY\Q,

where 2 C R is a bounded domain with smooth boundary, s € (0,1), N > 2s,
(—A)* stands for the fractional Laplacian, which is defined by

u(z) — u(y) N
—A)* N, s)li 2 d) R
(=A)*u(z) = C(N,s) lim v\ Boto) 1 = GIFE dy, z€eRY,

where C'(N, s) is a suitable positive normalization constant. The nonlinearity f :
Q1 x R — R is of class C'! and satisfies the growth conditions:
(F1) limy—g f(z,t)/t = 0 uniformly for a.e. x € Q;
(F2) limyg— oo f(x,t)/[t|? 1 = 0 uniformly for a.e. z €
(F3) There exist R > 0 and g > 2 such that
0 < puF(t,x) <tf(z,t), VYaxeQV|t|>R;

(F4) f(z,t)/t is increasing in [t| > 0, for every x € Q.

Here 2} = Qi\gs is the fractional critical exponent, and F(z fo x,s)ds).

Remark 1.1. The conditions (F1) and (F4) imply that H(x, t) =tf(x,t)—2F(x,t)
is a nonnegative function, increasing in |s| with

tH' (z,t) = t*f'(2,t) — f(2,t)t >0 for any [t| > 0.
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Recently, a great attention has been focused on the study nonlinear problems
involving fractional Laplacian, because of its importance in the field of physics,
engineering, finance and so on. For example, it arises in phase transition, quan-
tum mechanics, flame propagation, chemical reaction liquids American options in
finance, crystal dislocation, see [2, [IT], 2I] and so on. Owing to the pioneer work
Caffarelli and Silvestre [6], who developed the technique of harmonic extension to
define the fractional Laplace operator, many well-known results corresponding to
classical elliptic problems have been obtained, see [3] [5] [7, 20] and the references
therein. On the other hand, Servadei and Valdinoci [I6, [I7] who takes the frac-
tional Laplace operator as singular integral operator, introduced a suitable Sobolev
space which can be to develop the variational formula, some existence and multiple
results for problem have been obtained, one can see [9] 10, 14} [15] 18, 19]
and the references therein, they deal with another nonlocal operator, the spectral
fractional Laplacian, which is different from the operator considered in the present
paper defined by the singular integral kernel.

As we know, in the past decades, the existence and multiplicity of sign-changing
solutions for nonlinear elliptic problems have been intensively studied. There are
some powerful methods which have been developed, such as the descended flow
methods [12], constrained minimization methods [4], super and sub solution com-
bining with truncation techniques [8] and so on. The existence and multiplicity of
sign-changing solutions for problem has been investigated by the recent paper
of Chang and Wang [7], through using the descended flow methods and harmonic
extension techniques. In a recent paper [I], the authors proved the existence of a
least energy solution for Schrodinger-Poisson equations by the minimization meth-
ods, the problem is similar to ours, because of appearing the “nonlocal” term. In
this paper, we borrow some ideas from [I], we use the constrained minimization
methods to prove the existence of sign-changing solutions for problem .

For any measurable function u : RY — R we define the Gagliadro seminorm by

setting ,
and we introduce the fractional Sobolev space
HRY) = {u € LA(RY) : [u]s < oo},
which is a Hilbert space. We also define a closed subspace
X(Q) ={uec HRY):u=0ae in RV\Q}.

Because of the fractional Sobolev inequality, X (Q) is a Hilbert space with inner
product

o) = [ D) =00 g,

|z — y|[N+2s

which induces a norm || - ||x = []s. For u € X(Q), set
1
Iw) = 3lellx ~ [ Fleyu)da.
Q

Then, J € C1(X()) and

o[ @ )o@ o) [
= [ rEmhee: dz dy /Qf(, yodr, Vo e X(Q).
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Moreover, all its critical points are (up to a normalization constant depending on
s and N, which we will neglect henceforth) weak solutions of (1.1]), namely they
satisfy

(u,v) = / flr,w)vde, Yve X(Q).
Q
Our main result is the following.

Theorem 1.2. Suppose that f satisfies (F1)—(F4). Then problem (1.1)) possesses
a least energy sign-changing solution.

Remark 1.3. We observe that (F2) is weaker than the usual subcritical condition,
such as the (F2) of [7, Theorem 1.1].

Remark 1.4. Under the conditions (F1)-(F3), using the usual mountain pass
theorem, we can obtain two solutions: a positive solution and a negative solution.

Remark 1.5. In this framework, because there is a nonlocal term

/ (u(@) —u@)v(z) =v@) 4, g,
]R2N

|z —y|V+2e

we can not prove the exactly nodal domains corresponding to the sign-changing
solution obtained in Theorem [L.4

In the proof of Theorem we will prove that the functional J achieves a
minimum value on the nodal set

M={ueN:(J(u),ut) =0, (J'(u),u”) =0 and u* # 0}
where u(z) = max{u(x),0}, v~ (z) = min{u(z),0} and
N = {ue X(Q\{0} : (J'(u),u) = 0}.
More precisely, we prove that there is w € M such that
J(w) = ulénj{/1 J(u).

2. PRELIMINARY LEMMAS

Lemma 2.1. For any a,b € R, we have:
(i) (ka)* = ka*, for all k >0, (a 4+ b)* < a® + b*;
(i) (a—b)(a* —b%) > (a* — b+)%;
(iii) (a —b)(a™ —b7) > (a= —b7)2.
Remark 2.2. The conclusion (ii) of Lemma[2.1)implies that (a* —b%)(a=—b") > 0,
for any a,b € R.
From Lemma 2.1} by simple computations, we deduce the following Lemma.

Lemma 2.3. For any u € X(R2), the following element facts hold.
() [lu*lx < flullx;
(ii)

+ - - +
dy gk by ut (z)u” (y) _/ u” (z)u”(y) ,
(u,u™) = (u™,u™) /RZN PR FT dz dy o T — ]S dzx dy;
(iii)

) uE = (T () uE — ut (2)u” (y) ody — u” (z)ut (y) "
) = 7)) - [ aray - [ d
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Lemma 2.4. Let {uy,} be a bounded sequence in X (). Then up to a subsequence,
still denoted by {u,}, there exists u € X () such that

lim |ui\qu—/ |ut|? da;
Q

n—0o0

n—oo O

lim u,ilf(%u,il)dx:/uif(x,ui)dx;
Q
(i)

lim F(:c,u,il)d:zs:/F(x,ui)dx
e Ja Q

liminf{—/ dedy] / wr@u W) g, g,

n— oo 2N |£E - y\N“S 2N ‘.T - y|N+2S

(iv)

Proof. From the boundedness of sequence {u,} in X(Q), it follows that up to a
subsequence, we may assume that there exists v € X () such that

u, — u, weakly in X(Q),
u, — u, strongly in LY(RY) with ¢ € [2,27), (2.1)
up(z) — u(x), ae. in RV,

(i) From Lemma [2.1] one has

‘/|ui|qu—/ |ui|qu’</ lut — uF)9dz
g/ | — )t | da
/\un—u|qd:c

Hence, the conclusion (i) can be deduced from (2.1]
(ii) By hypotheses (F1) and (F2), given ¢ > O there exists Cz > 0 such that

|f(2,t)| < elt| + Ccft|7T? %1 forallt € R and almost all z € Q. (2.2)

Thus, {f(z,uX)} is bounded in L% ~(Q), and so there exists v € L% ~1(Q) such
that f(z,ur) — vin L% ~1(Q). Because f(x,ufr) — f(z,u*) a.e. 2 € Q, we obtain
fz,ut) — f(z,u®) in L%~1(Q). As a result, we deduce that

/Qui(f(x,uf)ff(z,ui))dxﬂ() as n — 00. (2.3)

By Hélder’s inequality and (2.2)), we have
‘ / [u f(z,ul) — uif(o:,ui)]dx’
Q

< / it — u*||f(z,ud)] dz + | / W (f (e, ud) — flo,ut)) dal
Q Q

< elluy — u|lalluz ll2 + Celluy — uFllqlluiyllg + ellun — w*

T / W (f (@, u¥) — flz,ut)) daf

+

2% || Uy,

s

o

s
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< Collluzy — wFll2 + lluy —u*lq] + Coe + \/Qui(f(%ﬁ) = fla,u™)) dzl.

Taking the limit in the above inequality and using the arbitrariness of £ and (2.3]),
conclusion (ii) follows.
(iii) By Holder’s inequality and (2.3)), we have

‘/ﬂ[F(az,u%)—F(x,ui)]dx’2/0/01 lut — uF||f(z, 0ut + (1 — O)u™)|do dx

< elluy — uF lalluz ll2 + Celluzy — wFllqlluillq
+ +

n

< Collluy — wFll2 + lluiy = u*lg] + Coe.

u

—i—EHuiE —u™ ||2x 2

Hence, taking the limit in the above inequality and using the arbitrariness of ¢,
conclusion (iii) follows.
(iv) By Fatou’s Lemma, conclusion (iv) follows is trivially. O

Lemma 2.5. There exists C; > 0 and o > 0 such that
(1) J(u) > (5 - Djull% — Cy and ||ullx > a, Vu e N;
(i) ut]x > o, Vu € M.

Proof. (i) For any u € N, by (F3) and (2.2), we have

pd (u) = pd (u) = (J'(u),u) = (% = Dl + / [wf (z,u) — pF(z, u)] dz
Q

= (£ |2 uf(z,u) — pF(z,u)]de
Gl [ s —pF )

uf(r,u) — pF(z,u)|dr
Lt )

W
> (4 1)l - 0.
From (F1) and (F2), for any € > 0, there exists Cy > 0 such that
flx, )t < et? 4+ Colt|*, forallt € R and ae. x € Q. (2.4)

Since (J'(u),u) = 0, by Sobolev embedding and (2.4), we have

wﬁ:/MWMM4g/ﬁm+@/m
Q Q Q

from this inequality, taking e = 1/(2C3), a = (1/(2C3))% 2, it follows that
lullx > a, YueN.

(i) Assume that u € M, we have that (J'(u),u*) = 0. From (iii) of Lemma[2.3]
we have

+ - - +
oy ut(z)u”(y) u” (z)ut(y)
(J'(u™),u >_/R2N 7‘$,y|N+2s drdy + o 7|:ny|N+25 dzdy < 0.

. 2!
% du < Csfeflullk + [lullx],

Thus,
e < [ oot de.
Q

As in the proof of (i), we deduce that ||u™||x > a. O
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Lemma 2.6. If {u,} is a bounded sequence in M and p € (2,2%), we have

liminf/ luE|P dz > 0.
Q

n—oo

Proof. By (F1) and (F2), for any € > 0, there exists Cy > 0 such that
tf(z,t) < et? + Cylt|P +¢lt|*, forallt € R and a.e. z € (. (2.5)
Since u,, € M, by Lemma and (22.5)), we have

o < ut|% < / ut f(x,ul)de < 5/ |u,ﬂ2dm+04/ |u,ﬂpdx—i—5/ luk|? de.
Q Q Q Q
From the boundedness of {u,}, there is C5 > 0 such that
o® <eCs + C4/ luZ [P du,
Q

which implies

liminf/ luZ P dz > 0.

n—oo Q

(]

3. PROOF OF MAIN RESULT

In this section, we devote to proving Theorem We denote by ¢ the infimum
of J on M; that is,

co = ulen/f/! J(u).

To prove that this infimum can be attained, moreover, it is a critical point of
functional J, we need the following Lemmas.

Lemma 3.1. Let u € X(Q) with u*™ # 0. Then there are t,60 > 0 such that
(J'(tut +0u™),u™) =0 and (J'(tu™ 4+ Ou~),u") = 0.
Proof. We define a function
A(1,0) = (' (b + 0u ), bt (' (1t + 60, 0u)),
obviously, v € C([0,4+00) x [0,400)). Since
+ -
(J'(tut +0u™), tut) = 2|lut|% — 2ts/ %UNLQ) dz dy —/ tut f(z, tu™)dx
rev |z —y|NF2e Q

and

+ —
(J' (tut+0u™), 0u™) = 0%||u~ ||% —2t0 % dzdy— [ Ou™ f(z,0u”)dx,
r2v |7 — Y| Q

from (2.4), by Sobolev embedding, we obtain

S

+ —
(J'(tu™ + Ou™), tu™) > 2 |lut|% — 2t0/R2N dedy

+112¢
u
23

> (1 Ce)llut % — Crt*

— 2|t} - Ot

.
.

Similarly,

(J'(tu™ + 0u™), 0u) > 0%(1 — Cge)|ju™ | % — C70% [Ju|%.
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Hence, There is r; > 0 such that
(J'(rout + 0u™),rut) >0, Vs >0, (J'(tut +ru”),ru) >0, V¢ > 0. (3.1)
From (F3), there are Cg, Cy > 0 such that

tf(z,t) > Cs|t|* — Cy,, forallt € R and all z € (. (3.2)
Indeed, from (F3), we obtain
tf(z,t) > pF(x,t) > Cslt|*, V|t| > R and a.e. x € Q. (3.3)

From the continuity of tf(x,t), tf(z,t) is bounded on 2 x [—R, R]; that is, there
exists a constant kg > 0 such that

tf(CE,t) Z —ko Z Cg|t‘“ — CgRu — ko, VM S R. (34)
Combining (3.3) and (3.4), we obtain that (3.2)) holds. Hence, by , one has

+ —
(J'(tu™ + 0u), tut) < 2ut )% — 2759/ %dxdy
reN [T — Y]

_ cgt#/ e + Co|9)
Q

and

ut(z)u” (y)

fo—gvras 0

(J' (tut 4+ 0u™), 0u™) < 0%|ju||% — 20 /Rw

- cgaﬂ/ lu~|“dz + |9,
Q

where || denotes the Lebesgue measure of Q. Hence, there is 7 > 0 such that
(J' (rou™ 4+ 0u~),rou™) <0, (J'(tut +rou”),rou”) >0, Vt,0€ [r,rs]. (3.5)
From (3.1) and (3.5)), this Lemma follows applying Miranda’s Theorem [13]. O

For v € X(Q) with u® # 0, we consider the function h,(t,0) : [0,400) x
[0,400) — R defined as
hy(t,0) = J(tut + 6u™)
and g, : [0, +00) x [0, +00) — R? given by
Ohy, Ohy,
gu(t,0) = (ﬁ(tﬁ)a 20

By the assumption f € C!, we can deduce that g, is also a C' map.

(t,0)) = ((J'(tu™ + 0u™),u™), (J' (tut + 0u™),u™)).

Lemma 3.2. Let u e M,

(i) hy(t,0) < hy(1,1), for all 6, > 0 and (¢,0) # (1,1);
(ii) det(gy)'(1,1) > 0.

Proof. (i) Since u € M, then (J'(u),u™) = 0; that is,
+ -
-2 [ D aray = [ g an,
R Q

2N |1’ — y|N+25

+ —
Hu ||X RZN |.’L'—y|N+2S T ay Qu f(x,u ) €L
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The above two equalities imply that (1,1) is a critical point of h,. By condition
(F3), it is easy to prove that
lim  hy(t,0) = —c.
|(£,0)]— o0

By the property of continuous function, we can get that h, attains a global maxi-
mum in some (a,b) € [0, +00) x [0, +00).

1. We claim that a,b > 0. If b = 0, obviously a # 0 and then (J'(au™),au™) = 0,
ie.,

aQHuﬂ@(:/Qaquf(x,atﬁ)dm. (3.6)
Since
+ —
o + u(z)u (y)
<J/(u ),’LL >f<J/(u),7.L >+2/R2dexdy
ut(z)u”(y)
=2 ————"dxd 0
/Rzzv f— g2 WS
we obtain

Jut I < [ (ot da. (37)
Q
By (3.6) and (3.7)), one has
1 utf(z,ut)  aut f(z,au')
(- el < [ (SR w2 e

(ut)? (aut)?

From (F4), we can infer that a < 1. Thus, by Remark we have

hy(a,0) = J(aut) = J(au™) — %(J'(aqu),aqu)

_1 au+ xau+— .'EG/UJ'_ X
- /Q[ f(,aut) — 2F (z, au")] d

2
< %/{2[u+f(l‘,u+) 9P (z,ut) do
< %/Q[u*f(x,qﬁ) 9P (,ut )] dz
+ % /Q[u_f(x,u_) 9P (e, u” )] da
_ %/Q[uf(m,u) _2F(w,u)]

— J(u) %(J'(u),w — ha(1,1).

This contradicts tht (a,b) is a global maximum point for h,. Similarly, we can show
that a # 0, and the proof of claim is complete.
2. We claim that a,b < 1. Since (hy)’(a,b) = 0, we have

+ —
a®|lut |3 — Qab/RM dedy = /Qau'*'f(x,au'*')dx,

F(@)u(y)
b2*272b/ utym Y) dd:/b* bu~) d.
lw™ 1% a o o — g [N zdy ; u” f(z,bu”) dx
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Without loss of generality, we suppose that a > b. Hence,

ut (z)u”(y)
a?|lut ||} — 2a® /RZN To— g dedy > /Qau"’f(x,aqu) dz.

Note that the assumption (J'(u),u") = 0, we deduce that

+ + + +
0> / (au f(z,au™) u f(z,u ))(U_F)Qdm.
o\ (eut)? (ut)?

The condition (F4) implies that a < 1 and so the proof of the claim is complete.
To conclude the proof of (i), we only need to show that h, does not have a

global maximum in [0, 1] x [0, 1]\{(1,1)}. If not, we assume that (a,b) is a global

maximum of h, in [0,1] x [0,1]\{(1,1)}. From definition of h, and Remark [1.1} we

have

ha(a,b) = J(au™ + bu~) — %((hu)’(a, b), (a,b))

1
= J(aut +bu) (J'(au™ +bu"),au™) — §<J'(auJr +bu"),bu")

ut(z)u (y)
on |z — y|NH2s

1
2

a e B o
= 5”“ % + EHU I% — 2ab dx dy
R

a? b2
—/F@wﬂw—/meWM—fMW%~wwﬁ
Q I 2 2

ut (z)u” (y) 1
2ab 5 drd — + 1d
e AQN |x_y‘N+23 x y+2/QaU f(l‘,au ) T

+}/bu*f(x,bu*)dsc
2 Ja

= %/Q[aqﬁf(x,au*) —2F(z,au™)dz

+5 [ [0 (o) 2P (b ds

< %/gl[u+f(x7u+) —2F(z,u™)dx + %/Q[u_f(x,u_) —2F(z,u”)dz
1

= 5 [ [few) 2P (@ w]de = hu(1,1)

Hence, h, does not have a global maximum in [0, 1] x [0, 1]\{(1,1)}. Therefore, the

proof of (i) is complete.
(ii) Since

0?h,,

ot?

9 hay —2 / —\/ =2
S (60 = [ e = [ 7007w )P e,
Q

0%ha, ut (z)u”(y)
atod (t7 9) =2 ‘/RQN |l‘ - y|N+2S dz dy7

by a simple computation, observing that u € M and by Remark we obtain
det(ga)'(1,1)

0) = ||lut|% — " tuH) ()2 de
(t.6) = [u* 1% éfht)() 7
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||u+||2 /f z,ut dx] luI1% — /f T, u” )zdx]
ut(z)u
_4</w|x(—g),|N+(25)d dy)
— [/Q (U+f(x,u+) —f’(x,u+)(u+)2> dx—i—z/R %d dy]

2N |£U—

X [/Q (u*f(x,u*)ff'(x,u*)(u*f) dx+2/R md dy}

2N ‘.T—
ut (2)u” (y)
_4(/sz — |N+25d dy) > 0.

O

Corollary 3.3. Suppose that u € X (Q) satisfies u* # 0 and (J'(uv),u*) < 0. Then
there are t,s € [0,1] such that tu™ + Ou~ € M.

Proof. From (F3), it is easy to deduce that

lim  hu(t,0) = —
I(t,0)] =00 (&)

We assume that h, attain a global maximum in some (a,b) € [0, +00) x [0, +00)
and then (hy)'(a,b) = 0, we have

+ —
a2||u+||§(—2ab/ Wd dy—/au*f(nlc,au*)dac7
T = Q

(v)
b2 u |3 — 2a b/ y|N+25d dy—/bu f(z,bu™)dz

If @ > b, then
+ —
21(,,+|2 2 ut (z)u (y) ut +
a Hu ||X—2a /R2de dy> Q f(x,au )dx

Note that by the assumption (J'(u),u™) <0, we deduce
0 2/ (W+f(x’W+) - U+f(x’“+))(u+)2dx.
Q

(aut)? (ut)?

The condition (F4) implies that a < 1 and so the proof is complete. O

Proof of Theorem[I.4 Let {u,} be a sequence in M such that

lim J(u,) = co.

n—oo

From Lemma [2.5] (i), {u,} is bounded in X (). From Lemma [2.6] it follows that
u* # 0. Then, by Lemma there are ¢,0 > 0 such that

(J'(tut +0u”),u™)y =0, (J(tu™ +0u”),u”)=0. (3.8)
Next, we show that ¢,6 < 1. Since (J'(u,),u ) = 0; that is,

+ _
Y T P Py
HunHX /2N |$7 |N+25 Yy = Qunf(xaun) i

+ —
—1|12 ,2/ Md d 7/ - —\d
Hun”X IR2N| |N+25 Y Qunf(xvun) x
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From Lemma [2.4] by the weak semi-continuity of norm function in Banach space,
we obtain

ut(z)u~
-2 [ D aray < [ g an,
RN [T — ] Q

and

||1F|\§(—2/]R UJF(x)u(y)dxdyS/ﬂuf(x,u)dm; (3.9)

on |z — y|N+2s
that is,
(J'(u),u™)y <0, (J'(u),u”) <0. (3.10)
From , it follows that

+ _
211 4112 ut(z)u” (y) _ + +

and

+ —
21, —112 ut(v)u (y) _ - -
0w~ % —2759/RzN To— gz dedy = Qﬁu f(z,0u™) dz. (3.11)

Without loss of generality, we can assume that 6 > ¢. From (3.9) and (3.11)), we

deduce that
o> [ (Pmr - ) 4

which implies that § <1 (using (F4)).
Next, we show that J(tut + 6u~) = c¢y. By (3.8) and u* # 0, we see that
tut + 0u~ € M. Thus, by Remark one has

1
co < J(tut +0u”) = J(tut +0u) — §<J'(tu+ +0u"), tut 4+ Gu”)

= J(tut) — ST (), ) + T(0u) — %(J'(Ou_), bu-)

1
3
< () = S W), )+ ) = S0 )0

= lim (J(un) - %(J'(un),u,))

= lim J(u,) = co.
Consequently, we have proved that there exists tu™ + 6u~ € M such that J(tu* +
Ou~) = co. Hereafter, we denote w = tu™ + Qu~.
As in the proof of [I, Theorem 1.3], by using Lemma we conclude that w is
a critical point of J on X (). O
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