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MULTIPLE POSITIVE SOLUTIONS FOR A CRITICAL ELLIPTIC
PROBLEM WITH CONCAVE AND CONVEX NONLINEARITIES

HAINING FAN

ABSTRACT. In this article, we study the multiplicity of positive solutions for a
semi-linear elliptic problem involving critical Sobolev exponent and concave-
convex nonlinearities. With the help of Nehari manifold and Ljusternik-
Schnirelmann category, we prove that problem admits at least cat(2) + 1
positive solutions.

1. INTRODUCTION AND MAIN RESULT
Let us consider the semi-linear problem
—Au = Nul"2u+|u* "2, zeQ,
u>0, xe€§, (1.1)
u=0, x€d,

where € is an open bounded domain in R with smooth boundary, 1 < ¢ < 2,
2 = % (N > 3) and A is a positive real parameter.
Under the assumption A #Z 0, (1.1) can be regarded as a perturbation problem
of the equation
—Au=|ul* 2u, zeQ,
u>0, x€q, (1.2)
u=0, x&dN.

It is well known that the existence of solutions of is affected by the shape of
the domain €. This has been the focus of a great deal of research by several authors.
In particular, the first striking result is due to Pohozaev [I3] who proved that if
is star-shaped with respect to some point, has no solution. However, if {2 is an
annulus, Kazdan and Warner [11] pointed out that (1.2)) has at least one solution.
For a non-contractible domain §2, Coron [8] proved th has a solution. Further
existence results for “rich topology” domain, we refer to [2], [0} [TT], [12] 13 14 15| [16].

The fact that the number of solutions of is affected by the concave-convex
nonlinearities and the domain € has been the focus of a great deal of research in
recent years. In particular, Ambrosetti, Brezis and Cerami [3] showed that there
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exists A\g > 0 such that admits at least two solutions for A € (0, o), one
solution for A = )¢ and no solution for A > Ag. Actually, Adimurthi et al. [5],
Ouyang and Shi [12] and Tang [16] proved that there exists Ag > 0 such that
in unit ball BY(0;1) has exactly two solutions for all A € (0, o), exactly
one solution for A = Ag and no solution for all A > A\g. Recently, when Q is a
non-contractible domain, Wu [I8] showed that admits at least three solutions
if A is small enough.

In this work we aim to get a better information on the number of solutions
of , for small value of parameter A, via the Nehari manifold and Ljusternik-
Schnirelmann category. Our main result is as follows.

Theorem 1.1. There exists A\g > 0 such that, for each X € (0, \g), problem (1.1)
has at least cat(2) + 1 solutions.

Here cat means the Ljusternik-Schnirelmann category and for properties of it we
refer to Struwe [14].

Remark 1.2. If ) is a general domain, cat(€2) > 1 and Theorem [1.1]is the result
of [B]. If © is non-contractible, cat(€2) > 2 and Theorem is the result of Wu
[18].

Associated with (1.1)), we consider the energy functional Jy for each HE (),

1 A 1 .
) = / Vafds - 2 /Q<u+>qda: - /Q<u+>2 dz,

where uy = max{u,0}. From the assumption, it is easy to prove that Jy is well
defined in Hi(Q) and Jy € C*(H(Q),R). Furthermore, the critical points of .Jy
are weak solutions of ([1.1)). We consider the behaviors of Jy on the Nehari manifold

Sx = {u € HY(Q)\ {0} uy £ 0 and (J4(u), u) = 0},

where (,) denotes the usual duality between H}(Q) and H~1(£2). This enables us
to construct homotopies between €2 and certain levels of Jy. Clearly, u € S, if and

only if
/ |Vu|*dx — )\/ (ug)9dx — / (uy)? da = 0.
Q Q Q

On the Nehari manifold Sy, from the Sobolev embedding theorem and the Young
inequality, we have

Ji(u) = (% - 2%) /Q |Vul|*dx — /\(é - 2%) /Q(u_,.)qda;
11 11, a/?
> (5 - 27)/Q|vu|2dx—x(6 - 52)5 (/Q|Vu|2dx> (1.3)

1 1 2
> (5~ o) [ IVulde = (5 o) [ 1Vuae - DATS,

where S, is the best Sobolev constant for the embedding of Hj () into L4(2) and
D is a positive constant depending on ¢ and ;.

Thus J) is coercive and bounded below on Sy. It is useful to understand S in
terms of the fibrering maps ¢, (t) = Jx(tu)(¢t > 0). It is clear that, if u € Sy, then
¢, has a critical point at ¢t = 1. Furthermore, we will discuss the essential nature
of ¢, in Section 2.



EJDE-2014/82 MULTIPLE POSITIVE SOLUTIONS 3

This article is organized as follows: In Section 2, we give some notations and
preliminary results. In Section 3, we discuss some concentration behavior. In
Section 4, we give the proof of the main theorem.

2. PRELIMINARIES

Throughout the paper by | - |, we denote the L™-norm. On the space H}(Q) we

consider the norm
) 1/2
Jul = ([ 1vudz) "
Q

ou
(9{)31‘

full = ( [, (wupaz)

We will denote by S the best Sobolev constant of the embedding H} () < L? ()
given by

Set also

DY2(RY) = {ue L¥ (RY); =— € L*(RY) for i = 1,...,N}

equipped with the norm

S = inf{/ |Vulda;u € Hy (), Jufe« =1},
Q

It is known that S is independent of Q and is never achieved except when 2 = RV
(see [19]).

We then define the Palais-Smale(simply by (PS)) sequences, (PS)-values, and
(PS)-conditions in Hj () for Jy as follows.

Definition 2.1. (i) For B € R, a sequence {uy} is a (PS)s-sequence in Hg ()
for Jy if Jx(u) = B+o(1) and J{ (uy) = o(1) strongly in H~1(Q2) as k — oc.
(ii) Jy satisfies the (PS)g-condition in Hg () if every (PS)s-sequence in H} ()

for Jy contains a convergent subsequence.

‘We now define
(@) i= (. = [ (VuPde - A [ )de = [ @o?de (21)
Q Q Q
Then for u € Sy,

(W () u) = (2 g) / Vul?dz — (2° — q) / (uy)? de (2.2)
=(2-2% /Q |Vul?dz + A\(2* — q) /Q(qu)qu. (2.3)

Similarly to the method used in [6], we split S into three parts:
Sy = {u € Sx; (Y (u), u) > 0},
SX = {u € Sx; (Wi (u), u) = 0},
Sy = {u € Sx; (Yx(u),u) <0}

Then we have the following results.

Lemma 2.2. Suppose that ug is a local minimum for Jy on Sy. Then, if ug & 59\,
ug 1s a critical point of Jy.
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Proof. Since ug is a local minimum for Jy on S), then wug is a solution of the
optimization problem

minimize Jy(u) subject to ¥ (u) = 0.

Hence, by the theory of Lagrange multipliers, there exists 1 € R such that J5 (uo) =
bl (up) in H=1(Q). Thus,

(J\(u0), uo) = (¥} (uo), uo)- (2.4)
Since ug € Sy, we obtain (J4 (ug), uo) = 0. However, up & S and so by 2.4) =10
and J} (up) = 0. This completes the proof. O

Lemma 2.3. There exists A\; > 0 such that for each X € (0,\1), we have S = 0.

Proof. Suppose otherwise, that is S # @) for all A > 0. Then for u € S, we from
(2.2)), (2.3) and the Sobolev embedding theorem obtain that there are two positive
numbers c1, ¢o independent of u and A such that

2% /2 /2
/ |Vul*dz < cl</ |Vu|2d:£) , / |Vul*dz < )\02(/ |Vu|2dx>q
Q Q Q Q
or

2

/ |Vul*dz > ¢, T2, / |Vu|?dx < ()\02)2%«
Q Q

If X is sufficiently small, this is impossible. Thus we can conclude that there exists

A1 > 0 such that for each A € (0, 1), we have S = 0. O
By Lemma for A € (0, A1), we write Sy = S U S} and define

+ _ . - _ .
N —u}enSer Ia(u), o _umsf* I (w).

A A

We now discuss the nature of the fibrering maps ¢, (t). It is useful to consider
the function

Mo (t) = 21 / Vul2dy — 12 / () da. (2.5)
Q Q
Clearly, for t > 0, tu € Sy if and only if ¢ is a solution of
Mo (t) = A / (u, )da. (2.6)
Q

Moreover, we have from M, (t) = 0 know that there is a unique critical point tmax:

A ( (2—4q) [, |Vu|*dx )1/(2*_2)
TEN@ - 9) fo(ug)? da '
Furthermore, the direct computation gives that

My (tmax) = (2° = @)(2 = p")op /Q(M)Q*dm <0.

This shows that M, (¢) is increasing in (0, t;nax) and decreasing for ¢ > tyax-
Suppose tu € Sy. It follows from and that if M, (t) > 0, then tu € Sy,
and if M} (t) <0, then tu € S . If XA > 0 is sufficiently large, has no solution
and so ¢,,(t) has no critical point, in this case ¢,,(¢) is a decreasing function. Hence
no multiple of u lies in Sy. If, on the other hand, A\ > 0 is sufficiently small,
there are exactly two solutions t1(u) < t2(u) of with M/ (t1(u)) > 0 and
M/ (t2(u)) < 0. Thus there are exactly two multiples of u € Sy, that is, t1 (u)u € Sy
and ta(u)u € Sy . It follows that ¢,(t) has exactly two critical points, a local
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minimum at ¢;(u) and a local maximum at to(u). Moreover, ¢, (t) is decreasing in
(0,t1(u)), increasing in (¢1(u),t2(u)) and decreasing in (t2(u),00). Then we have
the following result.

Lemma 2.4. (i) af <O.
(i) There exist Xa,d > 0 such that oy, >0 for all A € (0, A2).

Proof. (i) Given u € SY, from (2.3)) and the definition of S, we obtain

_(_1 2qe — (L _ L g
Ia(u) = (2 2*)/Q\Vu\ dx )\(q 2*)/9(u+) dx
1 1 1 1.2%-2
<[G-%)- (5*27)2*_ ]/ Vul*dx
:2;2177u/wm%x<0

This yields a:\" < 0.
(ii) For w € S, by (2.2) and the Sobolev embedding theorem, we obtain

(2 q) /Q VulPde < (27— q) /Q (uy)? da |
<@ g8 F (/Q V)

Thus there exists ¢ > 0 such that

/ |Vul*dz > ¢
Q
Moreover,
I ) 11 \
() = (2 2*)/ Valds = A(; 2*)/9(u+) do
1 1, -
- — = / |Vul|*dx — (5 - 2*)5,1 q / |Vu|2dx)
a/2 1 -2 1
d S w (= q
/ |Vu|? x ) / |Vul 1: )\(q 2*)5’ ]
Hence, there exist Ay, 6 > 0 such that a, > ¢ for all A € (0, A\2). O

We establish that Jy satisfies the (P.S)g-condition under some condition on the
level of (PS)g-sequences in the following.

Lemma 2.5. For each A € (0,)2), J satisfies the (PS)g-condition with B in
(—o0,ay + SN/z)

Proof. Let {u,} C H(Q) be a (PS)g-sequence for J and 8 € (—oo, o + +5N/2).
After a standard argument(see [19]), we know that {wy} is bounded in H0 ().
Thus, there exists a subsequence still denoted by {uy} and u € H{(2) such that
urp, — u weakly in H}(Q). By the compactness of Sobolev embedding and the
Brezis-Lieb Lemma [19], we obtain

)\/(uk)idaﬂ:)\/(u+)qu+o(1),

Q Q
/|Vuk—Vu\2dx:/|Vuk\2dx—/|Vu|2dx+0(1),
Q Q Q
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A(uk_u)i*dx:/Q(Uk)?:dl‘—/S)(U+)2*d13+0(1).

Moreover, we can obtain Ji(u) = 0 in H~*(Q). Since Jy(ug) = B+ o(1) and
J5 (ug) = o(1) in H=1(), we deduce that

1 1 .
f/ \Vug — Vul?de — — / (ur, —u)3 dz = B — Jx(u) + o(1) (2.7)
2 Ja 2* Ja
and
/ |Vuy, — Vu|?dr — / (ug — u)f_dz =o(1).
Q Q

Now we may assume that
/ |Vuy, — Vul?dz — I, /(uk —u)i*dac—ﬁ as k — oo,
Q Q

for some [ € [0, 400).
Suppose [ # 0. Using the Sobolev embedding theorem and passing to the limit
as k — 0o, we have [ > SI12/2"; that is,

1> SN2, (2.8)
Then by (2.7), (2.8) and v € Sy, we have
1 1
B= () + 51 > NSN/Q +af,

which contradicts the definition of 3. Hence [ = 0, that is, ur — u strongly in
HL(Q). O

Then we obtain the following result.

Lemma 2.6. For each 0 < A < min{A1, A2}, the functional Jy has a minimizer
u:{' in S+ and it satisfies:

(i JA(u/\) = ozi' = 1nfu€5+ In(u);

)
(ii) u/\ is a solution of (1.1 .,
(iii) Ja(uf) — 0 as X — 0.
(iv) hm)ﬁo Juf| = 0.

Proof. (1)—(iii) are consequences in [I0, Theorem 1.1]. Now we show (iv). By
(1)—(iil), we have

0= hm J,\(uA = hm / \Vu Pdr — q )\/ qdz (2.9)
Since J), is coercive and bounded below on Sy, [, |Vui|?dz is bounded and so that

lim /\/ (uf)¥dz = 0. (2.10)
A—0 Q

Hence, from (2.9) and (2.10) we complete the proof. O
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3. CONCENTRATION BEHAVIOR

In this Section, we will recall and prove some Lemmas which are crucial in the
proof of the main theorem. Firstly, we denote ¢y := %SN/Q + a;\r and consider the
filtration of the manifold S as follows:

Sy (ex) =={u € 5y Ia(u) < en}

In Section 4, we will prove that (1.1)) admits at least cat(2) solutions in this set.
Then we need the following Lemmas.

Lemma 3.1. Let {uy} C H}(Q) be a nonnegative function sequence with |ug|2- = 1
and [, |Vug|*dz — S. Then there exists a sequence (yi, A\p) € RY x RT such that

N2
vk(x) = >\k 2 uk()\kx + yk)
contains a convergent subsequence denoted again by {vy} such that vy, — v in
DL2(RN) with v(z) > 0 in RY. Moreover, we have A\, — 0 and yi, — y € Q.
For a proof of the above lemma, see Willem [19].
Lemma 3.2. Suppose that X is a Hilbert manifold and F € C*(X,R). Assume
that for co € R and k € N:
(i) F(x) satisfies the (PS). condition for ¢ < cg,
(ii) cat({z € X;F(x) <co}) > k.
Then F(x) has at least k critical points in {x € X; F(x) < co}.
For a proof of the above lemma, see See [I, Theorem 2.3].
Up to translations, we may assume that 0 € 2. Moreover, in what follows, we
fix r > 0 such that B, = {z € R¥;|z| < r} C Q and the sets
QF = {rx e RY;dist(z,Q) <7}, Q := {2z € Q;dist(z,Q) > r}

are both homotopically equivalent to 2. Now we define the continuous map & :
Sy — RY by setting
Joz(u

fQ(u+)2*d‘r .
Lemma 3.3. There exists A3 > 0 such that if X € (0,A3) and u € S (cy), then
D(u) € Q.

Proof. By way of contradiction, let {A\;x} and {ug} be such that A\y — 0, uy €
Sy, (ex,) and ®(uy) ¢ QF. From (1.3), we have that {us} is bounded in Hg(€2) and
Mk [q(ur)%dz — 0. Thus, by Lemma (iii) we have

O(u) =

. . 1
klinéo‘]*k(“’“) :klggoﬁ |V |2de = hm N/ )7 Ydr < SN/2 (3.1)

2+, we see that |(wg)4 |2« = 1. By (3.1) and the definition

Defining wy, = ug/|(uk)+
of S, we obtain

hm / |Vwy|2dz = hm / IV (wi)4|*de = S

Furthermore, the functions @y = (wy ) satisfy

‘&k|2* = 1, / ‘V@k|2d$ — S. (32)
Q
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By Lemma there is {ex} in RT and {y;} in RY, such that ¢, — 0, y, — y € Q
N-—-2

and vg(z) =, ¥ @i(err +yx) — v in DLV2(RY) with v(z) > 0 in RY.
Considering ¢ € C§°(RY) such that ¢(z) = z in Q, we infer

o) = TR [ @@= [ e b won)? i 63

B fg(uk)?:dx RN

Moreover, by Lebesgue Theorem,

/N ez + yr) (vp(2))? dz — y € Q,
R
so that limg .. ®(ug) =y € Q, in contradiction with ®(uy) & Q.F. O

It is well known that S is attained when © = RY by the functions

B [N(N_Q)EQ](N—Q)M
y=(z) = (e2 + [z]2)(N-2)/2

for any € > 0. Moreover, the functions y.(z) are the only positive radial solutions
of

—Au = |u)? "

in RY. Hence,

. \2/2 .
S(/ |y5|2 dl‘) :/ |vye|2d(E :/ |y5\2 dr = SN/2.
RN RN RN
Let 0 < ¢(x) <1 be a function in C5°(£2) defined as

)1, if [z <r/4,
9(@) = {o, if || > /2.

Assume
ve(2) = ¢(2)ye (2).

The argument in [I4] gives
/ Vo2 dz = SN2 4 0(eN72), / lve|? de = SN2 + O(eM). (3.4)
Q Q

Moreover, we have the following result.

Lemma 3.4. There exist eg,0(e) > 0 such that for e € (0,e9) and o € (0,0(¢)),
we have

sup Ja(uf +tv-(z —y)) <cx— o uniformly iny € Q,,

>0

where ui 18 a local minimum in Lemma . Furthermore, there exists t(& ) > 0

such that

+
ux + t(A,e,y

ye(z —y) € 53 (ex — o), ®(uf + ey V(@ — y)) € QF.
Proof. From Lemma and the definition of 2., we can define

= infu .
co := infuy > 0, (3.5)
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where M, := {z € Q;dist(z,Q,7) < §}. Since

In(uf + toe(z — y))
1 A
:7/ |V(u§+tv€(x—y))|2dx—f/ |uj+tvg(x—y)|qu
2 Q qJo
1 N
—2—*/Q|u§f+tve(m—y)|2 dx
L [ SutPar [ (Ve -t
= [ vugpae+ L [ 190 4 (o - )
Q Q

A 1 .
—f/ |u§+wa<x—y>|qda:——*/ fuf + toe(z — )| da.
q.Jq 2* Ja

Note (3.5) and a useful estimate obtained by Brezis and Nirenberg (see [7, (17)

and (21)]) shows that
[ttt ) o
Q

:/ luy Q*dx+t2*/ |U€|2*dx+2*t/(uj\r)z*_lvs(m—y)dm
Q Q Q
+27 / (ve(z — ) " ufde +o(e 7)),
Q

uniformly in y € Q.

Substituting in (3.6) and by Lemma[2.6] (3.4), (3.5), we obtain
Ia(uy + tve(z —y))

1 t2
=3 /Q |Vu:\~'|2dx + 55% +t<uj\',vs(x —y))

1
—27/Q|Uir

. 2 ,
Ydr — 2—*5% —t/ﬂ(uj\r)2 Lo (x —y)dx

—2

. . A
—t 71/(“5@*9))2 71Ude* 5/ |u:\~' +tvs(zfy)|qu+o(5N
Q Q

12 2" . .
=)+ 55¥ -G8t - [ e - Tt

A A
—f/ |u:\~'+tva(z—y)\qu+f/ |ul|%dx
q.Ja q.Ja

+ A / (uf)? e (z — y)dz + o(e NEQ)
Q
2 . .
58T = [ (e - ) ufde
Q

t’L)s(:E*’y) N_2
{9 = @) s e o)
Q 0

2

12 % . . _
<al+5st st oo / (ve(w =) ufdr+o(c ")
Q

for all y € Q.

=)
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Applying (3.5) and the fact that [, (v.(z — y))* ~ldz = O(5¥), also note
the compactness of Q- , we conclude that there exist €g,0(¢) > 0 such that for
e € (0,e0) and o € (0,0(¢)),

1
51>118 I(ul +to(z —y)) < NSN/Q +af —o uniformly iny € Q. (3.7
t=>

Next we will prove that there exists tney) >0 such that u —I—t(i\’E’y)vE(x—y) €Sy
for each y € Q. Let

Uy = {u € Hy()\{0}; ” H (W) > 1} u{0};
Ul = {u € HO( )\{0} H ” (Hu”) < 1}'

Then S5 disconnects Hj(2) into two connected components U; and U,. Moreover,
HY(Q)\Sy = Uy UUs,. For each u € SY, we have

1 < tmax <t (w).
Since t~(u) = ”i”t (IIUH) then Sy C U;. In particular, uf € U;. We claim that
we can find a constant ¢ > 0 such that
uy +tve(z — y)
lux + tve (2 = y)|

0<t7( )<c for each t > 0 and y € Q.

Otherwise, there exists a sequence {tx} such that t;, — oo and

_( U3 trve(w — y) >—>oo as k — oo.
[uX + trve(z = y)ll

Let
uf + tpve(z —y)
uf + trve(z —y)||

Since ¢t~ (vg)ur, € S C Sy and by the Lesbesgue dominated convergence theorem,

UV =

1 .
vi|® dx = ud + tpve(z — )| dx
o e = e S = [+ teveta =)
=— /|—+v€x— y)|* dx
||i+v€m—
v.|? dx
fﬂ||| 62* as k — oo,
Ve

we have
It (0)vr) = %[t‘(vk)]Q —)\[t_(;jk)]q/ﬂ g |da

= (v)]? "
—%/‘UHQ dr — —o0 as k — oo.
Q

This contradicts that Jy is bounded below on Sy and the claim is proved. Let
| — Jluf|I*|2

th =
[[oe |l

+1,
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then
[uf + trve(z = y)|* = [[uf I + X vell® + 2tx (uf, ve (x — y))

> lud |2+ 12 — Ju 1% + 2t / wfve(z — y)da
Q

_oul Ftwa(r —y) (2
> >t A = ,
<> e )

that is uy + t\ve(z — y) € Us.

Thus there exists 0 < tney) <tr such that u:{' + t(_/\ﬁ,y)va(x —y) €S, . More-
over, by (3.7) and Lemma we obtain ®(ul + t()\’e,y)vg(x —y)) € Qf for each
ye Q. O

From Lemma we can define the map v : Q. — Sy (cx — o) defined by

Y(y)(z) = u;\i_ () + t(_)\75,y)va(m —Y).

Furthermore, by Lemma (ii) and Lemma (iv), we can define the map @, :
Sy — RY by setting

Jo ( dx

fQ dm
Then for each y € 7, note v.(z) is radial, we have

(®x07)(y) =y
Next we define the map H)y : [0,1] x S5 (cx — o) — RY by
H)\(t,u) = t‘I’)\(U) + (1 - t)(I))\(u).

Dy (u) :=

Lemma 3.5. Fore € (0,eq), there exists 0 < Ao < min{Ay, Ao, A\3,0(2)} such that
if A,o € (0, ),
H)\([O, ].] X S;(C)\ — U’)) C Q;!_

Proof. Suppose by contradiction that there exist ¢y € [0,1], Ag, 0%, — 0, and uy €
Sy, (ex, — o) such that

Hy, (te,u) € QF for all k.

Furthermore, we can assume that t, — ¢o € [0,1]. Then by Lemma (iv) and
argue as in the proof of Lemma we have

Hy, (tk,ur) =y €0, ask— oo,

which is a contradiction. O

4. PROOF OF THEOREM [I.1]

We begin with the following Lemma.

Lemma 4.1. If u is a critical point of Jy on Sy , then it is a critical point of Jy
in H} ().



12 H. FAN EJDE-2014/82

Proof. Assume u € S, then (J}(u),u) = 0. On the other hand,

Ji(u) = 03 (u) (4.1)
for some 6 € R, where 1 is defined in (2.1). We remark that u € S, and so
(6 (u), u) < 0. Thus by (1)

0= 0(¥i(u),u),
which implies that § = 0, consequently J3 (u) = 0. O

Below we denote by J - the restriction of Jy on Sy .

Lemma 4.2. Any sequence {uy} C Sy such that Js: (u) — B € (—oo, £SN/2 +

al) and Jo—(ux) — 0 contains a convergent subsequence for all A € (0, Ao).
A

Proof. By hypothesis there exists a sequence {0} C R such that
JA(ur) = O (ur) + o(1).
Recall that u € Sy and so
(W (ur), ur) < 0.

If (4 (uk), ur) — 0, we from (2.2) and (2.3) obtain that there are two positive
numbers c1, ¢ independent of u; and A such that

2% /2
/|Vuk\2d$ §cl(/ \Vuk|2dx> + o(1),
Q Q

N 5 qa/2
|Vug|*dx < )\CQ( |Vug| dx) +o(1)
Q Q
or .
/ |Vug2de > ¢, 72 +o(1), / |V [*dz < ()\cg)ﬁ +o(1).

Q Q
If X is sufficiently small, this is impossible. Thus we may assume that (¢} (ug), ug) —
I < 0. Since (J§(uk),ux) = 0, we conclude that 6, — 0 and, consequently,
J4 (u) — 0. Using this information we have

1
Ix(ug) — B € (—o0, NSNﬂ +at), Ji(ug) — 0,

so by Lemma [2.5] the proof is complete. O

Lemma 4.3. If \,0 € (0, ), then

cat(Sy (cx — 0)) > cat(9).
Proof. Suppose that

Sy(ex—o0)=A1U---UA,,

where A;, j =1,...,n, is closed and contractible in S} (cx — ), i.e., there exists
h; € C([0,1] x A;, S} (cx — o)) such that

hj(0,u) =w, hj(l,u)=w forallueAj,

where w € A; is fixed. Consider Bj := v~ !(A;), 1 <j <n. The sets B; are closed
and

O =By U---UB,.
Note Lemma we define the deformation g; : [0,1] x B; — Q;F by setting

9j (ta y) = H)\(ta hj (ta V(y)))
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for A € (0, \g). Note that
9;(0,y) :== Hx(0,h;(0,7(y))) =y forally € B;

and
9;(L,y) = Hx(1, h;(1,7(y))) = 2(w) € Q.
Thus the sets B, are contractible in Q;F. It follows that
cat(2) = cat+(Q;,) < n.
(]

Proof of Theorem[1.1. Applying Lemmasﬁ and J - satisfies the (PS)g con-
dition for all 8 € (—o0, %SN/Q + a;\r). Then, by Lemmas and Js; contains
at least cat(€2) critical points in S} (cx — o). Hence, from Lemma Jy has at

least cat(f2) critical points in S . Moreover, by Lemma and Sy NSy =0 we
complete the proof. ([
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