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PARTICULAR SOLUTIONS OF GENERALIZED
EULER-POISSON-DARBOUX EQUATION

RAKHILA B. SEILKHANOVA, ANVAR H. HASANOV

ABSTRACT. In this article we consider the generalized Euler-Poisson-Darboux
equation

2y 2a 23
utt+7ut:uzz+uyy+7uz+i’u1’/, I>O,y>0,t>0
z Y

We construct particular solutions in an explicit form expressed by the Lauri-
cella hypergeometric function of three variables. Properties of each constructed
solutions have been investigated in sections of surfaces of the characteristic
cone. Precisely, we prove that found solutions have singularity 1/r at r — 0,
where 2 = (z — )% + (y — 90)? — (t — t0)2.

1. INTRODUCTION

Many problems of modern mathematics and theoretical physics lead to the in-
vestigation of hypergeometric functions of many variables. In particular, problems
of superstring theory [§], analytical continuations of Mellin-Barnes integrals [14]
and algebraic geometry [13]. Systems of hypergeometric type differential equations
have numerous applications as nontrivial model examples in realization of algo-
rithms for symbolic calculations, which are used in modern systems of computer
algebra [16]. Hypergeometric functions of many variables appear in quantum field
theory as solutions of Knizhnik-Zamolodchikov equation [22]. These equations can
be considered as generalized hypergeometric type equations and their solutions have
integral representations, which generalize classic Euler integrals for hypergeometric
functions of one variable. This approach allows us to link the special functions of
hypergeometric type and challenges the theory of representations of Lie algebras
and quantum groups [22].

Initially hypergeometric functions introduced by many authors with different
methods, which are not related with each other. Their occurrence is determined,
as a rule, by the need to solve problems, that led to a differential equation (or
system of equations), insoluble in the class of elementary functions. Thus arose
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Bessel functions, Hermite functions, Gauss hypergeometric function. Hypergeo-
metric functions occupy an important place among the special functions of math-
ematical physics. Many problems of gas dynamics are reduced to boundary value
problems for degenerate equations of mixed type.
It is known that the degenerate equation of mixed type in the hyperbolic part
of the domain is reduced to the generalized equation of Euler-Poisson-Darboux
utt—&—?ut :um—l—uyy—k%uw—i—%uy, x>0,y>0,t>0, (1.1)

where a > 0, § > 0 and v > 0 are constants.
We note that Euler-Poisson-Darboux equation

u&]—g_nu&—i—&unzo, a>0,0>0 a+8<1, (1.2)
was considered in [21], where the Cauchy problem for was solved. In [I7] 18|
19], non-local boundary problems for were investigated in characteristic trian-
gles. In [I1], two confluent hypergeometric functions of three variables were intro-
duced. Further, for introduced hypergeometric functions authors prove formulas of
analytical continuation. Using the introduced confluent hypergeometric functions,
they constructed the Riemann function for the generalized Euler -Poisson-Darboux
equation

« B B
n+& n—-¢ n+& n—¢
Further, by the Riemann-function method the Cauchy problem for was solved
in characteristic triangle. Solution is written in an explicit form. Note that Euler -
Poisson-Darboux equations and are written in characteristic coordinates.

In [20], the unique solvability of the Darboux problem with deviation for the
Euler -Poisson-Darboux equation was proved outside of characteristic cone. Other
type of the Euler -Poisson-Darboux equations were investigated in works [5 [7], [0
93, [10, 15} &2, 3, 4].

ey + [ Jue + [ Juy +yu = 0. (1.3)

2. REDUCTION OF THE EULER-POISSON-DARBOUX EQUATION TO A SYSTEM OF
LAURICELLA HYPERGEOMETRIC FUNCTIONS

Solution of the Euler-Poisson-Darboux equation (|L.1]) is searched in the form
u= Pw(&n,(), (2.1)
where w(&,n, () is unknown function and

P= () P (2.2)

7“2—7"% 7“2—7"5 r2—r§

é-: T2 ) 77: T2 b C 2 b
2= (z—20)>+(y—w0) — (t—to)’, 17=(x+z0)’+(y—wo)’—(t—t),
r3=(z—20)’ + (y+y)—(t—to)? ri=(x—20)°+y—y0)°— (t+t)"

Calculating necessary derivatives from (2.1)) and substituting them into (L.1)), we
obtain

r

Awee + AQWnn + Aswee + Biwey + Bawee + Bawy¢

+ Clw5 + ngn + C3wc + Dw =0, (23)
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where
= P& + P&, — P&, Ay = Pri + P — P}, Az = PG} + P() — PG,
By =2P&n, +2P&n, — 2P&n:, Bz = 2P&(; + 2P&,(, — 2P&(t,
B3 = 2Pn. (s + 2PnyCy — 2P G,

Cr = Péar + &y — ) + 2APabe + Bity — Pit) + P60 + 206, — 2L,

t
2 28 2
Ca = P(Nax + Myy — Net) + 2(Pane + Pyny — Pime) + P<7779: + M %m),

2 2
03 = P(Cﬂcw + ny - Ctt) + 2(Pac<ac + PyCy Pt(t) + P( ;éCac + ?ﬁCU - 2%@)7

26 2
D =P, +P,, —Ptt+P—+P—ﬁ %Pt.
y

Now we consider A;. Since

e2_ Aot 0’ ()" = 8w + wo)(w — mo)rr + Alw — o)’ ()’

(r2)*
e A= w0 () = 8y — w0)*rrd + 4l — o)’ (D)’
T ()" ’
e A= t0)* ()"~ 8(t — to)’r?rE + At — t0)* (D)’
t (r2)* ’
we obtain

Ay = 4Pr3(r?) () + (1) — 2(z + o) (@ — 20) — 2(y — y0)” + 2(t — t0)’)],

or A] = 4Pr%(r2)734x%. By the equality 429 = —2~1r2¢, we obtain

Ay = —4Pz 2o (r?) " TE(1 — €). (2.4)
Similarly we have

Ay = —4Py Yyo(r?) (1 - ), (2.5)

A = —4Pt M(r2) " ¢(1 = ¢). (2.6)

Further, we calculate representation of B;. Finding necessary derivatives from the
arguments and substituting them we obtain

B, = QP{ 2(x + z0)r? — z(x —z0)r? 2(z — 7)1 — z(x — z0)73
(r?) (r?)
2(y — yo)r® — 2(y — yo)r? 2(y + yo)r* — 2(y — yo)73
’ (7 %
2t —to)r® = 2(t —to)ri 2(t — to)r® — 2(t —to)r3
(r2)® (r2)? }
B, = 8P(r2)74{[(x +20)r? — (z — z0)ri)[(z — z0)r? — (x — z0)r3]

+ [y —yo)r® = (y — yo)r i)y + yo)r? — (y — yo)r3]
(= to)r® = (t = to)r3][(t — to)r® — (¢ — to)r3] |-
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After some evaluations, we deduce
_ —1 _ -1
By = 4Py lyo(r®) én+ 4Pz o (r?) én. (2.7)
Similarly one obtains

By = 4Pt 5(r?)'¢C + 4Pz ag (r2) T, (2.8)
—1

Bs = 4Pt o(r?) " n¢ + 4Py 'y (r?) e (2.9)

Further, considering the following expressions
—1,. _
ga::v + £yy - Ett = 2<T2) (2.’L‘ 15(1()5 - f)a
-1 1., _
Pole + Py&y — P& =2P(r?)" (a4 B+ + ) (@ wof + ),

2
2?04& + %Sy — 2—7& = 74(7“2)_1 [aa:flxo + af + azflxo(l &) — By Ly

Y t
+ BE+ By yo(1 — &) — vt Mo + €+t (1 = &),
we define

Cy = —4P(r?) "'z zo[2a — (20 + B+ + % + 14 (2.10)

-1 _ -1 _
+4P(r?) " yTlyoBE +AP(r?) Tt ok

Similarly, we define

Cy = —4P(r) 'y yo[28 — (0 + 28+ 7 + % + 1)n]

(2.11)
+ 4P e tmgan + AP(r?) Tt gy,
_ 1
Cs = —4P(r?) 't 2y — (a+ B+ 27 + 5 T 1 .12)
+ 4P(r2)71x_1x0'y(: + 4P(r2)71y_1y0ﬁc.
After simple calculations we obtain
1 — 1 _
D=4(a+B+7+3)P0?) ar wo+4(a+ B+ + )P0 By o
(2.13)
1 _
+4(a+ B+ + §)P(7°2) .
Substituting (2.4)-(2.13]) in (2.3]), we obtain
4Px
- mgo {5(1 —&wee — Enwey — EQue¢ — amuwy — YCwe
1 1
(20— (a+ B4+ 5 +at Dewe - (a+ﬁ+’y+§)aw}
4Py
— =2 {01 = ey — €y — e — Bwe — B
Y (2.14)

+[2ﬁ_(a+ﬁ+7+%+5+1)n]wn_(a‘f'ﬁ'i"Y‘f’%)ﬁw}

4P
- tréo {C(l = Qwee = Euee — 1Cwne — YEwe — Yy
+[27—(a+ﬂ+7+%+7+1)dw4f (a+ﬂ+v+%)w} =0.
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Hence, the following equality is valid

§(1 = §wee — Enwey — ECuee + 2a— (a+ B+ + % + o+ 1)EJwe

1
— anwy — YCw¢ — (a+ﬁ+’y+§)aw20,
1
77(1 - n)wnn - 577“)571 - UCwnc + [Qﬂ - (a +B4+v+ B} + 5+ l)n]wn

~ Bgwe — Blug — (@ B4+ 3)fw =0,

C(1 = Quee — §Cwee — nlwne + 2y — (@ + B+ + % + 7+ 1)Clwe

1
— 6w =iy — (@ + B+ + 5)7w = 0.

(2.15)

Thus, the Euler-Poisson-Darboux equation (|1.1)) equivalently reduced to the system

©.15).

3. PARTICULAR SOLUTIONS OF THE EULER-POISSON-DARBOUX EQUATION

In [1], system (2.15) was considered for the n-dimensional case

82F(n) n 62F(n)
(1 = 2. A .. A . b: &+ 1)z
71— 23) Ox? N k—%#g‘xkaxk‘%i Flo (et + Ox;
— b, T —ab;FM =0, j=1,2,...,n.
k=1, k#j

There were found 2™ particular solutions of this system. All of them are expressed

by Lauricella hypergeometric functions FIS‘”). In particular case, system of hyper-

geometric functions (2.15)) has the following solutions [I]
1
wi = F,Exg)(a+ﬁ+’7+ §aa757772aa2532’7,§anag)7

3
w2 :El_QangS)(_a—’—ﬁ—i_’y—’—7;1_a7677;2_2a72ﬁ72fy;€anag)a

2
3
w3 :nl_QﬁF,E{S)(a_B_‘_V—’— 5704;1—@%204’2—2@2%5’77,4:)
3
w4:Cl_Q’YF,SS)(a—i_ﬁ_'y_‘_§;a7671_7;2a72ﬁ72_27;§7na§)7

ws :51*2an1*2ﬁF§3)<—a—ﬁ+7+g;l—a,l—ﬁ,v;
2f2a,2f2ﬂ,2v;€7n,é>7
w6251—2aC1—2vF1513)(_a+5_7+g;1_a,ﬁ71—fy;2—2a,2ﬁ,
2—27;5777,4),
w7:n1—2ﬁC1—27F£13)<a—5_7+?;041_571—7;2%2—257

2
2-27:6,1,€),

(3.1)
(3.2)
(3.3)

(3.4)
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7
ws = 51_2‘1771_26C1_27F23)( —a—f—-v+ 31—, 1-03,1—;

2
2—204,2—26,2—27;5,77&),

where the Lauricella hypergeometric function is defined as

(3.8)

FO b1 b crs s . 5) fﬁ(ﬁmewmAmE@%%mwf,
a0 1), (c2),,(c3),m!nlp!
Further, substituting - in , we obtain
q1(x,y,; 7o, Yo, o)
= k() T T (ot B4+ 50 8,7520020, 2756 m,€) >
q2(, Y, t; 0, Yo, to)
= ky(r2)* PR (zzo) 2 F(Y ( —a+fB+y+ g; L—a,f,7 (3.10)
2 - 20,20,2%:€.1,€),
q3(x, y,t; o, Yo, to)
= ky(r?) TR (o) (a=B++ g; a,l-4720,  (3.11)

2 - 28,27:€,1,€),
q4(2, Y, t; 0, Yo, to)
= ka(r?) T T (1) R (a+8-7+ g; a,f,1—7;20,26,
2-29:€.1,¢),
q5(x,y,t; %o, Yo, to)
= k)T ) 2 ) D (— - B4+ il
1— 6,72 — 20,2 26,23:€1,)),
q6(, Y, t; 20, Yo, o)
= ko) R ) 2 10) P E (—at B+ 51— a0,
11— 72 - 20,26,2 - 2936,7,C).
q7(2, Y, t; 0, Yo, to)

—a+ _% _ _ 5
= ke(r?) " ) t0)! T EY (0= By + Sl -5,

1= 7%20,2 - 28,2 = 23561, €).
QS(‘T7 Y, t7 Zo, Yo, tO)

—2a - - a+B+y—1 7
= ks(wzo) (o) (tt0) ()T (—a - By + 5

1= a,1= 8,1 - %2 - 20,2~ 28,2 = 23:€,1,¢)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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where k;, i = 1, 8 are constants.

4. SOME PROPERTIES OF PARTICULAR SOLUTIONS

Theorem 4.1. If«a, 3,7 > 0, then particular solutions (3.9)—(3.16|) tends to infinity
of the order 1/r at r — 0.

Proof. By the expansion for the Lauricella hypergeometric function [12]

F,ng)(mb17b27b3§01702703§x7yaz)

o0

. Z (a)i+j+k(b1)i+j(b2)i+k(b3)j+lc .’L‘i+j i+kzj+k
= (o). g Yy
e (Cl)z+j (02)1+k(03)j+k1.j. !
X Fla+i+jb+i+jeo+it+j;o)Fla+i+ji+kbe+i+kico+i+k;y)
xFla+i+j+kbs+j+kics+7+k;z),

(4.1)
the particular solution (3.9) is rewritten as follows

—a—B3— _1
a1 (2, Y, t;x0, Yo, to) = ke (r%) "7 TT2

" i @+ B+7+ 540 @ i (B (Vs
0:3,k=0 (20);4(20);45(27) j 475K
2,2 2o itk o o gtk

() () ()

r r
1 . L. R e )
><F(a+ﬂ+7+§+z+],o¢+z+j;2a+z+j; 2 )

T (4.2)

2

1 _ 2
><F(a+ﬁ+v+§+i+j+k,ﬂ+i+k;25+i+k;%>

1 . ) r? —r3
><F(a—|—ﬁ+’y+§+z+]+k,’y—|—]+k;2’y+]—|—k;T>.

Using the formula F(a, b;c;z) = (1 — 2) "F(c—a,b;c;z/(x — 1)) [0], from (L.2) we
obtain

1

20270 02 gt (v, w0, vo to), (43)

ql(xa y,t;l’o,yo,to) = kl(rz)

where

3 (a+ﬁ+7+%)i k()i ()i (V)
qf(x7y7t;x0;y07t0) = Z +j+k j j

0:3,k=0 (20);4(28);41(27) 475K

it i+k i+k
r%—r2 J %—7"2 r2—p27

<O BT (BN

1 ) 3

1 2 _ .2
><F(a—ﬂ—fy—§,a+i+j;2a+i+j;¥) (4.4)
Ty
1 . ) r3 —r?
><F(ﬂ—a—*yfi—j,ﬂ+z+k;2ﬂ+z+k;2?>

1 . . . 7"?%—7“2
xF(fy—a—ﬂ—572,7+3+k;2’y+]+k;7r2 )
3
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Now we show that ¢f(x,y,t; zo, Yo, to) is bounded aa r — 0. Since

. ori—p? . r3—1? . ri—r?
lim >— = lim s— = lim — =1,
r—0 Ty r—0 TS5 r—0 T3

hence, one can find

1
F(a—ﬂ—’y—§,a+i+j;2a+i+j;l>
T(20)T(B+ 7+ 3)(20), (4.5)

T D(@T(a+B+7+Na+f+y+3),,

F<ﬁ—a—7—%—j,ﬂ+i+k;2ﬁ+z‘+k;1)
L2B)0(a+7 + 5)(26), 4 (a0 + 7 + 3)2; (4.6)

TT@(a+ B+ + ) (a+ B+ D)

i+j+k
Fy—a=f-g—iy+itho+ithl)
T2, T+ B+ D+ B+, (4.7)
PP+ B+ +35)(a+B+7+3)
Due to 7 at r — 0 from we obtain
}ET%JQT(fay,t;xo,yoato)
_ TERTEATENT(a+ B+ )T (a+v+ H)T(B+7+ 3)
L(a)T(B)T (V)3 (a+ B+ + 3) (4.8)
> (a+p+ %)i(a +7+ %)j(a)iﬂ‘(ﬁ)wk(wg‘%

i§£¢a+ﬂ+w+@ (@t B+743);, 54,0k

i+j+k

i+j i+j+k

It is easy to show that
i (a+8+3),(a+v+ %)j(a)i-&-j(ﬂ)i-i-k(’)/)j-&-k
1 1 ny
i et By +3), lat B+y+3),, ik (49)
TP+ a+Y)
Pla+B+3)T(a+y+3)T(B+7+3)
Thus, from (4.4) we deduce

VAT (20)T28)0(27)
(@B () (a+ B+ +3)
From here considering (4.10), from (4.3) at » — 0 we have the estimate

¢
lg1(z,y,t; 0, Yo, to)| < 707 (4.11)

Tli_l’)l’%)qik(l',y,t;{l](hyo,to) = (410)

where
o k122020427710 (o + B + )T (2a)T(28)T(2)
(T (BT (20 + 26 4 27) ()" (1) (1)
Estimate (4.11]) states that function ¢1(z,y,t; zo,yo,t0) at 7 — 0 tends to infinity

of the order 1/r. Similarly one can prove that every function g;(z,y,t; o, yo,to),
i=2,3,...,8 has singularity 1/r as r — 0. ([l
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Theorem 4.2. If a, 3, > 0, then the found particular solutions have the following

properties
$ZQ%Q1L:O =0, Z/Zﬁaayql‘yo =0, th%Ql‘t:O =0,

@2|,_, =0, yzﬁ(jy%t/_o =0, t2w%¢]2|t:0 =0,

m2a0%q3|w:0 =0, q3|y=0 =0, tzw%qgtzo =0

gl =0 Pl =0l =0

)

Gl,_g=0, as|,_,=0, t A’a%tzo =0,
g6],_, =0, ywaayqa\yzo =0, qs|,_, =0,
$2aa%Q7|I:0 =0, Q7|y:0 =0, Q7’t:0 =0,

as|,_o =0, q8|y:0 =0, asf,_,=0.

Proofs of the above equalities are based on elementary calculations. These prop-
erties could be used in studying various boundary problems for the equation (1.1)).

Acknowledgements. We are grateful to the Professor H. M. Srivastava for his
suggestion to consider this problem.
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