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WELL-POSEDNESS OF FRACTIONAL PARABOLIC
DIFFERENTIAL AND DIFFERENCE EQUATIONS
WITH DIRICHLET-NEUMANN CONDITIONS

ALLABEREN ASHYRALYEV, NAZAR EMIROV, ZAFER CAKIR

ABSTRACT. We study initial-boundary value problems for fractional parabolic
equations with the Dirichlet-Neumann conditions. We obtain a stable dif-
ference schemes for this problem, and obtain theorems on coercive stability
estimates for the solution of the first order of accuracy difference scheme. A
procedure of modified Gauss elimination method is applied for the solution of
the first and second order of accuracy difference schemes of one-dimensional
fractional parabolic differential equations.

1. INTRODUCTION

Theory, applications and methods of solutions of problems for fractional dif-
ferential equations have been studied extensively by many researchers (see, e.g.,
M-8, [I0-[16], [18], 9], [21], [23]-[30], [B2]-[34], [39]-[46] and the references
given therein). In this article, we study the initial-boundary value problem

Diu(t,x) — a(x)ug (t, ) + ou(t,z) = f(t,z), 0<z<l,0<t<T,
u(t,0) =0, wu,(t,))=0, 0<t<T, (1.1)
u(0,2) =0, 0<ax<lI

for the fractional parabolic equation with the Dirichlet-Neumann conditions. Here
D¢ = Dg, is the standard Riemann-Louville’s derivative of order o € [0,1). Here
a(z)(z € (0,1)) and f(¢,z)(t € (0,T),z € (0,1)) are given smooth functions, a(z) >
a > 0, 0 > 0. Theorem on coercive stability estimates for the solution of the
initial-boundary value problem is established. Stable difference schemes for
the approximate solution of problem are considered. Theorem on coercive
stability estimates for the solution of the first order of accuracy in ¢ difference
scheme is proved. A procedure of modified Gauss elimination method is applied
for the solution of the first and second order of accuracy difference schemes for the
fractional parabolic equations.

The organization of the present paper as follows. The first section is introduction
where we provide the history and formulation of the problem. In Section 2, theorem
on coercivity stability of problem is established. In Section 3, stable difference
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schemes for the approximate solution of problem (L.1)) are considered. Theorem on
coercivity stability for the first order of accuracy in t¢ difference scheme is proved.
In Section 4, the numerical application is given. Finally, Section 5 is conclusion.

2. THEOREMS ON COERCIVE STABILITY

We will give some statements which will be useful in the sequel.

Let E be a Banach space, and A : D(A) C E — E be a linear unbounded
operator densely defined in E. We call A strongly positive in the Banach space
FE, if its spectrum o4 lies in the interior of the sector of angle ¢, 0 < 2¢ < m,
symmetric with respect to the real axis, and if on the edges of this sector, S1(¢) =
{pe’? : 0 < p < oo} and So(¢) = {pe~® : 0 < p < oo}, and outside of the sector
the resolvent (A — A)~! is subject to the bound

M
-1
(A =A) " lp—E < T (2.1)

The infimum of such angles is called spectral angle ¢(A, E) of A.

Throughout this article, positive constants have different values in time and they
will be indicated with M On the other hand M («, 3,---) is used to focus on the
fact that the constant depends only on «, 3, - .

For a positive operator A in the Banach space F, let us introduce the fractional
spaces Eg = Eg(E, A)(0 < § < 1) consisting of those v € E for which the norm

Ivllzs = sup NIAN+A) e+ lvle

is finite.

Theorem 2.1 ([I7,31]). Let A and B be two commutative positive operators with
©(A,E) + ¢(B,E) < w. Then it follows that there exists the bounded operator
(A + B)~! defined on whole space E. Moreover, for every 3 € (0,1) and f, there
exists a unique solution u = u(f) of the problem

Au+ Bu=f
and the following estimates hold
|Aullg,e.B) + | Bullgs .8y + | Bullg,y(2,.4) < M) fllEs(E.B)
|Aul| g, 2,4y + | Bullgs,4) + AUl 2502,8) < MB)|fllEs(E,4)-

Theorem 2.2 ([31]). Let A be the positive operator with (A, E) < w. Then for
8 < %,Aﬁ is a positive operator with o(AP, E) < 5

Theorem 2.3 ([3]). Let A be the operator acting in E = C[0,T] defined by the
formula Av(t) = v'(t), with the domain D(A) = {v(t) : V'(t) € C[0,T],v(0) = 0}.
Then A is a positive operator in the Banach space E = C[0,T] and
APf(t) = D/ f(t)
for all f(t) € D(A).
From the above theorems it follows the following theorem.

Theorem 2.4. Let A and B be the positive operators with p(A,E) < m and

¢(B,E) < Z. Then for 3 < % it follows that there exists bounded (D + B)~*
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defined on whole space E. Moreover, for every f, there exists a unique solution
u=u(f) of the problem

DPu+Bu=f
and the following estimate holds

HDﬁu||E5(E,B) + ”BU”Eg(E,B) < M(ﬂ)||fHEg(E7B)-
Now, we consider the second order differential operator
B¥u(z) = —a(x)ug.(x) + ou(x) (2.2)

with the domain D(B*) = {u;u,u’,u” € C[0,1],u(0) = 0,4'(I) = 0}.

Let us introduce the Banach space C7[0,1], v € (0,1] of all continuous function
() defined on [0, ] and satisfying a Holder condition for which the following norm
is finite

e\T1) — P (T2
lellcrog = llellcpg + sup w
T1#T2 |x1 *$2|

where C[0,1] is the Banach space of all continuous functions ¢(z) defined on [0,!]
with the norm

lellcro = Joax o)l
The positivity of the operator B* in the Banach space C[0, (] was established (see,

[37, B38]). Moreover, we have that for any 5 € (0,1/2) the norms in the spaces
Es(E, B) and C?9(0,1] are equivalent.

Theorem 2.5. For 3 € (0,1/2), the norms of the space Eg(C[0,l], B*) and the
Hélder space C?P[0,1] are equivalent.

The proof of Theorem is based on the following estimates

M(o,a) [e 3V 0 <ag<a,
67% iﬁ(mo*m)a x < Zo < la

G*(x, 205 \)| <
|G* (2, m0; A NE

|G£E( A)I <M( ) 67%" $(I710)7 OSIOSZIH

z,x0;\)| < M(o,a e

‘ ’ e 2V %A(‘UO*"”), x<uxzo<I

for the Green’s function of the differential operator B* defined by the formula (2.2))
and it follows the scheme of the proof of the Theorem of paper [9].

Theorem 2.6. For the solution of problem (1.1 the coercive stability estimate

omax, 1wz (t, )lesjo,g < MB)FE lespy

holds, where M(8) does not depend on f(t,z) (0<t<T,z € [0,l]) and0 < 5 < 1.

The proof of Theorem is based on the positivity of differential operator B*
defined by formula , on the Theorem on connection of fractional derivatives
with fractional powers of positive operators, on the Theorem [2:2] on spectral angle
of fractional powers of positive operators, and on the Theorem [2.4] on fractional
powers of coercively positive sums two operators.
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3. DIFFERENCE SCHEMES AND STABILITY ESTIMATES

The discretization of problem ([1.1)) is carried out in two steps. In the first step,
let us define the grid space

[0,{]p = (xn, =nh, 0<n <M, Mh=1)

To the differential space operator B* generated by formula (2.2)), we assign the
difference operator Bj by the formula

By = —a(x)uifnfn + ou(x)" (3.1)

x

acting in the space of grid functions u”(x), satisfying the conditions u(x) = 0 for
all z = 0 and D"u"(x) = 0 for 2 = I. Here D"u"(z) is the approximation of wu,.
With the help of B} we arrive at the initial boundary value problem

D" (t,x) + BEv"(t,z) = fi(t,z), 0<t<T, x€l0,,

v"(0,2) =0, €0, (3.2)

for a finite system of ordinary fractional differential equations.
In the second step, applying the first order of approximation formula (see [3])

k

o 1 Pk—r—a+1)u, —ur_q
D%y, = > (= 1< E<N

for
1 K ,
Déu(ty) = ——— ty — )" %u'(s)ds
fult) = ey | (e

and using the first order of accuracy stable difference scheme for parabolic equa-
tions, one can present the first order of accuracy difference scheme with respect to
L,
k

ZF *7"*0!+1) () —up_y(z)

TCY

+ Biup(z) = fi'(z),

I'l—a) 721
fk(x):f(tk7m)7 tk:kTa 1§k§Na NT:T7$€[07”h7

ug(x) =0, xz€]l0,l]

(3.3)

for the approximate solution of problem (|1.1)). Moreover, applying the second order
of approximation formula: for k = 1,

ga—1 20—1
Douy, = —dmuo + dmuh
for k= 2,
5—a 2—a
Dfuy = d|:;47a e i 2)(3 - a) - 7;3704 (1-— a)1(2 - OZ)}UO
+d|- - : v remill
2 (l-a)2-a)B3-a) 2° (1-a)2—a)

gi-a 1 327 L

+ d{24—a 1-a)2-a)83-a) 2Ba(1-a)2- a)}“”
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for3<k <N,
k—1
Drue = a 3 {50 - = B
- (B e 2 "
R =

+d|: 2a—2 (2a—1 2a—1) N (2a—1 204—2> :|
— Uk—2 — — Uk — — u
2—a "2 l—a 2-a/ "1 l-a 2-a/ "

for

t—7/2
Doulty — 7/2) = ﬁ /O (ts — 7/2 — 5)=u/(s)ds,

and using a Crank-Nicholson difference scheme for parabolic equations, one can
present the second order of accuracy difference scheme with respect to ¢t and =,

1
D2ul(x) + 5 B (uk () + ufy (@) = f (), @ € [0,1n,
fli@) = f(th —7/2,2), ty=kr, 1<k<N, Nr=T, (3.5)
ub(z) =0, z€l0,1]
for the approximate solution of problem (1.1]). Here,
T« -« 11—«
_— = 1/2 —(r—1/2
T oy S0 =0+172) (r—1/2) 7,

n(r) = (r+1/2)"% = (r—1/2)*"".

Now, we consider the equation

d:

Biu" + ' = fh (3.6)
in the case a(z) = 1.
Lemma 3.1. Let A > 0. Then (3.6) is uniquely solvable, and the formula
M—1 M
uh = (B + )1 = { 3 Gk A+ a)fih}o (3.7)
i=1

is valid, where
h(RMfz o RM+i)(RM7k o RM+I€) h(R|k7i|+1 _ Rk+i+1)

G(k,i; A +0) = (1 — R?)(1 + R?M-1) + (1- R2)
for1<i<M-—-1,and 1 <k<M,
R=(1+5h)"5= %(h()\—ko) VT A RO 1)),

The grid function G(k,i; A + o) is called the Green function of equation (3.6))
and by the formulas for R and 4, we get

M-—1
1 1 Rk 4 R2M—k-1
Gk, i\ h= _ Lkl i s
izzl (727 +U) )\+O’ )\+O' 1+R2M71 ) ~ S ( )

To prove the positivity on B} in the Banach space C},, we need the following
auxiliary lemmas [13].
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Lemma 3.2. The following estimate holds

6] Zmax{w,\/b\Jra\}. (3.9)

Lemma 3.3. The following estimate

|R

1
< <1
< 14+ |\ +c|hcosb

is valid, where |0] < /2.
Theorem 3.4. For all X in the sector X9 = {X\ : |arg\| < 6,0 < 0 < 7w/2} the
resolvent (A + B¥)™! defined by (3.7) satisfies the following estimate

_ M(p,0,0)
x 1 < )
||(>‘I+Bh) ”Ch,*’ch, =1+ |/\|

Proof. First, we consider the operator Bj defined by formula (3.1) in the case
a(x) = 1. Let us set k = M. Since

_ B2R(1 — RM=1)(1+ RM-1)

(3.11)

=TT Ry ReAEY) M
1 M—2
M—i _ pM+i)2 s
+(1_R)(1+R2M_1);<R RMY) 2,
we have that
R 1 M—2
2 L M—i M+i\ 2] ¢
| gzlil_R‘h | far—1| + 1A ; (IRI +|R| )h |l
AP ! -

Now, let us 1 < k < M — 1. Then by formula (3.7) and the triangle inequality, we
obtain

|R|M—F 4 |R|MFR) A} » .
(1—R2||1+R2M—1)| > (RN 4RI )|

i=1

M-1
1 —i i
n T Z (‘R“k +1 | REt H)h2|fi|
=1

uk| <

11

D) M—-1

Z (‘R|M—i+1 i |R|M+i+1)h2|fi|

1

<

-1

Z (‘R|\k—i\+1 n |R|k+i+1)h2|fi|
1

(2

R?|
1

|1
+

1 - R?|

Ah M—-1

2
< ——"le, |R|M it
=g e 2

2h2 k—1 ‘ M-1 |
+ m||fh||0h{Z|R|kil+l + |R| + Z |R|sz+1}
=t i=k+1
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2 2 2
< e { 2 + T + 1}
|R|? h? R 1
{(1 \R|)2 |1+ R +‘1—RH1+R‘h2}'

From estimate (3.10f) it follows that

1
|R|? ( 14/ tolhcosd 2 ( 1 )2
2 =\ _ T
(1- IR L S roheoss VA +alhcost
Clearly, we have that
A+ o|=|pcost +ipsinb + o| = \/p? + 2po cos 0 + o2
> \/p? cos2 0 4 2po cos 0 + 02 = |\| cos b + o.
Thus
1 1 1
< <
[A+o| = [N cos@+0o = |Acosf+ ocosh
1 1
cos 0 o cosf
= = 3.13
A +o  1+1 (3.13)
M(o,0)
14N
Combining estimates (3.12)) and (3.13)), we obtain that
2|2 1
h |R‘ 5 < cos? 6 < M(O’,G) (314)
(1—[R)" ~ A+al = 14+Al
From the definition of R and estimate (3.9)), it follows that
R h 2
— W= < 3.15
‘I—R‘ 6] = 1+ |A| (3.15)
Combining estimates (3.14) and (3.15), we obtain
M(p,0,0)
e, < ] "le-
Il < =7 B 1*len

This concludes the proof of Theorem in the case a(z) = 1. Second, noted that
the proof of this statement is based on estimates for the Green’s function. Under
one more assumption that o > 0 is sufficiently large number, applying a fixed point
Theorem, same estimates for the Green’s function can be obtained. Therefore, this
statement of theorem is true also for difference operator Bj defined by formula

(3.1). Theorem is proved. |

Theorem 3.5. Let 0 < 3 < % Then, the norms of spaces Eg(Cy, BY) and Ciﬂ
are equivalent uniformly in h, 0 < h < hg.

Proof. From (3.7)) and (3.8]) it follows that

8 ABHL RE 4 R2M—k—1
B n T —1 ¢h _ oA
(N Bi(Bi + X' f )k— )\+Ufk+)\+o 1+ ReM—1
M—1

NN Gk i A+ 0)h(fi — )

=1

Jr
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Applying the triangle inequality, we obtain
|(V B (B, + A)’lf”) |

M—-1
B+1 _
< 2l 2ol ;|am+a>|h|fk f
oA APt /\ﬂ“ &=
< z |k— 1\ 24 TN
_{)\+0+)\+0+ ZR |k = 9)hl h}Hf ”Cﬁ

< M(@) 7] e
for any A > 0 and z € [0,1]. Therefore, f* € E5(Cy, BY) and
£ Baccnmp) < Mi(@) "l 2o

Now, we prove the reverse inequality. For any positive operator B}, we can write
oo M—1

v—/ ZGk,z,)\+o)Bh(Bh+)\) Lfihadt.

Consequently,
oo M—1

fk—ko:/ S NGk +r,is A+ 0) = Gk, i A+ o) N AT (A + X))~ fibadt,
0 i

hence
M—1
o= Sl < [ AP T 1GO 1,53+ ) = GUlsis A+ )l .5
0 i=1
Let
M—1
Ty, = \rhl\_w/ AP Z |G(k+ri; A+ 0) — G(k,i; A+ o) |hdt.
0 i=1
The proof of estimate
|fie = frtrl

h
TP < Tull f ey (cn.B2)

is based on the Lemmas [3:2] and [3.3] Thus, for any 1 <k < k+r < N — 1 we have
established the inequality

|fe = frtr] oM 17 )
[rha[P = A1 —28) " MO

This means that
M

Theorem [3.5in the case a(x) =1is proved. Now, let a(z ) be continuous functions
and let =, z¢ € [0, 1] be arbitrary fixed points. Clearly, we have that

1Bk = By*)(By"Mlen—en < M.
From the formula
Bi(By + N7 = BB + )T
+ AN+ BE)THBE = BRl(BR) T B (B + )T "
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it follows that
B (BT + 3)
< ||fh||E5(Ch,B:0) + MA(A + Bi) Hlew—o,
< MlehHEﬁ(ch,B:O)-

thE@(C;,,,BZO)

Then
1"l Es (o B2y < Ma Hfh”Eﬁ(Ch,BiO)'
Theorem [3.5] is proved. O

Theorem 3.6 ([3]). Let A, be the operator acting in E; = C[0,T], defined by the
formula Apv™ = {#=22V  with vg = 0. Then A, is a positive operator in the
Banach space E; = C[0,T), and

ka m — ﬁ"’l)f fml
;2 b

AEfT:{ ria-g 78

r:l

By the definition of fractional difference derivative

" T(k B+1) frn — fn
> R )

DI = {5 =

1_

'r=1

Theorem 3.7. Let A, be the operator acting in E, = C[0,T], defined by the
Jormula A7 (t) = {#=2%=21Y with the domain

D(A;)={v": Ok Ykl ¢ C[0,T];,v9 = 0}.
T

Then A is a positive operator in the Banach space E, = C[0,T],, and
AZFT(t) = DEFT(t)
for all f7(t) € D(A,).
Thus, we have the following result on coercive stability of difference scheme .

Theorem 3.8. Let 7 and h be sufficiently small positive numbers and 0 < 3 < 1.
Then the solution of difference scheme (3.5)) satisfies the following coercive stability
estimate:

{ n+1 —2uF 4k

max Bigl| =

1<k<N max ka ||0501]h

M—-1
}nzl lesmog, < M(ﬁ)1

Here, M(3) does not depend on ,h and f!,1 <k < N.

The proof of Theorem is based on the Theorem on positivity of difference
space operator B} defined by formula (7 on the Theorem on the structure
of fractional space Eg(Ch,B;"), on the Theorem on connection of fractional
derivatives with fractional powers of positive operators, on the Theorem [2:2] on
spectral angle of fractional powers of positive operators, and on the Theorem [21]
on fractional powers of coercively positive sums two operators.
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4. A NUMERICAL APPLICATION

For numerical results, we consider the example
Diu(t, z) — uea(t, x) + u(t, x) = f(t, z),
6 sin’ ()3~
I'd—a)
O0<t<l,0<x<],
u(0,2) =0,0 <z <1,
u(t,0) = u.(t,1) =0, 0<t<1

— 21%t3 cos(2mx) + t3 sin?(7x),

f(t,l’) =

for the one-dimensional fractional parabolic partial differential equation with 0 <
a < 1. The exact solution of problem (A1) is u(t,z) = t*sin® 7z. Note that this
function is independent of «, but f(¢,x) depends on «.

Applying the difference scheme (3.3) for the numerical solution of (4.1), we
obtain

k m
1 — a ' )l To h2
¢>k=f(tk,$n), ty=kr, 1<k<N, Nt=T,
T, =nh, 1<n<M-1,
ud =0, 0<n<M,
E_ k _ .k
ug =0, up_;=up, 0<k<N.
(4.2)
We get the system of equations in the matrix form
AUn+1+BUn+CUn—1 =D¢,, 1<n<M-1, ( )
~ 4.3
Up=0, Uy-1=Upn,
where
0 0 0
an 0 0
A - 0 ap 0 7
0 0 ... a, O
0 0 ... 0 oa, (N+1)a(N+1)
b11 0 0 0 0
ba1 baz 0
B = b31 b32 b33 7
bn1 b by ... byn 0

bv+11 Ontre DNt - bNiiN DNLN+1 ) (v iyeva)
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0
Cn
= 0 0 cn
Cn 0
0 e /) (nine(vt)
0 0 0
0 0
b_ 0 0 0
1 0
0 1/ (vinevsn
0
o Ug
1
b Ug
on Us
én=| L U= | ] Jq={n+1,n},
(bN—l UN—l
n q
N N
P (N+1)z(1) Uq (N+1)z(1)
1 1 1 1 2
an = =73, tn = "35> b =1, 5212—7717 522=;+1+ﬁ,
I'2-a) r'2-a) 1 1 2
o rl—a)re’ 2 TA-a)yre 707 B 7a MR
and
I'(i—1—a) L
TTa—a)—2)re> J=1,
1 Ili—j+1—a)  T(i—j—a) .
Tl—a)ro l ( (ijfj)! - (ifjjfl)! ]’ 25j<i-2,
bij = | Hegaltlza), j=i—1, (4.4)
L +1+4 5%, j =i,
0, i<j<N+1

fori=4,5,...,N+1 and
o — 6 sin?(mnh)(kT)3~
" I'4-—a)
To solve the difference problem (4.3)), a procedure of modified Gauss elimination

method is applied. Hence, we seek a solution of the matrix equation in the following
form:

— 212 (kT)? cos(2mnh) + (k7)3 sin?(mnh).

Uj = ajs1Ujr1 + Bjs1, U = (I —an) ' Bar, =M —1,...,2,1
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where o; (j =1,2,...,M) are (N + 1) x (N + 1) square matrices, and
B; (=1,2,...,M) are (N + 1) x 1 column matrices defined by

ajr1 = —(B+Caj) ™' A,
/6j+1 = (B—l—Caj)_l(D(b— Cﬂj), j=12,....M—1

where j =1,2,...,M — 1, a is the (N + 1) x (N + 1) zero matrix, and §; is the
(N +1) x 1 zero matrix.

Second, applying the difference scheme , we obtain the second order of
accuracy difference scheme in ¢ and in z and the Crank-Nicholson difference scheme
for parabolic equations, one can represent the second order of accuracy difference
scheme with respect in ¢ and in x

k—1 - k—1
B %[uﬁ_ﬂ —2up Fup_y ungy —2uy un—l} + 1 [uﬁ + uﬁ_l} = ¢k,

a, k
Dy, h2 + h2 2
qﬁﬁ = f(tx — %,xn), ty = k7,1, = nh,

1<k<N, 1<n<M-1,
ud =0, 0<n<M,

ub =0, 3uk, —4ub, [ +ub, , =0, 0<E<N.
(4.5)
Here Duk is defined by (3.4)) for u®. We get the system of equations in the matrix
form

AUn+1+BUn+CUn—1 =D¢,, 1<n<M-1,

~ (4.6)
Up=0, 33Uy —4Un—1+Upn—2=0,
where
0 0 0
a, ap 0
A— 0 a, ap ’
0 0 0O ... a, O
0 0 0 ... a, ap (NAD)x(N+1)
b11 0 0 0 0
ba1 bao 0
B = b31 b32 b33 ’
bn1 b bns ... ban 0

b
N+1,1 bNt12 Ongis bN+1,N  DN+1,N+1 (N+1)x(N+1)
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0 0 0
Cn  Cp 0
C— 0 ¢, oy 0 0 ’
Cn 0
Cn Cn / (N41)x(N+1)
0 0 0 0
0 1 0 0
U 0 7
0 0 0 0
0o 0 0 0 (N+1)x(N+1)
] Ua
1
M Uq
2 Uq2
bn = ' , Uy = . , g={n=*1n},
N-—1 N—
n Uq !
N N
n (N+1)xz(1) Uq (N+1)z(1)
1 1
= Topz T Togpe
ga—1 1 1 ga—1
bn=1, byy=—-dor—----——-+—+-, bpo=d—-——+ —
u=15 b 2—a)i—a) Tmty "2TAGC )(1704) h
1 2 1 32—«
by = d|(3/2) (= - )- }
31 (3/) 1—« 2_a+3—a 23— @(1—04 2_04
SR I i S D U T S,
BT T »a\1-a 2-a "3-a/) 27 (1-a)2-a)l R
34-a 1 2 1 32—« 1 1 1
bss = d - - = t5
33 [25%(1*04 2—a+3foz) 23*0‘(17a)(2—a)]+h2+2’
1
b :d[ 1) — 1},
41 af() 2_0/7()
2 902
b= e+ - )
42 = 5()"‘ 77() 5 o
) 1 2a 1 ga— 1 1
big = d|7——&(1) = 5——n(1) - ]+
ga—1 9a—2 1 1 2 1
=dli s e T E bmfd[l_af(?)*z_a”(?)}’
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5 2 1 1
b5z = d[-T=—€(2) + 5——n(2) + 7——¢(1) - 5——n(1)]
3 2 3 1 Q02
bsy = d|~7——€(1) + z——n(1) + 7€) — 7——n(2) - 5— |,
1 2(1—1 204—1 1
b54_d[1—a€()_2—a"(1)_1—a+2—a]+%+§’
oo g[2h o2y 1
% = [l—a_2—oj+ﬁ+2’
and
d| 25 = 3)E(i = 3) = 5Lam(i - 3)] i=1,
d| 25 (5 = 20€(i - 3) + 525m(i - 3)
ke (= 8 - 4) = oG - 4)], i=2

d| e (i =+ D& = 5) = 5tan(i - )
(2 =20+ 1)EGE—j— 1) + 52an(i—j — 1)
by = +m(2_1_2>5(2_j_z)_fn(z—g—z)} 3<j<i-3,

d| 2562 - 2an@) - £256)

+52n(1) - 3= j=i-2,
IR S ) j=i-1
a3 -5 kb i=i,

0, i<j<N+1

fori=6,7,...,N +1 and
6 sin?(mnh)(kT)3~
I'4-a)

For solving of the matrix equation (4.6]), we use the same algorithm as in the
[@3) with

— 21%(kt)? cos(2mnh) + (k7)3 sin?(mnh).

o =

Upr = [3[ — 4o + OéM_lon]il[(ZlI — OéM—l)/BJW — 5M—1]~

Applying the difference schemes and for the numerical solution of ,
we constructed first and second order of accuracy difference schemes. The results
of computer calculations show that the Crank-Nicholson difference scheme is more
accurate than first order of accuracy difference scheme. Tables and |2| are con-
structed for N = M = 10, 20, 40, 80, respectively.

TABLE 1. Error analysis of first and second order of accuracy dif-
ference schemes for o = 1/2

Method N=M=10 | N=M=20 [ N=M=40 [ N=M=80
st order of accuracy 1.1110 0.7049 0.3850 0.1998
24 order of accuracy | 0.0953 0.0111 0.0017 [3.332x 104
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TABLE 2. Error analysis of first and second order of accuracy dif-
ference schemes for « = 1/3

Method N=M=10 [ N=M=20 [ N=M=40 | N=M=80
1%t order of accuracy 1.1493 0.7333 0.4015 0.2086
274 order of accuracy | 0.1015 0.0121 0.0019 | 7.5456 x 10~4

Conclusion. In [12] the multidimensional fractional parabolic equation with the
Dirichlet-Neumann conditions was studied. Stability estimates for the solution of
the initial-boundary value problem for this fractional parabolic equation were given
without proof. The stable difference schemes for this problem were presented.
Stability estimates for the solution of the first order of accuracy difference scheme
were given without proof. The numerical result was given for the solution of first and
second order of accuracy difference schemes of one-dimensional fractional parabolic
differential equations without any discuss on the realization.

In the present study, coercive stability estimates for the solution of this initial-
value problem for the fractional parabolic equation with the Dirichlet-Neumann
conditions are established. Stable the first and second order of approximation
in t and first order of approximation in x difference schemes for this problem are
considered. Coercive stability estimates for the solution of the first order of accuracy
difference scheme are obtained. A procedure of modified Gauss elimination method
is applied for the solution of the first and second order of accuracy difference schemes
of one-dimensional fractional parabolic differential equations. Moreover, applying
this approach we can constructed the first and second of approximation in ¢ and a
high order of approximation in z difference schemes. Of course, coercive stability
estimates for the solution of the first order of accuracy difference scheme can be
obtained.
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