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POSITIVE SOLUTIONS FOR PARAMETRIC NONLINEAR
PERIODIC PROBLEMS WITH COMPETING NONLINEARITIES

SERGIU AIZICOVICI, NIKOLAOS S. PAPAGEORGIOU, VASILE STAICU

ABSTRACT. We consider a nonlinear periodic problem driven by a nonhomo-
geneous differential operator plus an indefinite potential and a reaction having
the competing effects of concave and convex terms. For the superlinear (con-
cave) term we do not employ the usual in such cases Ambrosetti-Rabinowitz
condition. Using variational methods together with truncation, perturbation
and comparison techniques, we prove a bifurcation-type theorem describing
the set of positive solutions as the parameter varies.

1. INTRODUCTION

In this article we study the nonlinear periodic problem (Py),
—(a(lu' (D' (@) + BOuw)P = Au()T + f(t,u(t)) ae. on T :=][0,b]

w(0) = ud), W(0) =), u>0,1<q<p<o. (1.1)

The function a(]z|)z involved in the definition of the differential operator is a
continuous increasing function which satisfies certain other regularity conditions
listed in hypothesis (H1) below.

These hypotheses are general enough and incorporate as special cases many
differential operators of interest such as the scalar p-Laplacian. The potential 3 €
L*>°(T') may change sign (indefinite potential). Also A > 0 is a parameter, and the
term Az9~! (for > 0) is a “concave” (that is, (p — 1)-sublinear) contribution to
the reaction of problem . The perturbation f(t,z) is a Carathéodory function
(i.e, for all z € R, t — f(t,x) is measurable and for almost all t € T, z — f(t, z)
is continuous), which exhibits (p — 1)-superlinear growth near +oo, but without
satisfying the usual in such cases Ambrosetti-Rabinowitz condition (AR-condition
for short).

So, in the reaction of we have the competing effects of concave and convex
nonlinearities.

Our aim is to describe the dependence on the parameter A > 0 of the set of
positive solutions of problem . We prove a bifurcation-type theorem asserting
the existence of a critical parameter value \* > 0 such that for all A € (0, A*),
problem admits at least two positive solutions, for A = A\*, problem has

2000 Mathematics Subject Classification. 34B15, 34B18, 34C25.

Key words and phrases. Nonhomogeneous differential operator; positive solution;
local minimizer; nonlinear maximum principle; mountain pass theorem; bifurcation.
(©2015 Texas State University - San Marcos.

Submitted September 29, 2014. Published April 16, 2015.

1



2 S. AIZICOVICI, N. S. PAPAGEORGIOU, V. STAICU EJDE-2015/103

at least one positive solution, and for A > \*, there are no positive solutions for
problem .

Recently, such a result was proved by Aizicovici-Papageorgiou-Staicu [2] for equa-
tions driven by the scalar p-Laplacian (that is, a(|z|)z = |2[P7%z with 1 < p < 00)
and with 8 = 0.

In the present work, the differential operator is nonhomogeneous and this is
a source of serious difficulties in the analysis of problem , and many tech-
niques used in [2] are not applicable here. We mention that recently, Aizicovici-
Papageorgiou-Staicu [3] proved a bifurcation-type theorem for a class of nonlinear
periodic problems driven by a nonhomogeneous differential operator, but with a
positive potential function 8 € L*°(T")\{0} and a reaction Af(¢t,z) (A > 0) which
is strictly (p—1)-sublinear near +oco. So, they deal with a coercive problem with no
competition of different nonlinearities in the reaction. Nonlinear, nonhomogeneous
periodic problems with a positive potential function 8 € L*(T)4+\{0} and with
competing nonlinearities in the reaction (concave-convex terms) were studied by
Aizicovici-Papageorgiou-Staicu [4]. In that paper the emphasis is on the existence
of nodal (that is, sign changing) solutions.

Our investigation is motivated by applications of physical interest. For instance,
in the work of Brézis-Mawhin [§] some concrete quasilinear inertia terms arise in
the context of the study of the relativistic motion of particles. The corresponding
differential operator is different, however it seems possible to adapt our results to
the framework of [8]. Also, our problem is related to the stationary version of the
parabolic equations studied by Badii-Diaz [6] in the context of some catalysis and
chemical reaction models.

Finally, we mention that multiplicity results for positive solutions of equations
driven by the scalar p-Laplacian with Dirichlet and Sturm-Liouville boundary con-
ditions, were proved by Ben Naoum-De Coster [7], De Coster [9], Manasevich-
Njoku-Zanolin |13], Njoku-Zanolin [14]. For periodic problems driven by the scalar
p-Laplacian, we mention the works of Hu-Papageorgiou [12] and Wang [16].

Our approach is variational, based on the critical point theory, combined with
suitable truncations and comparison techniques. In the next section, for easy ref-
erence, we recall the main mathematical tools that we will use in the sequel. We
also introduce the hypotheses on the map z — a(|z|)z and state some useful con-
sequences of these conditions. Our main result is stated and proved in Section
3.

2. PRELIMINARIES

Let (X,] - || be a Banach space and (X*,| - ||«) its topological dual. By (.,.) we
denote the duality brackets for the pair (X*, X) and by — the weak convergence
in X. Amap A: X — X* is said to be of type (S)4, if for every sequence
{Zn}n>1 C X such that x, 2 2z in X and

limsup(A(zy), x, — ) <0,
one has

Tz, —x in X asn — oco.
Let ¢ € C1(X). We say that z* € X is a critical point of ¢ if ¢/ (z*) = 0. If 2* € X
is a critical point of ¢, then ¢ = p(z*) is called a critical value of . The set of all
critical points of ¢ will be denoted by K.
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Given ¢ € C1(X), we say that ¢ satisfies the Cerami condition (the C-condition
for short), if the following is true:

every sequence {un}n>1 C X such that {¢(u,)}n>1 is bounded in
R and

(1+ Junl¢' (un) — 0 in X* as n — oo
admits a strongly convergent subsequence.

This is a compactness-type condition on the functional ¢, which compensates for
the fact that the ambient space X needs not be locally compact (in general, X is
infinite dimensional). It leads to a deformation theorem from which we can derive
the minimax theory for critical values of . Prominent in that theory, is the so-
called mountain pass theorem, due to Ambrosetti-Rabinowitz |5]. Here we state the
result in a slightly more general form (see |11]).

Theorem 2.1. If (X, ||-|| is a Banach space, p € C*(X) satisfies the C—condition,
ug, w1 € X, |lug —ugl| > 17 >0,

max{p(uo), p(u1)} < inf{p(u) : [[u —uoll = r} = m,,

:= inf t ith
c ;‘érﬁél[%?i]*””( ) wi

I':= {7 € C([0,1], X) : 7(0) = uo, (1) = ua}
then ¢ > m,. and c is a critical value of .
In the study of problem we will use the following spaces:
W, 1= WE2(0,5) = {w € W(0,8) : u(0) = u(b)},
CU(T) :== CHT) N W,

Recall that the Sobolev WP (0,b) is embedded continuously (in fact compactly) in
C(T). Hence the evaluations at t = 0 and ¢ = b in the definition of W, make sense.

The Banach space (/Z'\l(T) is an ordered Banach space with positive cone
. = {ue CHT):u(t)>0foralteT}
This cone has nonempty interior given by
int C; = {ue CY(T) :u(t) >0 forall t € T}
Now we introduce the following hypotheses on the map = — a(|x|)z:

(H1) a: (0,00) — (0,00) is a C''-function such that:
(i) ] * — a(x)x is strictly increasing on (0, 00), with

a(z)z
a(x)

(ii) there exists ¢ > 0 such that
la(|z|)z| <2(1 + |z[P~!) for all z € R;

a(x)z — 0 and —c>—-lasz—07;

(iii) there exists Cy > 0 such that a(|z|)x? > Cp|z|P for all z € R;
(iv) if Go(t) := fg a(s)sds for all t > 0, then there exists & > 0 such that

pGo(t) —a(|t|)t? > =& for all t > 0;
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(v) there exists 7 € (¢, p) such that t — G(|z|7) is convex on (0, 00) and
t
lim S0 _

t—0+ 7

Remarks: From the above hypotheses, it is clear that G(+) is strictly convex and
strictly increasing on (0,00). We set G(z) = Go(|z|) for all x € R. Then G(-) is
convex, too, and for all x # 0, we have

G'(x) = Go(lz]) = a(l=])|]

x
— = a(|z])z.
||
So, G(-) is the primitive of the function # — a(]z|)z involved in the definition of
the differential operator. The convexity of G(-) and G(0) = 0 imply

G(x) < a(|z|)x® for all x € R. (2.1)

Then, using (2.1) and hypotheses (H1)(ii), (H1)(iii), we have the following growth
estimates for the primitive G(-):

%MP < G(z) < Ci1(1+ |z|P) for some Cy >0, all z € R. (2.2)

Examples: The following functions satisfy hypotheses (H1):
ay(r) = |z|P7%z  with 1 < p < o0;
as(x) = |z[P "%z + plr|9 % with 1 < ¢ < p < 0o and p > 0;
as(z) = (1+[z|2)"= 2 with 1 < p < oo;

ag(w) = |z|P2z(1 + with 1 < p < oo.

e
The first function corresponds to the scalar p-Laplacian, the second corresponds
to the scalar (p, ¢)-differential operator (that is, the sum of a p-Laplacian and of
a g-Laplacian) and the third function is the generalized scalar p-mean curvature

differential operator.
Let A: W, — W, be the nonlinear map defined by

b
(A(u),y) = / a(ju'|)u'y'dt  for all u,y € W,. (2.3)
0

The following result is well known; see, e.g., [4].

Proposition 2.2. The nonlinear map A : W, — W defined by (2.3) is bounded
(that is, it maps bounded sets to bounded sets), demicontinuous, monotone (hence
mazimal monotone, too) and of type (S)4.

Let fo : T x R —R be a Carathéodory function such that
\folt,2)| < ao(t)(1+ |z[""") foraa. teT, allz €R
with ag € LY(T) 4, 1 <r < oo. We set

Folt, z) = /Oz folt, s) ds

and consider the C''-functional g : W, — R defined by

b b
wolu) = /0 G(u/(t))dt —/0 Fo(t,u(t))dt for all u € W,.
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From Aizicovici-Papageorgiou-Staicu [4], we have:

Proposition 2.3. If hypotheses (H1) (i)-(iii) hold and ug € W), is a local 6’\1(T)—
minimizer of o; that is, there exists pg > 0 such that

vo(uo) < wolug +h)  for all h € CI(T) with 1l g iy < p0-

then ug € 6’\1(T) and ug s also a local W,-minimizer of ¢o; that is, there exists
p1 > 0 such that

wo(ug) < polug +h) for all h € W, with ||h|| < p1.

In the above result and in the sequel, by || - | we denote the norm of W), defined

by
lull = (lully + 1 [[5)17 - for all w € W,
where || - ||, stands for the norm in LP(T). Also, if # € R, then ¥ = max{=+z, 0}.
Then given u € W), we set u*(.) = u(.)*. We have
utum €Wy, Jul=ut+um, u=ut—u".
Finally, for any Carathéodory function g : T' x R — R, we denote by N, the Ne-
mytskii operator corresponding to g, defined by
Ng(u)(-) = g(-,u(-)) for all u e Wp.

Note that ¢ — N, (u)(t) = g(t,u(t)) is measurable.

3. A BIFURCATION-TYPE THEOREM

In this section, we prove a bifurcation-type theorem describing the set of positive
solutions of problem (|1.1)), as the parameter A > 0 varies. The following hypotheses
will be needed:

(H2) € L=(T)..

(H3) f: T xR — R is a Carathéodory function such that f(¢,0) = 0 for a.a.

t €T and
() |t )] < at)(1+]z|"?) for a.a. t € T, all x > 0, with o € L>=(T) 4,
p<r<oo;
(ii) if F(t,x) = [y f(t,s)ds, then lim,_.; Fgf) = +00 uniformly for
aa. tel;

(iii) there exist p > max{r —p,q} and 7 > 0 such that
4 —pF(t
O<n0§hmmff(,l’)$ pF(t, )

r——400 fad

uniformly for a.a. t € T

(iv) limg,_ o+ J;(,fﬁ) = 0 uniformly for a.a. t € T}

(v) for every p > 0, there exists £, > 0 such that for a.a. t € T the
function x — f(t,x) + £,2P~! is nondecreasing on [0, p].

Remarks: Since we are looking for positive solutions and all the above hypotheses
concern the positive half-axis, the values of f(¢,-) on (—o0,0) are irrelevant and so,
without any loss of generality, we may assume that f(¢,z) = 0 for a.a. t € T, all
2 < 0. Note that hypotheses (H3) (ii), (iii) imply that

o f(6)

r— 400 xp—l

= +oo uniformly for a. a. t € T.
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So, the perturbation f(¢,-) is (p—1)—superlinear (“convex” nonlinearity). Hence in
the reaction of problem (1.1]) we have the competing effects of concave and convex
terms.

However, for the (p — 1)-superlinear (convex) term, we do not assume the usual
in such cases AR-condition, unilateral version. This condition says that there exist
ro > p and M > 0 such that

0<roF(t,x) < f(t,x)x foraa. teT, allz> M, (3.1)
essinf F'(., M) > 0.
Integrating (3.1) and using (3.2]) we obtain the following weaker condition
Cox™ < F(t,x) foraa.teT, all z > M with Cy > 0. (3.3)

Evidently implies the much weaker hypothesis in (H3) (ii). Here we use
this superlinearity condition together with (H3) (iii), and the two together are
weaker than the AR-condition and incorporate in our framework (p— 1)-superlinear
perturbations with slower growth near +4oc0.

Examples: The following functions satisfy (H3) (For the sake of simplicity we drop
the t-dependence):

fi(z) =2""' forallz >0 with p < r < oo,
1

folz) = 2P *(In(x + 1) + =) for all z > 0.
p

Note that fo does not satisfy the AR-condition.
Our main result reads as follows.

Theorem 3.1. If hypotheses (H1)—(H3) hold, then there exists \* > 0 such that:
(i) fori\ € (0, \*), problem admits at least two positive solutions ug, U €
int C with @ — ug € int Cy;
(ii) for A = X*, problem has at least one positive solution u, € int 5+;
(iii) for A > X*, problem (1.1)) has no positive solution.
Moreover, for every A € (0,\*] problem has a smallest positive solution u}

and the curve X — u} is nondecreasing from (0, A*] into 6’\1(T)

The proof of Theorem [3.1]is based on several propositions of independent interest.
Let
P ={A > 0: problem admits a positive solution}
and for every A € P, let S(A) be the set of positive solutions of problem .
First we establish the nonemptiness of the set P of admissible parameters. To
this end, let v > ||8]|oo (see hypothesis (H2)) and consider the following truncation-
perturbation of the reaction of :

ha(t,z) = {0 ifz<0, (3.4)

Axd=t + f(t,z) + 2P~ if > 0.

This is a Carathéodory function. We set Hy(t,z) := [, ha(t,s)ds and introduce
the C'-functional @y : W, — R defined by

N B b , 1 b , B b
Bau) = / Glu' ()it + / (B(t) + ) lu(t)Pdt / Hy(t,u(t))dt

for all u € W),. Next we show that @ satisfies the C-condition.
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Proposition 3.2. If hypotheses (H1)—(H3) hold and A > 0, then the functional Py
satisfies the C'-condition.

Proof. Let {uy}n>1 be a sequence in W), such that

|oa(un)] < My for some My > 0 and all n > 1, (3.5)
and
(1 + [Jun||P\(un) = 0 in W as n — oo. (3.6)
From (3.6) we have
@A (un),v)] < _enllvl for all v € W), all n > 1, with g, — 07,
1+ [lun|l
hence
’ 2 ’ enllv]
(A(un), v) + / (B(E) + 1) [un|P~2unvdt — / It udt| < =10 3 )
0 0 L+ [fun|
for all n > 1. In (3.7) we choose v = —u;, € W),. Then we have
b b
[ alltw Dl Pt + [ (30) + ) (w7t < e for all nx 1
0 0
(see (3.4)), hence
Coll(u)'I5 + (v = 1Bllco) lu, I} < n for allm > 1
(with v > ||B|leo), therefore
u, — 0 in W, as n — oo. (3.8)

Next, in (3.7) we choose v = u,} € W,,. Then

b b
[ sty za- [ eoras iz [ soaea o
<e, foralln>1(see (3.4)).
From and . we have
b
/ ")dt +/ B(t) (u)h)Pdt — ||u+||q / pE(t,uf)dt < My  (3.10)
q 0
for some My > 0, all n > 1. We add (3.9) and (3.10) and obtain

b b
/0 PG ((uh)') — alluf ) ((ut)) ) + / F(tu ud — pF(t,u)dt
< M5+ )\(g —Dlut ¢ for some Ms >0 alln > 1,

hence )

[ty —pPe e < Mea® =Dty @1y
for some M, >% and all n > 1 (see (H1) (iv)). Hypotheses (H3) (i), (iii) imply
that we can find n; € (0,70) and a7 € L*(T) such that

Ozt — al(t) < f(t,x)x —pF(t,x) foraa.teT andall z>0. (3.12)
Returning to and using , we obtain

771||u+||“ < Cy(1+[Juf]|%)  for some Cy >0, all n > 1
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(since ¢ < p and g < p), therefore,
{u}},>1 is bounded in L*(T). (3.13)

It is clear from hypothesis (H3) (iii), that we may assume that g < r. Then we can
find ¢ € (0,1) such that
1t
T
Invoking the interpolation inequality (see, for example, Gasinski-Papageorgiou
p. 905]), we have

(3.14)

il < llsf It lles
hence
uf||m < Cslluft || A9 for some Cs > 0, alln > 1 (3.15)

(see (3.13)) and use the Sobolev embedding theorem).
Hypotheses (H3) (i), (iv) imply that we can find Cs = Cg(A) > 0 such that

M+ f(t,x)r < Cg(1+2") foraa. teT, allz>0. (3.16)
In (3.7) we choose v = u;7 € W,. Then

/Ob () ( dt+/ Bt (ul Pdt — Alu |2 /f Y dt

<eg, foralln>1.
(see (3.4), hence
Coll(w)'IB < C7(1 4 |lutll7)  for some C7 >0, all n > 1 (3.17)

(see (H1) (iii) , (H2), (3.16)) and recall p < r). We know that y — ||3/||, + ||yl is
an equivalent norm on W, (see, for example, Gasinski-Papageorgiou [L1], p.227).

So, from ([3.13)), (3.15)) and (3.17) we have
luf||” < Cs(1+ ||u||") for some Cg >0, all n > 1
< Co(1+ Jlu |E=97)  for some Cy > 0, all n > 1.

From (3.14) we have p = tr. Hence (1 —t)r = r — u < p; see hypothesis (H1)
(iii). So, from (B.18) it follows that {u; },>1 is bounded in W); consequently

{un}n>1 is bounded in W), (see[3.8). (3.19)

By (3.19) and passing to a subsequence if necessary, we may assume that

(3.18)

Uy — u in W, and u,, — u in C(T) as n — oo. (3.20)
In (3.7) we choose v = u, —u € Wp, pass to the limit as n — oo and use (3.20).
Then
lim (A(up), un —u) =0,

hence u,, — u in W), (see Proposition [2.2). Therefore ¢ satisfies the C-condition.
O

To establish the nonemptiness of the set P, we use Theorem To this end,
we need to satisfy the mountain pass geometry for the functional . The next
proposition is a crucial step in this direction.
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Proposition 3.3. If hypotheses (H1)—(H3) hold, then there exists Ay > 0 such that
for all X € (0, ;) we can find py > 0 for which we have
inf{@x(u) : lull = pa} = mx > 0.

Proof. Hypotheses (H3) (i), (iv) imply that given € > 0, there exists C1g = C1g(e) >
0 such that

Me?™ 4 f(tr) < (A +e)x? 4 Croz”™ ! foraa. t €T, all z > 0. (3.21)

Then, for every u € W), we have
b b
/G ))dt + — /(ﬂ(t)+7)\u(t)|pdt—/ Hy(t,u(t))dt
0 0
C 1P
> L5 (80 + P -
p P Jo
C
= SR = et (see @), @) and @21))

Ate

A+e
—— "I
q (3.22)

g
2 Cualull” = Jllull” = Cra [l + flull")

for some C11,C12 > 0 (recall that v > ||5||c). Since ¢ < p < r, given € > 0, one
can find C. > 0 such that

[|ul? < ||qu + Cellu||”  for all u € W,
So, from (3.22) we have

a(u) = Craf[ul]” — Crs(
A+ 2¢e

A+ 2

[lul|* + ||u||”) for some Cy3 >0
(3.23)
= [Ci1 — Chs(

K2 e o (71 0 I 9

Consider the function

A2
Ox(1) = +q AT 240 4 =P forall t > 0.

Evidently, 8\ € C*(0,00), and because ¢ < p < r, we have
0x(t) — +oo ast— 0 and t — +oo.
So, we can find ¢y € (0, 00) such that
Ox(to) = inf{0(t) : t > 0},
hence 6 (tg) = 0; therefore

A+ 2 e e
p—atd "= —pty T

We obtain

A+28)(p— )y
to = to(A, &) = [FAT P~ D5
0 =to(%¢) = | q(r —p) )
Note that 0, (to(\,€)) — 01 as \,e — 0F. Therefore, we can find Ay, e, > 0 small
such that

0x(to(\,€)) < % for all A € (0,\y), € € (0,e). (3.24)
13



10 S. AIZICOVICI, N. S. PAPAGEORGIOU, V. STAICU EJDE-2015/103

So, fixing € € (0,e4), from (3.23)) and (3.24) we have @x(u) > my > 0 for all
u e W, with [Ju|| = px = to(A,e) and all XA € (0, A4). O

By adapting the proof of Proposition 6 in [4], we arrive at the following result,
which completes the mountain pass geometry for the functional @y.

Proposition 3.4. If hypotheses (H1)—(H3) hold, A > 0 and u € int (1, then
oa(tu) — —o0 as t — +oo.

Now we establish the nonemptiness of the set P and also determine the nature
of the solution set S(\) when A\ € P.

Proposition 3.5. If hypotheses (H1)—(H3) hold, then P # & and for all X € P we
have S(A) Cint Cy.

Proof. Propositions and permit the use of Theorem (the mountain
pass theorem) on @y when A € (0, A} ). So, we can find uy € W, such that

uy € K@A and 0 = Q/D\)\(O) <my < g/O\)\(uA). (3.25)
Evidently uy # 0. Also, since uy € K3, we have @) (uy) = 0, hence
Aun) + (B(t) +7)|ualP">ux = Ni, (un). (3.26)

On (3.26) we act with —u, € W),. Then

b b
[ ety Daza+ [ (560 + ) s)rde =0 (see @),
0 0
hence
Coll(uy)'|Ib 4 Cralluy |5 < 0 for some Ciy > 0,
(see (H1) (iii) and recall that v > ||3||cc), therefore uy > 0, uy # 0. Then, because
of (3.4)), equation (3.26)) becomes
Alun) + BE)lun P~ = 2™ + Ny (),
therefore uy € S(\) and uy € C\{0} (see (3-4)).
Let p = |Jux|loo and let £, > 0 be as postulated by hypothesis (h3) (v). Then
= (a(luy(ONUA®) + (B() + &) ua O~
= Aua(®)]77 + f(tua(t) + Eua®)]Ph >0 ae. on T,
hence
—(a(luA®))ur (1) < (I1Blloo + E)ua(OIP ™ ae. on T,
and we infer that uy € int C; (see Pucci-Serrin |15, pp. 111, 120]). Therefore we

conclude that R
(0,A1) € P and S(A) Cint Cy for all A € P.

Proposition 3.6. If hypotheses (H1)-(H3) hold and X € P, then (0,A] C P.

Proof. Let p € (0,A) and let uy € S(A). We introduce the following truncation-
perturbation of the reaction of (L.1)) with u instead of A, (P,):

0 ifzx <0
eu(t,z) = ¢ prd=t + f(t,z) +yaP~! if 0 <a<uy(t) (3.27)
pauy ()91 4+ F(tun(t)) +yuxn()P~t if up(t) < o
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This is a Carathéodory function. We set E,(t,z) = [ e,(t,s)ds and consider
the C'-functional ¢, : W, — R defined by

b , 1 b , b
() = / Glu' ()it + / (B(t) + ) lu(t)Pdt — / B, (¢, u(t)) dt

for all w € W,. By (3.27) and since v > ||3||o0, it is clear that ¢, is coercive. Also, it
is sequentially weakly lower semicontinuous (just use the Sobolev embedding theo-

rem and the fact that since G(+) is convex, the integral functional y — fob G(y'(t))dt
is sequentially weakly lower semicontinuous). So, by the Weierstrass theorem, we
can find u, € W), such that

Yu(up) = inf{yhu(u) : u € Wy} (3.28)
By hypothesis (H3) (iv) , given € > 0, there exists 6 = §(¢) € (0,1) such that
F(t,z) > P foraa. te T, all z € [0,0]. (3.29)
p

Let £ € (0, min{d, miny uy}) (recall that uy € int éJr) Then

& S
0©) < 81— /OF(t,@dt (see (BZ7))

< L 18l + o — 2,
p q

Since ¢ < p, choosing € € (0, 1) even smaller if necessary, we have ¢,,(§) < 0. Then
Pu(uy) <0 (see (3.28)).
hence u, # 0. From , we have 1, (u,,) = 0, hence
Aluy) + (B() + 1) |up P2, = Ne, (uy)- (3.30)
On (B.30), first we act with —u,, € W, and then with (u,, —ux)* € W), and obtain
Uy € [0,ur] :={ue W, :0<u(t) <un(t) forall t € T}

From (3.27) it follows that u, € S(u) C int C, and so, (0,A] C P. O
Let A* :=supP.

Proposition 3.7. If hypotheses (H1)—(H3) hold, then \* < oo.

Proof. Fix vy > ||8|se. Hypotheses (H3) (i)-(iv) imply that there exists A > 0 such
that
Xed7 4 f(t,z) > yoaP !t foraa. teT, allz >0 (3.31)

(recall that ¢ < p). Let A > X and suppose that A € P. Then we can find
uy € S(A) Cint C (see Proposition . Let

m = minuy > 0.
T
For § > 0, let ms =m+6 € int C.. For p = ||ty oo, let &, > 0 be as postulated by
hypothesis (H3) (v). Evidently, we may assume that £, > ||5||c. Then
— (a(|mj|ymb)" + (5(t) + &)mf§
< (70 + &)mP~ + x(8) with x(6) — 0T asé—0F
< AmI™ 4 f(t,m) + EmP T+ x(8)  (see (B:31))
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<A ()17 A+ f(tun(t) + Eua(t)P ™+ x(8)  (see (H3) (v))
= Mun ()T + £t un(t) + Eua(t) ™ — (A= Nua(®)?! + x(0)
< Aun () + fEua (@) + Eua(t)P T — (A= )\)mq Y4 x(8) (since \ > X)
< Mun ()T f(Eua(t)) + Eun ()Pt for 6 >0
—(a(luh (ONuA (1) + (B(1) + &) ua(t) P~ a.e. on T, for § > 0 small,

hence ms < wy(t) for all ¢ € T; therefore ms < m for § > 0 small, which is a

contradiction. So, A ¢ P and we have \* < A < oo. O
From Proposition we see that (0, \*) C P.

Proposition 3.8. If hypotheses (H1)—(H3) hold and A € (0, \*), then problem (1.1))

admits at least two positive solutions
ug, U € int 6+, U —ug € int (7+,
and ug 15 a local minimizer of the functional @y .

Proof. Let 0 € (A, \*) and let up € S(6) C int C.. As in the proof of Proposition
we truncate the reaction of problem (I.1)) at u(#) and use the direct method
to obtain

ug € [0,up) NS(N).

For § > 0, let ud = ug+6 € int Cy. Let p = ||lug||oc and let &, > 0 be as postulated
by hypothesis (H3) (v). We can always assume that £, > [|3||c. We have

— (a(|(ug) 1) (wg)") + (B(t) + &) (ug)"~*
< —(a (|UB|)U6)’ +(B() +&)up "+ x(6)  with x(8) — 07 as § — 0"
= )\uo + f(t,uo) + EueP ™ + x(8) (since ug € S(N))
= Ou " + f(t,u0) + EuoP ™t — (0 — Nud ™ + x(0)
< Bug "+ f(tug) + Epue’ " — (6= Nymi~ +x(0)
(recall that ug < ug, ug € int C. see (H3) (v))
< 9u371 + f(t,up) + §pu§71 for § > 0 small
= —(a(lup())up(t))" + (B(t) + & ue(t)’~" ae. on T.
Then ug < uyg for § > 0 small, hence ug — ug € int 6+. So, we have that

ug € int =7, [0, ug]. (3.32)

ci(T)

Let 15 be the C'-functional corresponding to the truncation-perturbation of the

reaction of (1.1)) at ug(¢) (see the proof of Proposition and in particular (3.27))
with p replaced by A and A replaced by #). We know that ug is a minimizer of
and

U [10,ug]= Pa (3.33)

From ({3.32) and (3.33) it follows that u is a local a(T)-minimizer of @. Invoking
Proposition we infer that g is a local Wy-minimizer of @y. We consider the
following Carathéodory function

(t2) = Aug ()41 + f(t,ug(t)) + yuo ()P~ if & < ug(t)
e D B if wo(t) < z.

(3.34)
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As before, v > [|B]loo- Let Hx(t,x) = [, na(t, s)ds and consider the C''—functional
oy : W, — R defined by

b b
/G ))dt + — /O(ﬁ(t)Jrv)\U(t)V’dt—/O H (t,u(t))dt for all u € W,.

From (3.34) it is clear that o) = @ + ZA for some EA € R, hence
o satisfies the C' — condition. (3.35)

Also, up is a local Wj,-minimizer of o (since it is a local Wj,—minimizer of &y).
So, we can find p € (0,1) small such that

ox(ug) < inf{ox(u) : |lul]| = p} =m, (3.36)

(see Aizicovici-Papageorgiou-Staicu [1], proof of Proposition 29).
Hypothesis (H3) (iii) and (3.34)) imply that

ox(§) = —o0 as & — +oo, £ ER. (3.37)

Then (3.35)), (3.36)), (3.37)) enable us to use Theorem (the mountain pass theo-
rem). So, we can find u € W), such that

u € K,, and m, < o5(u). (3.38)
From (3.36), (3.38) it follows that @ # ug. Also ¢ (4) = 0, hence
A@) + (B(t) + A"~ = Ny, (@). (3.39)

Acting on (3.39) with (ug — @)t € W), and using (3.34), we show that uy < @, and

S0,
eS8\ CintCy.
Moreover, reasoning as in the first part of the proof, we conclude that
U —up € int Cy

O

Next we deal with the critical case A = A\*. To treat this case, we first need some
auxiliary results.
Hypotheses (H2) and (H3) (i), (iv) imply that given A > 0 and € € (0, A), there
is a C15 > 0 such that
Az?™ 4 f(t ) — B(t)aP™t > (A —e)a? ! — Cs2” !t foraa. t€ T, allz>0.
(3.40)

This unilateral growth condition on the reaction of (|1.1) leads to the auxiliary
periodic problem (AP)),

—(a(Ju' (O (1)) = A= e)u(t)T™! = Crsu(t)™™' ae. onT,

uw(0) = u(b), u'(0)=1u'(b), u>0,ecec(0,N). (3.41)

Proposition 3.9. If hypotheses (H1)— ( 3) hold and A > 0, then problem (3
has a unique positive solution wy € int C+ and the map X\ — Uy is nondecreasmg
from (0,00) into CY(T) (that is, if A < p, then Ty < 7y,)
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Proof. First we show the existence of a positive solution for the problem (3.41)).
For this purpose, we introduce the C'-functional €, : W, — R defined by

)\_
/ G/ (t))dt + *||u||p °
q

for all u € W,. We observe that since by hypothesis ¢ < p < r, € is coercive. Also,
it is sequentially weakly lower semicontinuous. So, we can find wy € W), such that

ex(@y) = inf{ex(u) : u € Wp}. (3.42)
Since ¢ < p < r, for £ € (0,1) small, we have €,(£) < 0. Then
ex(@y) < 0 =¢€x(0),
hence uy # 0. From we have
e\ (uy) = 0,

Cis .
+ == lut -

i (4

hence
A@y) + [aa P2 = (A =€) (@)™ = Cus(@y)"" + (@)’ (3.43)
On we act with —u, € W), and obtain
uy >0, uy #0.
Then becomes
A(uy) = (A=) (@) = Cus(un) ",

hence @y € C1\{0} is a solution of (3.41]). Moreover, we have

(a(@h @) < Cusllual|s?ay

hence Ty € int Cy (see Pucci-Serrin |15, pp. 111, 120], ).

Next we show the uniqueness of this solution. To do this, we introduce the
integral functional x : LY(T) — R = RU{—i—oo} defined by

(@) {fo "t ifuz(.),u%GWp
400 otherwise,
where 7 is as in (H1) (v). Let
dom x = {u € L}(T) : x(u) < +oo}
be the effective domain of y and consider u1, us € dom x. Let ¢ € [0, 1] and set
y = [tuy + (1 — t)ug]V/7, vy = u}/T, vy = ué/T.
From Diaz-Saa [10] (Lemma 1), we have
WO = [ O + (1= DRSO for aa. teT,
hence
Go(ly' (1)) < Go([tlor (B)]7 + (1 = )[us()"]VT)  (Gol-)s is increasing)
<tGo(lvi()]) + (1 — t)Go(|vh(t)]) for a.a. t € T (see (H1) (v))
therefore
Gy (1) < tG((wr (V7)) + (1 = )G ((ua(t) ")) for aa. t T,

hence x(+) is convex. Moreover, via Fatou’s lemma we can see that x(+) is also lower
semicontinuous.
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Suppose that u, v € W), are two solutions of (3.41)). From the first part of the
proof, we have that u, v € int C. Therefore, if h € 6\1(T) and |p| < 1 is small,
then

u” + ph € dom x and v” 4+ ph € dom x.
It follows that y is Gateaux differentiabltigt u” and v” in the direction h. Moreover,
using the chain rule and the density of C1(T") in W, we have for all h € W,

b—a TNTAY
verm =1 [ (@) o

T um1
b allv'Do’Y
X' (@7)(h) = %/O ~allro’y iL_'l) / hat.

The convexity of x(-) implies the monotonicity of x(-). Therefore

o<t [M Y | @Y
0

T uT—l UT_l

1 b 1 1 r—T1 r—T1 T T
2 (109 = ) - Gt = =
<0,

and we conclude that © = v. This proves the uniqueness of the solution @y € int 6+.
Next we show that A — @) is nondecreasing from (0, c0) into C1(T'). Indeed, let

A < p and let u, € int C be the unique positive solution of problem (AFP,). We
consider the following truncation-perturbation of the reaction in problem (3.41)):

0 ifx <0

Or(t,z) = ¢ (A —e)z? ! — Ozt + 2Pt if 0 <z <w,(t)

A —e)u,(t)1! = Cisu, ()" +u, ()P ifa,(t) < .
This is a Carathéodory function. We set ©x(t, ) = [ 0(t, s)ds and consider the
C'-functional 1 : W, — R defined by

b 1 b
o) = [ G O)a+ Sl - / Ox(t ult))dt for all u € W),
0 0

It is clear that ¥ (-) is coercive. Also, ¥ (-) is sequentially weakly lower semicon-
tinuous. So, we can find uy € W), such that

Px(uyn) = inf{ya(u) : u € Wy}t (3.44)
As in the proof of Proposizion since ¢ < p < r, for £ € (0, min{1, minp@,})
small (recall that @, € int C'}), we have 15 (£) < 0. Then

Ya(uy) <0=1x(0) (see (3.44)),
hence uy # 0. From , we have
P (@n) =0,

which implies

A(Ty) + |[un|P~ 20y = N, (Ty). (3.45)

On we first act with —u, € W), and obtain
uy >0, ux#0
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(see hypothesis (H1) (iii). Also we act with (u —u,)" € W,. Then
b
(A). @ =) ) + [ T @ -
0
b
~ [ ota @ - m) e
0
b
= /0 [()\ - E)ﬂzil — Cmﬂlil +ﬂﬁ71](ﬂ>\ — ﬂ#)ert

~ (A@). (@B~ + [ i iy~ w)
(since 1, is a solution of (AP,), hence uy < 4, therefore
ux € [0,,]\{0}.
Consequently becomes
Atn) = (A=) (@) = Crs(n)",

hence ) is a positive solution of (3.41)). Invoking the uniqueness of solutions to
(3.41) we get uy = uy, therefore

uy < Uy, -
This proves that the map A — %y is nondecreasing from (0, co) into 6'\1(T) O

Proposition 3.10. If hypotheses (H1)-(H3) hold and A € (0,\*), then u, <
u for all uw € S(N).

Proof. Let u € S(\) C int 6+ and consider the following Carathéodory function

0 ifz <0
wmwt,z) =< A —¢e)z? ! — Crgz™t + 2Pt if 0 <z <wu(t)
A —e)u(t)? ! — Crsu(t) "t +u(t)P~t ifu(t) < .

Let Tx(t,z) = [ 7a(t, s)ds and consider the C'—functional & : W, — R defined
by
b 1 b
ox(u) = / G(u'(t))dt + ;;Hqu —/ La(t,u(t))dt for all u € W,
0 0

As in the proof of Proposition using the direct method, we can find @) € W,
such that

Ga(Tiy) = inf{Gr(u) : u € W,} < 0 = 5x(0),

hence @y # 0. In fact, we can show that ©y € [0,u]\{0} (see the proof of Proposition

and (3.40)). Then we have
ATy) = (A —e)al™ — Cisas
hence Uy = Uy (see Proposition [3.9), therefore @y < u for all u € S(X). O
Now we can deal with the critical case A = A\*.

Proposition 3.11. If hypotheses (H1)—(H3) hold, then \* € P and so P = (0, \*].
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Proof. Let {An}n>1 C P be such that A, — (A*)_ and let u, € S(\,) C int Cy for
all n > 1. From the proof of Proposition we see that

o, (up) <0 foralln>1. (3.46)
Also, we have
Alun) + B)ul™ = \ud ™ + Ng(u,,) for all n > 1, (3.47)

hence

b b b
/ af|ul,|)(u),)?dt —|—/ Bt)[un|Pdt = Xpllwn |2 +/ Ft up)updt (3.48)
0 0 0
for all n > 1. From ([3.46) it follows that

b b b
/pG(u;)dH/ 6(t)|un\pdt—¥||un||g—/ pF(t,uy)dt <0 (3.49)
0 0 0

for all n > 1. Using (3.48)), (3.49)), hypothesis (H1) (iv), and recalling that A, < \*
for all n > 1, we have

b
/ [f (&, un)uy — pF(t,uy,)]dt < X‘(I3 — D)|un || 4+ Cy6 for some Cy6 > 0. (3.50)
0 q

From (3.50)), reasoning as in the proof of Proposition and using hypothesis (H3)
(i), we infer that {u,},>1 C W), is bounded. So, we may assume that

Up = Uy in W, and  u, — u, in C(T) asn — oo. (3.51)
On (3.47) we act with u,, — u, € W), pass to the limit as n — oo and use (3.51).

Then
lim (A(up), un — us) =0,

hence u,, — u, in W, (see Proposition ; therefore
A(us) + BE)ul™t = N*ul™t + Ny(uy) for all n > 1. (3.52)
From Propositions [3.9] and we have
uy, <y, <u, foralln>1.

Then @y, < uy; therefore u, € S(A*) (see (3.52)). Hence \* € P and P =
(0, A*]. O

Proof of Theorem . We just observe that the conclusions of Theorem [3.1] follow
directly from Propositions 37 B9,

The existence of the smallest positive solution follows as in [4] using the lower
bound for the elements of S(\) established in Proposition The monotonicity
of the curve A — uj3 is established as the corresponding result for A — wy in the
proof of Proposition using hypothesis (H3) (v). |
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