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COMPARISON RESULTS FOR ELLIPTIC VARIATIONAL
INEQUALITIES RELATED TO GAUSS MEASURE

YUJUAN TIAN, CHAO MA

ABSTRACT. In this article, we study linear elliptic variational inequalities that
are defined on a possibly unbounded domain and whose ellipticity condition is
given in terms of the density of Gauss measure. Using the notion of rearrange-
ment with respect to the Gauss measure, we prove a comparison result with
a problem of the same type defined in a half space, with data depending only
on the first variable.

1. INTRODUCTION

This article concerns the problem

a(u,p —u) > [ f—uweds, VY€ Hi(p,Q), ¥ >0,
Q

(1.1)

u€ Hy(p,Q), u>0,

where
a(u, ) —u) = / Z a;jDiuDj( — u) dx — / Z biuD; (¢ — u) dx
Q=1 Q=1
+ / ZdiDiu(w —u)dr + / cu(yp — ) dz,

Qi Q

o(z) = (271’)_%6_'12' is the density of Gauss measure, {2 is an open subset of

R"™(n > 2) with Gauss measure less than one, a;j, b;, d;, ¢ and f are measurable
functions on (2 that satisfy the following assumptions:

(A1) aij/ @, c/p € L%(Q), | € L2(p,Q);

(A2 Zm‘:l aij(v)&&; > p(2)[€]?, ae. x € Q,VE € R™;

)
(A3) (X0 |bi(z) + di($)|2)1/2 < By(z), a.e. x € Q, B > 0;
(Ad) 370, Dibi(z) + c(@) = coz)p(@) in D'(Q), co € L=(Q);

We obtain a priori estimates for the solutions of (1.1)) using rearrangement tech-
niques. As € is bounded, the operator is uniformly elliptic. This issue has been
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studied by many authors, firstly by Weinberger [28] and Talenti [24]. Actually it
is well known that, one can use Schwarz symmetrization to estimate the solutions
of elliptic and parabolic equations in terms of the solutions of (one dimentional)
radially symmetric problems (for a comprehensive bibliography see the paper [10]
and [27]). For variational inequalities, similar comparison results in terms of linear
elliptic variational inequalities can be found, for example, in [IJ, Bl [I8] [19]; while
nonlinear elliptic variational inequalities are discussed, for example, in [5, 20]. In
the same case, comparison results for parabolic variational inequalities can be found
in [T, [14].

In the elliptic variational inequalities 7 since () maybe unbounded, the de-
generacy of the operator does not allow to use the classical approach via Schwarz
symmetrization. Based on the structure of the problem, it is more appropriate to
use the Gauss symmetrization as has been done for elliptic and parabolic equations
in [7,[8 12, [13]. Our aim is to compare the solutions of problem with the sym-
metric solutions of a problem in which the data depend only on the first variable
and the domain is a half-space, i.e. the following “symmetrized” problem

ab(o, ) — v) > / Pl —v)dz, Vi€ Hi(p, 98, § >0,
Ot

ve Hy(p, ), v>0,

(1.2)

where

af (v, —v) = / pDyvD1 (¢ —v) dx — / BypDyv(¢y —v) dx —|—/ coppv (¢ —v) de,

Qf Qb Of
where QF is a half space with the same Gauss measure as €2, f# is the Gauss sym-
metrization of f and coy is the decreasing Gauss symmetrization of ¢y. To this end,
by following arguments in [I} [19], we first discuss the existence of symmetric solu-
tions to the “symmetrized” problem , which is a key step for the comparison
results. However, in the equation case, the papers [12, [[3] always assume that the
“symmetrized” problem has a symmetric solution instead of studying the existence
conditions for such solutions. Our results (Theorem make up for that in large
extent. In addition, as an application of the comparison results, we prove an esti-
mates of the Lorentz-Zygmund norm of « in terms of the norm of the symmetric
solutions v.

The main tools we use are Gauss symmetrization and the properties of the
weighted rearrangement. It is worth noting that the method used in equation
case for obtaining the comparison results can not be applied to the variational
inequalities . In this paper, we combine the property of the first eigenvalue
(Lemma with the maximum principle to overcome the difficulties and get the
desired results.

This article is organized as follows: Section 2 is devoted to give some notation
and preliminary results; in Section 3, the main results of this paper are stated; in
Section 4, we finish the proof of the main results.

2. NOTATION AND PRELIMINARY RESULTS

In this section, we recall some definitions and results which will be useful in what
follows. First, we recall that the wieghted Sobolev space I/VO1 P(p, Q) is the closure
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of C§° () under the norm

sy = ([ 1Vu@Pode+ [ uelrpds)”

When p = 2, the space W01’2(<p, Q) is also denoted by Hg (¢, Q).
Let 7, be the n-dimensional normalized Gauss measure on R" defined as
2
dvn = p(x)dz = (27) "% exp ( — %) dr, x€R"
Set

(1) =y ({z eR" : 2y > 7})
“+oo t2
= (27r)_1/2/ exp(—g)dt, V7 € RU{—00,+0}.

In [16] we observe that

1/2 eXP(—W)
li 2r) — = = 1. 2.1
tﬂég,lr( ) t(210g%)1/2 (2.1)
11/ 1y1/
Remark 2.1 ([26]). By lim;_ o+ % = /2 and lim, ;- % =0
and note that (2.1]) and the fact v, () < 1, we have
B o'(t)? _ 1/2
exp (~ T) <at(1 —log), e (0.79(), (2.2)
(I)—l t 2
exp (- 2 ) = a0 1ogt) 2, € (0.7(2). (2.3)

where « and [ are two positive constants depending on 7, ().
Now we give the notion of rearrangement.

Definition 2.2. If u is a measurable function in Q and p(t) = v, ({z € Q : |u| > t})
is the distribution function of u, then we define the decreasing rearrangement of u
with respect to Gauss measure as
u*(s) =inf{t > 0: pu(t) <s}, se€l0,7(Q)].

Let Of = {z = (21, 22,...,7,) € R" : z; > A} be the half-space such that 7, (Q) =
Y (QF). Then

ui(z) = u*(®(z1)), @€
denote the increasing Gauss symmetrization of u (or Gauss symmetrization of ).

Similarly, the decreasing Gauss symmetrization of u will be

us(z) = u(®(21)), @€ D,

with
us(s) = u (1 (Q) —5), s € (0,7(Q2)).

Properties of rearrangement with respect to Gauss measure or a positive measure
have been widely considered in [9] 22] 23] 25], for instance. Here we just recall the
following:

Hardy-Little inequality:

Yn ()
| wr @i = [ w@i@an, < [ u@aio,
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’Yn(Q)
uf(z)ol(z = w*(s)v*(s)ds
< [ @i, / ()" (s)ds,

where u and v are measurable functions.
Polya-Szégo principle: Let u € VVol’p(go7 ) with 1 < p < +00. Then

HVUﬁHLP(%m) < |Vullzr(p,0),

and equality holds if and only if Q = Qf and |u| = u* modulo a rotation.
Now we recall the definition and main properties of the Lorentz-Zygmund space
(see [0]).

Definition 2.3. For any measurable function u, 0 < ¢,p < 400 and —0c0 < a <
+o00, set

[ (5 (1 = log #)2u* () 4] Y9 i 0 < ¢ < +o0,
[ull 224108 ) (0.0 = 1 ,
SUDe (0,7, () [t7 (1 —logt)*u*(t)]  if ¢ = +oo0.

(2.4)
We say that u belongs to the Lorentz-Zygmund space LP:(log L)*(y, §2) if

llull Lr.a log L)y (p,0) < +00.

Remark 2.4. It is clear that the space LP9(log L)°(y, Q) is just the Lorentz space
LP4(p, Q). As p = q, the space LPP(log L)°(p, ) is the Lebesgue space LP(ip, ).

Remark 2.5. For 1 < p < 400, 1 < ¢ < 400 and —00 < a < +00, (2.4) is a
quasinorm. Replacing u*(t) with

we obtain an equivalent norm.

Remark 2.6. f 0 <r <p<+400,0<¢q,s <400 and —0 < @, f < 00, then
L (log L)*(,2) € L™*(log L)’ (19, )

and when the first exponents are the same,
LP(log L)*(,2) € L7*(log L)’ (¢, 2),

whenever either
g<sand a>p

or
1 1

g>sand a+ - > [0+ —.

q s

Remark 2.7. The space LP9(log L)*(p,(?) is nontrivial if and only if one of the
following conditions holds
p < +00,
1
p=+o0 and o+ — < 0,
q
p=+00,q =400 and o = 0.

The following imbedding theorem in Lorentz-Zygmund space is a straight conse-
quence of the Sobolev logarithmic inequalities. It has been proved in [I3] by using
the properties of rearrangement.
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Proposition 2.8. Let Q be an open subset of R™ with 7, (Q) < 1. If f € W, (¢, Q)
with 1 < p < 400, then f € LP(log L)"/?(¢, Q) and
£l 2 og £)172(,0) < CIV fllLr(p.0)-

The following Hardy inequalities are also needed in this article [6].

Proposition 2.9. Suppose that r > 0, 1 < g < 400 and —o0 < o < +00. Let ¥
be a nonegative measurable function on (0,1). If 1 < g < 400, then

(/01 <t_r(1 —logt)® /Ot \I/(s)ds)q%)l/q < C(/O1 (- logt)a\l;(t»‘J%)l/q

holds. Moreover if ¢ = +00, then
t

sup (t*r(1—1ogt)a / \Il(s)ds) <C sup (£7(1—1logt)T(t),  (2.6)
o<t<1 0 o<t<1

where the positive constant C' = C(r, q, ) is independent of V.

3. STATEMENT OF MAIN RESULTS

The main results of this article are the following three theorems. First, the
existence result of symmetric solutions to the “symmetrized” variational problem
are presented, which is a key step for the comparison results. Let

¢y (¢) = max{co(2),0},  ¢q () = max{—co(z), 0},
() = (e ()5, 0" (2) = (cg ().
Theorem 3.1. Set
Afv = —D;(pD1v) — BpDyv + coppv  in QF.

Suppose that: (1) co(x) > 0, or (2) ¢y (z) £ 0. Let one of the following equivalent
conditions be satisfied:

(a) The first eigenvalue A1 of the problem

B|1‘1| — .
APD = ) (— ) U in QF
1 5 +co” o m §2°, (3.1)
V€ Hy(p, )
18 positive.
(b) There exists a constant £ > 0 such that
/ ©|D1Z*dx —/ BypZD, Zdx +/ coppZ?dx
Qf Qf Qt
(3.2)
> g/ o|D1Z*dx, VZ € Hg(p, Q).
Qf
Then the mazimum principle holds for Af; i.e.,
Aty >0 in QF and v > 0 on 9QF mmply v >0 in Of (3.3)

and problem (L.2]) has unique symmetric solution.

Now, the comparison result between problems (I.1) and (1.2) can be stated in
the following theorem.
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Theorem 3.2. Let (A1)—(A4) and one of the conditions in Theorem hold.
Suppose that u is the solution of problem (L.1)) and v = v is the solution of problem
(1.2). Then

(1) As co(x) <0, we have

w*(s) <v*(s), s€[0,7.(Q)]. (3.4)

(2) As cf(z) #£0, it follows that
u*(s) <v*(s), s €l0,s1], (3.5)
/S eBcb_l(”)u*(o)dJ < /S qu)_l(”)v*(a)dJ, s € [s1,7(Q)], (3.6)

where s = inf{s € [0,7,(Q)] : cox(s) > 0}.

Using the above comparison results, it is possible to obtain estimates of the
solutions to problem (|1.1)) in terms of the solutions to “symmetrized” problem

2.

Theorem 3.3. Suppose that Lorentz-Zygmund spaces LP(log L)*(p, Q) are non-
trivial. Under the same assumptions of Theorem|3.2, we have
(1) If co(z) < 0, then

lull Lr.a log L)~ (0,0) < V]| Lroa(10g L)~ (0,0) (3.7)
with 0 < p, ¢ < 400 and —oco < o < +00.
(2) If co(x) > 0, then for all0 < e < %,

(B2 —Ba~ (7, (Q))]

[oll, ;2. (3.8)

el aqog 1) (o0 < O £ 1o 1) (.00
where C' is a positive constant depending on p,q and v,(Q), 1 <p < 400, 1 < g <
400 and —oo < a < 400.

(3) Otherwise,

[B® ™ (51)— B2~ (70 (Q))] 91| L0 tog L) (0.024) (3.9)

with s, defined in Theorem[3.3, 1 < p < 400, 1 < ¢ < 400 and —co < a < +00.

llull Leoa(log L) (0,0) < €

Remark 3.4. As  is bounded, by Schwarz symmetrization, it is possible to es-
timate LP*?(log L)® norm of u by the same norm of v, the solutions to the “sym-
metrized” problems defined on balls with coefficients depending only on the radial
(see Corollary 4.1 in [I4]). However, in our case that {2 maybe unbounded, it is
impossible to get the same result as before. In the above theorem, we estimate the
LP4(log L)™ norm of u in terms of a little stronger Lorentz-Zygmund norm of v.

4. PROOF OF MAIN RESULTS

Proof of Theorem[3.1}. First, we can see that if [z1] € L= (log L)~/?(, QF), every
term in the weak form of (3.1)) makes sense. In fact, for any Y € H} (i, QF), using
Hoélder inequality and Hardy-Littlewood inequality, we obtain

1/2 1/2
/ |z1|[PY pdx < (/ (|x1|\11)2<pdx) (/ Y2<pdx>
Qt Qt Qf

m@ X2 1/2
<([7 mlEmes) I e
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< [ sup (|w1|*2(8)(1—logs)_l)]l/Q
0<5<Yn (22)

T () 2 1/2
[ (e - 1os92) ds] 1Y e
0
<1l oo rog £)-172(0,00) 1P L2 (10g £)172 (6,00 1Y (| 22 (0,028 -

By Proposition 0| € L*(log L)*/?(¢, Q). Thus, [, |21|¥Y ¢ dx is finite. The
remainder terms are similarly considered. Hence, it remains us to prove that |z1| €
L>(log L)~/2(p, ).

IfA>0, by Qf = {z = (z1,22,...,2,) € R" : 21 > A}, we have z; > X\ > 0.
Therefore,

1] (s) = z1(s) = @7 (s). (4.1)
Moreover, from Remark [2.1] it follows that
—1 s 2
P1(s) . —VZre

lim —— )
om0t (1 —logs)t/2 Ot 1(1—logs)~1/2(-1)

_ 1/2
= lim 2\/271-%

s—01 _2Tl)?
e 2
1 —logs)Y/2 s(2log1)1/2
_ lim 2v/ar S 10gs) 7 s@log )
s—0+ s(2log 1)1/2 22
11
=0 — — =2
\/5 V2T

Then there exist My > 0 and g € (0,7, (€2)) such that
d 1 (s)(1—1logs) V2 < My, se(0,68).

Since ®~!(s)(1 — logs)~'/2 is continuous on [Jg, ¥, ()], there exists a constant
My > 0 such that

1 (s)(1 —logs) /? < My, s € [d0,7m(Q)).
Thus,
D 1(s)(1 —logs) ™2 < max{M;, My}, s € (0,7,()).
Recalling (4.1]), we have

H|x1H|L°°(logL)*1/2(Lp,Qu) = sup [(I)_l(s)(l - logs)_l/Q] < maX{MlvMQ}'
0<s<y,(€2)

If A <0, setting
p(t) = ya({z € QF : || > t}),
v(t) =v.({z € Oz > t}),

we have
v(t) [
p(t) = Q2v(t) — (1 —1m(Q) 0<t<—A
Y (92) t<0
and

|z1|*(s) = inf{t > 0: u(t) < s}
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~ Jinf{t > 0:v(t) < s} s€[0,1—~, ()],
N inf{tZO:u(t) S M} s € (1_771(9);771(9)}

- HE) 5 €[0,1— v ()],
- *x [ S+1—v, (22
# () s € (1= (), m(9)]
JeTi(s) s€[0,1 =, ()],
! (SJrlig%(Q)) s € (1 — Y (82), 'Vn(Q)]
Using the same method as in the case A > 0, we obtain that there exists M > 0
such that
1| (s)(1 — log s)™1/% < M,
which implies |z1| € L% (log L)~ /2 (¢, QF).
Now we give the proof of the equivalence of (a) and (b).
(a)= (b) The first eigenvalue of (3.1)) can be characterized by the Rayleigh
principle as
_ min fm 90|D1Q|2dx_Bfm SOQDlex+fm COﬁ‘PQ2 dx
QeH} (9,0%),Q#0 Jor (23 + (@) w2 do

A\ (4.2)

In view of (4.2) and the fact that coy = ca'n —cy ﬁ, integrating by parts, we have

/ <p|D1Z|2dx—B/ <pZDlZda:+/ coppZ? dzx
Ot Ot Ot

B -
2(1—5)/\1/ ( ‘;1|+coﬁ)<p22dx+§/ oD, 2| da
Qf Qf

ng/ <pZDlzdz+§/ (cgs — co ) 2?
Qf Ot

B B
:(1—5))\1/ (ﬂﬂgﬁ)@z?dx—g/ —zpZ° dz
o 2 Qr 2

+§/ (cgﬂ—caﬁ)goZde—i—f/ ©|D1Z|? dx
Qf Ot
. _ Bl —4 2 2
2 (1=HM =) u( 5 T ¢ JpZ? dx + € anDlZI dz,
Q Q

for all Z € H}(p,2F). Then we can choose 0 < ¢ < Ai\il such that (3.2 holds.

(b) = (a) Assume that ¥ is the eigenfunction corresponding to A;. Then
_ Jor |ID19Podr — B [, D1V dz + [, copPPpdx
- Bz — '
Jos ( |21| —&—cou(x))\ll%odx
Recalling (b) and Proposition and noting that ¥ # 0, we have
\o EhlDiPeds Cefy WP
T for (B2l w20 de T [, (B2 4 ) w20 da

where C' is a positive constant depending on v, (£2). Thus (a) holds.
Now, we prove that the maximum principle holds for A*. As co(x) > 0, it is
obvious. As ¢y (x) # 0, taking v~ as a test function of (3.3)) and using (b), we

At
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obtain
0< 6/ o|Dyv™ [Pdz < / v” A%y~ dx <0,
Qf Ot

which implies v~ = 0. Thus v > 0 on 9QF.

On the other hand, from [I7] we see that (1.2) has unique solution v. Thus
the solution depends only on the first variable. To prove v = vf, for the sake of
simplicity, we suppose that v is sufficiently smooth. Set £ = {z € Q : v > 0}.
Then v satisfies

Afv=f% onE,

which gives

— ¢D1v + (21 — B)pDyv + coppv = ffo on E. (4.3)
Differentiating (4.3]) with respect to x; and taking K = Dyv, we obtain

(A* + )K = —pD1 K + (21 — B)pD1 K + coppK + oK
= @leﬂ —vpDicoy >0 on E.

Observing E = {x € Q : 1 > &}, where & = @71y, ({x € Q¥ : v > 0})), it
follows v(&p) = 0. Thus K > 0 on JF.

Since A*+ ¢ satisfies the property (b), we obtain K = Dyv > 0 on E by applying

the maximum principle to the operator A* + ¢. Thus v = v* on QF. The proof is
complete. (I

Before proving Theorem we need the following lemmas.

Lemma 4.1. Assume that (A1)—(A4) hold. Let u be the solution to problem (1.1))
and v = v* be the solution to problem (1.2). Then

— ¥ (s) < 2mel® (VBT / PO (o) — cou(0)u(0)ldo,  (4.4)
0

for s € [0,v,({u > 0})], and

— v (s) = 2mel® (97 =B2T(s)] /0 B2 O (0) — cou(0)v* (0)|do,  (4.5)

for s € [0,v,({v > 0})].

The proof of the above lemma follows the same lines as in [12} [13]; we omit it.

Lemma 4.2. Assume that (A1)~(A4) hold. Let u and v = v* be the solutions to
problem (L1.1) and (1.2)) respectively. If co, is continuous at s1, then w = u* — v*
satisfies

—w(s) < —2mel® @7 -Be )] / PP ey, (o)w(o)do,  (4.6)
0

for s € (0,7 ({u> 0})].

Proof. As v,({u > 0}) < v,({v > 0}), it is obvious that (4.6) holds. As v, ({u >
0}) > v ({v > 0}), (4.6) holds on [0,~,({v > 0})]. Moreover, using the regular-
ity theory (see [15]), v belongs to H?(p, Q%) and then v* € C'(0,7,()]. Thus

v* (vn({v > 0})) = 0. It follows from (4.5)) that

Yn({v>0}) .
/0 B[ *(0) — cou(0)v*(0))do = 0. (4.7)
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Noting that w(s) = u*(s) on [v,({v > 0}),y.({u > 0})], we combine (4.7 and
(4.4) to discover that

—w/(s) < 2mel?” (BN / B2 [f*(0) — cou(0)w(0)|do
0
'Yn({v>0}) _
- / B® 1<°’>CO*(U)U*(J)da}
0

= ap® =B / POy (o)w(o)do
0

s [ O eye) s € (e > 0))alfu > O

n({v>0})
If we show
fr(s) <0 on [yn({v > 0}), ()], (4.8)
then is proved.

Now it remains to prove (4.8]). In fact, as v, ({v > 0}) < s1, (4.7)) yields

Yn ({v>0}) 1 Yn({0>0}) —1
/ POp) = [ B O cy, ()" (0)dor < 0.
0 0

Therefore f* can not be nonnegative on [0, v, ({v > 0})].
As v,({v > 0}) > s1, taking V(s) = f:l B2 9 ey, (0)v*(0)do, from (&5) we
obtain

_ (G_qul(s)(CO*(S))_IV/(s))/ 4 omel® T ()P =BE T ()]

— —1 s —1 S1 —1
S| / B2 1) f*(5)do — / POy, (0)0* (0)do |
0 0

> ot 050 [P ), s € (s1,70({ > 0))
0
If f*>0on [0,v,({v > 0})], observing co.(s1) = 0, V satisfies

1 ! —1/.2 -1
—(e_B‘I) (s)(CO*(S))_IV/(S)) +21el® (BTG >0 on (s1, 7, ({v > 0})),

V(Sl) = O, V/(Sl) =0.
(4.9)
By the maximum principle (see [21]), we obtain V' < 0 in (s1,v,({v > 0})) which
contradict with the fact that V' > 0 in (s1,7,({v > 0})). Thus f* can not be
nonnegative in [0, v, ({v > 0})] and we obtain the desired result. O

Lemma 4.3 (P.163 in [4]). Let

L=- Z D;(a;;(x)Dj) + c(x).
i,j=1
Consider the eigenvalue problem
LY =)\ PV in D,
U =0 only,
ov

$+T]\I/:O Onrl,

(4.10)
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where D C R™, T'g is a subset of 0D, I'y = 0D — T’y and P is a positive function
in D. If \ is the first eigenvalue of (4.10)), then

A < su ﬁ
17$€Ep)Ph7

where h is any positive function in D satisfying the same boundary conditions as

v,

Lh
> inf ——
Mz inf 5

where h is positive in D, h >0 on 'y and % +nh>0o0nT;.

Lemma 4.4 ([2]). Let f,g be measurable positive functions such that
/ f(lo)do §/ g(o)do, T €10, p].
0 0
If h > 0 is a decreasing function in [0, p], then

/T f(o)h(o)do < /T g(o)h(o)do, r€]0,p].
0 0

Proof of Theorem[3.2. Suppose that ¢o(x) is smooth in €.
(1) As co(z) < 0, we assume co(z) < 0. In this case, ¢, * = —co.. Set W(s) =

IN B2 (@) e *(0)w(o)do. By (), we have

[T B O (g ()T W] < 2l OTBTOI i (0,9 ({u > 01)),

W(0) =0, W (m({u>0}))<0.
(4.11)
Thus, w < 0 on [0,7,({u > 0})]. In fact, let E be a half space whose Gauss measure
is v, ({u > 0}). Consider the eigenvalue problem

AR = Xcgugolll in E,

4.12
U e Hy(p, E). -
The first eigenvalue of (4.12) can be characterized as
~ D1Q|?dx — B D,Qdx + 2d
N — min fE90| 1Q)° dx fE PQD1Q dx fECOﬂ@Q .’E. (4.13)

QEH{(0,B),Q#0 [5 o oQ? da
By (b) of Theorem [3.1} we have

/@\D1Q|2dx—B/ gpQDlea:—F/ coﬁgoQQda:

E E E

>0 [ oD@ dr>0. Qe Hi(p.B) and Q#0in B
E

Hence, 2> 0. B
Now if ¥ is an eigenfunction corresponding to A, then both ¥ and |¥| minimize
(4.13). || is also an eigenfunction. Then we can take ¥ > 0. Moreover, ¥ satisfies

T [ el D19 dz — B [, oV D1V dx + [, cospV? da:
[y co W2 da .

(4.14)
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Integrating by parts and using Hardy-Littlewood inequality and Polya-Szégo prin-
ciple, we obtain

s e IDiUPpds — B[, 50 dr t [ cnVods
I o W2 da

> [ | D1V 2o de — B [, (%) 020 dx + [, cos Vo d

- I g MWt da '
Noting that ot = 1, we conclude from (4.15) that

1
DV 2pde — B [, 2020 dr + [, cos¥*2p dx

E 2 E “08

I o M2 da '

Thus, the above inequality, (#.13)) and ([#.14) imply ¥ = W, In addition,

— 0 (s) =27 (A + 1)6[{)71(5)2_3@71(5)] / qurl(")ca*(o)\I/*(a)da, (4.16)
0

(4.15)

5> e

for 5 € [0,7,({u > 0})]. Let O(s) = [ B2 (@) s *(0)U* (o)do. Then (@.10) can
be written as

—[e7 B O (e (5)) O] = 20 (A + 1)el® TP E2 Gl in (0,4, ({u > 0})),
6(0) =0, ©&'(m{u>0})=0.

/

(4.17)
If X is the first eigenvalue of the problem

_[e=BeTI ) (c~*(5)) LU = )\27re[¢’71(s)2_3¢71(s)]U in (0 u>0
0 s Yn )
U0)=0, U(y({u>0})=0,
(4.18)
it follows from Lemma [£.3] that

_[p—B® 1 (s)(,.—* 1017 _
POt ) e L

A > inf
T O us0y))  2mel® 12 -Be (3]

Therefore, A > X +1 > 1. By [4, Lemma 4.7], we have W’ < 0 on [0, 7, ({u > 0})].
That is w < 0 on [0,v,({w > 0})]. The result in the case ¢(z) < 0 can be proved

by approximation techniques (see [2]).
(2) As cf (z) # 0, we let

so = inf{s € [0,7,(Q)] : cox(s) > 0}.
Then sy < s1 and cox(s2) = 0. Moreover, noting that cg.(s) < 0 on (0,s2), we
obtain ¢, *(s) = —co«(s) on (0, s2). Take

Wi(s) = /03 B2 ) e (0)w(o)do.

By (4.6), we obtain
—[e7 PO M () W (s)] < 2wl PO () in (0, 50),
Wl(O) = 0, W{(Sg) =0.
Proceeding as in case (1), it follows that

u*(s) <v*(s), se€]0,sa] (4.19)
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On the other hand, letting
Wa(s) = /S qurl(”)cO*(o)w(a)da,
s1
Inequalities and yield
e B2 O cou(s)) W (s)] < —2mel®TT O BT Oy (s)
in (s1,yn({u > 0})],

Wa(s1) =0, Wi(m({u>0})) <0.
By the maximum principle, we have W5(s) < 0 on [s1,7,({u > 0})]. That is,

/ B ) g, (o) 0)dor < / BV gy, (010" (0)do, 5 € 51,7 ({u > O]

S1 S1

According to Lemma [4.4] we obtain

/ qurl(”)u*(U)do < / €B¢71(J)U*(U)d0', s € [s1, 7 ({u > 0})],

S1 S1
which implies ©*(s1) < v*(s1). Finally applying (4.19) to (4.6)), it follows
—u¥'(s) < —v*'(s), s € [s0,81] (4.20)

Integrating from s to s1, we obtain
u*(s) <v*(s) in [s2,s1],
which completes the proof. (I
At last, we can remove the smooth assumption on cq(z) by approximations.

Remark 4.5. For the variational problem, since f* maybe negative in [0, v, ({u >
0})], the method in the equation case are failed to obtain ([3.4)(3.6)). Here, we use
the properties of the first eigenvalue (Lemma and maximal principle to obtain
the desired results.

Proof of Theorem[3.3. (1) If ¢o(x) < 0, inequality (3.7) follows from (3.4).
(2) If co(x) > 0, we have

/ eB.:I)*l(g)u*(o_)do_ S / eBéfl(U)v*(o.)do.’ s € [O)WH(Q)L (421)
0 0

Set

() (L o, xk(p\\9dt11/a
1all ot 10g £ (1) = Lo (tr (1 fllogt) u*(t))" 4] %f 0< g < o0,
' SUDte (0,4, () [t7 (1 — log t)*u**(t)] if ¢ = +o0.

Remark [2.5|implies that the quasinorm |- || r.a(10g )~ (4,0) 15 equivalent to the norm
[l - ||2p,q(10gL)a(%Q) when p > 1 and ¢ > 1.

As ¢ < 400, using (4.21)), (2.3) and (2.5]), we obtain

el 0 10g 2y (o2

(D) 1 1/t adt
— (1 — o * -
—/0 (t (1 —logt) t/o u (O’)dO’) ;
7 (€2) ol [P pe- T at
g/ <tzln(1logt)o‘qu> (t)E/ eB® 1(”)u*(o)do) v
0 0
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'Yn(Q)
< / (1

0

'Yn(Q) 1 _1
:/ (ﬁ(l—logt)o‘e*B<I> )

0

t —
3 / e[—<\/%¢“<o>—%>2+2—316MU*(0>da)q@

=

EEDUNS Y L adt
(1 —logt)*e B l(t)z/ eB® 1(‘T)U*(U)da> "
0

t Jo t
1 (), U e—1(p2
< eloBz—Ba® (%m)]/ (ﬁ(l —logt)a}/ e%”v*(a)do—)qﬁ
0 tJo t
Yn (€2) t
< Ce[tz%:—Bqd”l(%(Q)] / (t%(l _ logt)"l/ %U*(g)da)q@
0 t Jo o¢(1—logo)? t

’Yn(Q)
< Ol B~ Bat (1 () / (t%*5(1 - logt)a_%v*(t))q@
< t
0

2 -1
— Cela5z—Ba2 D] 1y)? ) 7
LT=p Y (log L)~ 3 (,Q)

where C' is a positive constant depending on p, ¢ and 7, ().

As g = oo, can be obtained by the same method as before with
replaced by .

(3) Tt follows from Theorem [3.2] that

u*(s) <v*(s), s€]0,s1],

[ o < [ PO 0)do, s € 51, (@)

S1 S1

where 0 < s1 < 7,(Q).
If ¢ < +o0,

1)y St adt
+/ (tp(l—logt) ;/ u (U)do‘) -

S1 0
Denote by Is the second term on the right-hand side of the above inequality. Then

12:/7"(9) |7 (1~ 1ogt)” (/ u*(a)da—i—/t u*(U)daﬂq%

S1 0 S1

1 51
t
A (9) 1 51 1 t - adt
§/ [t%(l—logt)‘”i(/ v*(0)do 4 e B (t)/ eBe 1(”)1)*(0)030)] n
S1 0
1 1
t

S1

() — ey [
< / |:t; (1 — log t)a (/ ’U*(O')do' + e[Bd) (s1)—B®7 ()] / ’U*(O')d0'>] -
51 0 51 t

-
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n () t
< e[qB(I)71(51)—qBCI>*1('Yn(Q))]/ (t%(l —logt)o‘%/ U*(U)da)q%,
S1 0

Hence,

< elaB®T (51) =BT (v ()] |x

||UH23nq(1og L) (p,9) Lr:a(log L)~ (,Q2)"

If ¢ = +o0,
||u‘|zp=°°(log L) (¢,Q)

= sup [t% (1 —logt)*u™(t)]
(0,7 (2))

= max{ sup [t% (1 —logt)*u*(t)], sup [t% (1 —log t)o‘u**(t)]}

te(0,s1) t€(s1,7n(2))
1 t
< max{ sup [t%(l —logt)*v*™*(t)], sup [t%(l —logt)*— / u*(a)d(r]}.
t€(0,51) t€(s1,7n () tJo

By the same method as the case ¢ < 400, we have

. 1 [t
sup [ﬁ(lflogt)o‘g/ u*(a)do}
0

te(sl sIn (Q))

¢
< elBE (51) =B (0 ()] sup [t%(l - logt)o‘l/ v*(a)da]
te(s1,7m (%) tJo

Thus,

< [BET G1-Be T @)

||u||zpv°°(log L) (g,Q) = |UH2P’°°(log LYo (,9Q)"

O

Conclusions. This article studies a class of linear elliptic variational inequalities
which are defined on a possibly unbounded domain and whose ellipticity condition is
given in terms of the density of Gauss measure. Using the notion of rearrangement
with respect to the Gauss measure, we prove a comparison result with the symmetric
solutions of a “symmetrized” problem in which the data depend only on the first
variable and the domain is a half-space. To this end, we first discuss the existence of
symmetric solutions to the “symmetrized” problem, which make up for the previous
results. In addition, as an application of the comparison results, we prove an
estimates of the Lorentz-Zygmund norm of « in terms of the norm of the symmetric
solutions v.
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