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PULLBACK ATTRACTOR FOR NON-AUTONOMOUS
p-LAPLACIAN EQUATIONS WITH DYNAMIC FLUX
BOUNDARY CONDITIONS

BO YOU, FANG LI

ABSTRACT. This article studies the long-time asymptotic behavior of solutions
for the non-autonomous p-Laplacian equation

ut — Apu+ [ulP~2u + f(u) = g(z,t)
with dynamic flux boundary conditions
0
w + [ VulP22E 4 fu) =0
v

in a n-dimensional bounded smooth domain 2 under some suitable assump-
tions. We prove the existence of a pullback attractor in (WP () N L(Q)) x
L9(T") by asymptotic a priori estimate.

1. INTRODUCTION

We are concerned with the existence of a pullback attractor in (WP(Q) N
L%(€2)) x LY(T') for the process {U(t, 7)}¢>- associated with solutions of the follow-
ing non-autonomous p-Laplacian equation

up — Apu+ [ulP2u+ flu) = g(z,t), (2,t) € AxR,. (1.1)
This equation is subject to the dynamic flux boundary condition
ut+|Vu|p72%—|—f(u) =0, (z,t) eT xR, (1.2)
and the initial conditions
u(z,7) = ur(x), =€, (1.3)
u(x,7) = 0-(x), xeT, (1.4)

where Q@ C R™ (n > 3) is a bounded domain with smooth boundary I", v denotes the
outer unit normal on I', p > 2, R, = [r, +00), the nonlinearity f and the external
force g satisfy some conditions, specified later.

To study problem (1.1])-(1.4]), we assume the following conditions:
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(H1) the function f € C'(R,R) and satisfies
f'(u) > 1 (1.5)
for some [ > 0, and
alul? =k < f(w)u < ealul? + k, (1.6)

where ¢; >0 (i =1,2),¢>2, k> 0.
(H2) The external force g : Q x R — R is locally Lipschitz continuous, g belongs
to HL (R, L?(£2)), and satisfies

t t
/ e“*llg(s) 720 d$+/ ¥l ge(s)lI72 () ds < o0 (1.7)

for all t € R.

Dynamic boundary conditions are very natural in many mathematical models
such as heat transfer in a solid in contact with a moving fluid, thermoelasticity,
diffusion phenomena, heat transfer in two medium, problems in fluid dynamics (see
[ 2, 3L 6l [7, 14, 22] 23], 28], 29]). The understanding of the asymptotic behavior of
dynamical systems is one of the most important problems of modern mathematical
physics. One way to treat this problem for a dissipative system is to analyze the ex-
istence and structure of its attractor. Generally speaking, the attractor has a very
complicated geometry which reflects the complexity of the long-time behavior of the
system. There are many authors who have considered the long-time behavior of so-
lutions for the problems of dynamic boundary conditions. For example, the authors
considered the existence of global attractors, respectively, in L(Q, du), L1(Q,du)
and (H'(Q)NL1(Q)) x LY(T) for the reaction-diffusion equation with dynamic flux
boundary conditions in [14]. The existence of uniform attractors in L?(Q, du) and
(H'(2) N L)) x LYT) for the reaction-diffusion equation with dynamic flux
boundary conditions was proved in [28]. In [27], the authors proved the existence
of global attractors for the autonomous p-Laplacian equation with dynamic flux
boundary conditions in L%($,du), L4(Q,du) by the Sobolev compactness embed-
ding theorem and the existence of a global attractor for the autonomous p-Laplacian
equation with dynamic flux boundary conditions in (W'?(Q) N L(Q)) x L4(T) by
asymptotical a priori estimate. Recently, the existence of uniform attractors in
L2(Q,dp) and (WhP(Q) N L2()) x LYT) for the non-autonomous p-Laplacian
equation with dynamic flux boundary conditions was obtained in [18].

Non-autonomous equations appear in many applications in natural sciences, so
they are of great importance and interest. The long-time behavior of solutions for
the non-autonomous equations has been studied extensively in recent years (see
[8, 9} [TO} [T, 16, 17, [19) 24], 28]). For instance, the existence of a pullback attractor
in L?(Q) was studied in [I2]. The authors obtained the existence of a pullback
attractor in Hg () in [25]. The existence of a pullback attractor in HE(Q) was
considered in [20]. The authors proved the existence of a pullback attractor in
LP(Q) for a reaction-diffusion equation in [2I] under the assumption

lg()l3 < Meel

for all s € R and 0 < o < Ay, where \; is the first eigenvalue of —A with Dirichlet
boundary condition. In [29], the authors used a new type of uniform Gronwall
inequality and proved the existence of a pullback attractor in L™ (Q2) x L"(T") for
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the equation

up — Apu + [ulPu+ f(u) = h(t), (2,t) € QxR,,

ug + |Vu|p_2% +g(u)=0, (z,t)el xR,

u(z,7) =ugp(x), x€Q

under the assumptions that f, g satisfy the polynomial growth condition with orders
r1, 12 and ||h(t)[|12(q) satisfies some weak assumption

t
/ eeSHh(s)Hsz(Q) ds < o0

— 00

for all t € R, where 8 is some positive constant. By using their main result, we can
get the following result.

Corollary 1.1. Let Q2 be a bounded domain in R™ with smooth boundary T, let f
and g satisfy (H1)—(H2). Then the process {U(t,7)}s>- corresponding to (1.1))-(1.4)
has a pullback D-attractor Aq in LY, dp), which is pullback D-attracting in the
topology of L4($, du)-norm.

The study of non-autonomous dynamical systems is an important subject, it is
necessary to study the existence of pullback attractors for the non-autonomous p-
Laplacian equation with dynamic flux boundary conditions. Nevertheless, there are
few results about the existence of a pullback attractor in (WH?(Q)NLI(Q)) x LI(T)
for the non-autonomous p-Laplacian equation with dynamic flux boundary condi-
tions. The main difficulty is that in our case of the equation with p-Laplacian
operator for p > 2, we cannot use —Awuy as the test function to verify pullback
D-condition, which increases the difficulty in getting an appropriate form of com-
pactness. To overcome this difficulty, we combine the idea of norm-to-weak process
with asymptotic a priori estimates to prove the existence of a pullback attractor for
the non-autonomous p-Laplacian equation with dynamic flux boundary conditions
in (lep(ﬂ) N Lq(Q)) x Li(T).

The main purpose of this paper is to study the existence of a pullback attractor
in (WhP(Q) N L4(Q)) x LY(T) for the non-autonomous p-Laplacian evolutionary

equation (1.1)-(1.4) under quite general assumptions (1.5)-(1.7). Here, we state

our main result as follows.

Theorem 1.2. Assume that (H1)—(H2) hold. Then the process {U(t,T)}1>+ corre-
sponding to problem (L1)-(1.4) has a pullback D-attractor A in (WP (Q)NLI(Q)) x
LYT).

This article is organized as follows: In the next section, we give some notation
and lemmas used in the sequel. Section 3 is devoted to proving the existence of a
pullback absorbing set in (L*(Q) N WhP(Q) N L4(Q)) x (L*(I') N LY(T)) and the
existence of a pullback attractor in (L7(Q2) N WP(Q)) x LY(T).

Throughout this paper, let C' be a positive constant, which may be different from
line to line (and even in the same line), we denote the trace of u by v.
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2. PRELIMINARIES

To study (1.1)-(T.4), we recall the Sobolev space WP(Q) defined as the closure
of C*°(Q) N WP(Q) in the norm

» » 1/p
1Lp = (/Q|Vu| + |ul d:c)

and denote by X* the dual space of X. We also define the Lebesgue spaces as
follows

[[u

L' (T) = {v: [Joll Ly < oo},

Lr(r) = (/F|U|Tds)1/r

for r € [1,00). Moreover, we have
L*(Q) @ L*(T) = L*(Q,dy), s € [l,00),
v|?

Lo () = (/Q|u|sdx>1/s+ </F| dS)l/s

for any U = (Z) € L*(, du), where the measure du = dz|q @ dS|r on € is defined

where

[

1U]

for any measurable set A C Q by u(A) = |ANQ|+S(ANT). In general, any vector

0 € L*(Q,du) will be of the form (zl> with 61 € L*(Q,dz) and 6, € L*(T',dS),
2

and there need not be any connection between ¢; and 6,.

Remark 2.1 ([I5]). C(Q) is a dense subspace of L?(€2, du) and a closed subspace
of L(S, dy).

Next, we recall briefly some lemmas used to prove the existence of pullback

absorbing sets for (1.1)-(1.4)) under some suitable assumptions.

Lemma 2.2 ([5]). Let z,y € R™ and let (-,-) be the standard scalar product in R™.
Then for any p > 2, there exist two positive constants Cy, Co which depend on p
such that

(|z[P~2z — |y’ 2y, — y) > Cilz — y[?,
|z[P~22 — |yP~2y| < Ca(|z] + [y|)P 2|z — y].
3. EXISTENCE OF PULLBACK ATTRACTORS

In this section, we prove the existence of pullback attractors of solutions for

problem ([1.1])-(1.4).

3.1. Well-posedness of solutions for problem ([I.1)-(1.4). In this subsection,
we give the well-posedness of solutions for problem (1.1))-(1.4)) which can be obtained
by the Faedo-Galerkin method (see [26]). Here, we only state it as follows.

Theorem 3.1. Under the assumptions (H1)-(H2), for any initial data (u,0;) €
L2(Q, du), there exists a unique weak solution u(z,t) € C(R.; L*(Q, du)) of problem
(1.1)-(1.4) and the mapping

(ur, 07) = (u(t), v(t))

is continuous on L*(Q, dpu).
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By Theorem [3.1] we can define a family of continuous processes {U (t,7) : —oo <
7 <t <oo}in L*(Q,du) as follows: for all t > T,

U(t7 T) (uTr 67’) = (u(t)v U(t)) = (’U,(t; 7, (uTa 07’))) U(t; 7, (uTv 97’)))7
where u(t) is the solution of problem (LI)-(L.4) with initial data (u(r),v(r)) =
(ur,0,) € L2(Q,du). That is, a family of mappings U (¢, 7) : L?(Q, du) — L?(Q, dp)
satisfies
U(r,7) =id (identity),
Ut,7)=U(t,r)U(r,7) forall T <r <Ht.

3.2. Existence of a pullback absorbing set. In this subsection, we recall some
basic definitions and abstract results about pullback attractors.

Definition 3.2 ([20, 28]). Let X be a Banach space. A process {U(t,7)}i>- is
said to be norm-to-weak continuous on X, if for any ¢, 7 € R with ¢ > 7 and for
every sequence z,, € X, from the condition z,, — x strongly in X, it follows that
U(t,7)x, — U(t,7)x weakly in X.

Lemma 3.3 ([20, 28]). Let X and Y be two Banach spaces, and let X* and Y*
be the dual spaces of X and Y, respectively. If X is demse in Y, the injection
1 X — Y is continuous and its adjoint i* : Y* — X* s dense. In addition,
assume that {U(t, T)}>r s a continuous or weak continuous process on Y. Then
{U(t,7)}t>r is a norm-to-weak continuous process on X if and only if {U(t,7)}i>r
maps compact sets of X into bounded sets of X for anyt, T € R, t > 1.

Let D be a nonempty class of families D = {D(t) : t € R} of nonempty subsets
of X.

Definition 3.4 ([II]). The process {U(¢,7)}i>- is said to be pullback D-asymp-
totically compact, if for any ¢ € R and any D € D, any sequence 7,, — —oo and any
sequence z,, € D(7,), the sequence {U(t, 7))z, 5, is relatively compact in X.

Definition 3.5 ([28]). A family A = {A(t) : ¢ € R} of nonempty subsets of X is
said to be a pullback D-attractor for the process {U(t,7)}i>- in X, if
(i) A(t) is compact in X for any ¢ € R,
(i) A is invariant, i.e., U(t, 7)A(r) = A(t) for any 7 < t,
(iii) A is pullback D-attracting, i.e.,
lim dist(U(t,7)D(7), A(t)) =0

for any t € R and any D = {D(t) : t € R} € D.

Such a family A is called minimal if A(t) C C(t) for any family C' = {C(t) : t € R}
of closed subsets of X such that lim,_,_ dist(U(t, 7)B(7),C(t)) = 0 for any B =
{B(t) :t e R} € D.
Definition 3.6 ([IT, 28]). It is said that B € D is pullback D-absorbing for the
process {U(t,7)}i>r, if for any D € D and any t € R, there exists a mo(t, D) < t
such that U(t,7)D(r) € B(t) for any 7 < 10(t, D).
Lemma 3.7 ([11], 20, 28)]). Let {U(t,7)}i>r be a process in X satisfying the fol-
lowing conditions:

(1) {U(t,7)}i>- be norm-to-weak continuous in X.
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(2) There exists a family B of pullback D-absorbing sets {B(t) : t € R} in X.
(3) {U(t,7)}i>r is pullback D-asymptotically compact.

Then there ezists a minimal pullback D-attractor A = {A(t) : t € R} in X given by

A(t) = ﬂSStUTSSU(t, T)B(T)
Lemma 3.8 ([28]). Suppose that
y'(s) + dy(s) < b(s)

for some 6 > 0, tg € R and for any s > to, where the functions y, y', b are assumed
to be locally integrable and y, b are nonnegative on the interval t < s < t+r for
some t > tg. Then

_or2 i —5(t+r) T s
ylt+r) <e 2 y(s)ds+e €’b(s) ds
t t

r
for all t > tg.

In the following, let D be the class of all families {D(t) : ¢ € R} of nonempty
subsets of L2(Q, du) such that

. lim e [D(t)] = 0,
where [D(t)] = sup{[|(u,v)|[12(q,4u) * (u,v) € D(t)}. We prove the existence of
a pullback absorbing set for the process {U(¢,7)};>, corresponding to problem

CI-C9.

Theorem 3.9. Under assumptions (H1)—(H2). Let {U(t,7)}i>- be a process as-
sociated with problem -. Then there exists a pullback D-absorbing set in
(LQ(Q) NWHP(Q)N Lq(Q)) x (L*(T) N LYT)).

Proof. Taking the inner product of (|1.1)) with u, we deduce that

1d 2 2 P / /
- Ul|72 + [|v]|72 + ||u 17p+ f uudm—i— f v)vdS

(3.1)
= / g(t)udx.
Q
By (1.6), Holder inequality and Young inequality, we obtain
1d 2 2 P
575 (Il + 101220y ) + ) + el ooy +enllol
1 1
= 5”9@)”%2(9) + 5”“”%2(9) + k[Q| + k[L|
1 1 1
< *||g(t)||2L2(Q) + §||UH2L2(Q) + 5”””%2@) + k[Q| + kL.
Therefore,
d 2 2 q
i (a0 + I0lEaey) + 2l + 2eall gy + 2ealoluiry

< gz + llullZ2 () + Ivll72ry + 2K19] + 2k[0].
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It follows from (3.2)) that

d

= (Nl + I03aqry) +ex (luleo + 012 )

+ 2l|ullfy1 5y + ellull o) +erllol o (3.3)
< lg(®)lI22(q) + C.

From the classical Gronwall inequality, we find that

)12z (@) + To @172 ry

¢ (3.4)
< (IurlFiagoy + 18r 3y €0 4 x| elg(s) oy s+ C.
—00
which implies
t
[u®l ey + 0O ey <o [ e lg(o)Bds+1) (39

uniformly with respect to all initial conditions (u,,v,) € D(r) for 7 < 19(¢, D),
where Cy is a positive constant.

Let F(s) = [5 f(#)d6, we deduce from that there exist three positive
constants ozl, as,  such that

alul? = < F(u) < azlul? + 7,

alulf, gy — B9 < /QF(U) d < aslulg, ) + BI€, (3.6)

mmap—mnsAmess@m;m+mn. (3.7)

Integrating (3.3)) from ¢ to ¢t + 1 and combining (3.4) with . . we obtain

t+1 t+1 t+1
2 [ e ds+ 2 [ [ P w@+—/ [ e asas
t

t
<eofeor [ wwmmpmw+0+[ lo5) B¢ ds + €

—0o0
t

<c (6—01t/ e lg(3)] 3y ds +1)
—oo

uniformly with respect to all initial conditions (u,,v;) € D(7) for 7 < 79(t, D),
where C; is a positive constant.
Taking the inner product of (|1.1)) with u;, we obtain

d /1
w||? + |l |2 +f(7uplp +/Fudz+/deS>
ez + llvellzeqey + g (Sl o) ; (u) g (v)

= / g(z, t)us dx
Q
1
< 5“9( Nz + 5 ||ut||L2 Q)

which implies

d
oo + el + g Gl +2 [ Fedr+2 [ Feyas) o

< lg@®lI72 (-
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It follows from the uniform Gronwall inequality that

[t + Dlfypoy + [ Flutt+1)do+ | Ploe+1)ds
) ' (3.9)
<ot [ e gl laoy ds+ 1)

— 00

uniformly with respect to all initial conditions (u,v.) € D(7) for 7 < 79(¢, D),
where C5 is a positive constant.

We infer from (3.6)-(3.7) and (3.9) that
et + Dl + e + D%,y + 06 + DL,

¢ (3.10)
<ca(ee [ e g(o) ey ds + 1)

uniformly with respect to all initial conditions (u,,v,) € D(7) for 7 < 1o(t, D),
where C3 is a positive constant. ([

Since WP(Q) — L?(Q) and W'P(Q) — L2(I') is compact, we obtain the
following result.

Theorem 3.10. Under the assumptions (H1)-(H2), the process {U(t,7)}i> cor-
responding to problem (1.1)-(1.4) has a pullback D-attractor As in L?(Q, du), which
is compact, connected and invariant.

3.3. Existence of a pullback attractor in (W'?(Q) N L)) x LY(T). From
Lemma and Theorem we know that the process {U(t, 7)}i>- corresponding
to problem (L.1)-(L.4) is norm-to-weak continuous in (W'?(Q) N L4(Q)) x L(T).
In this subsection, we prove the existence of a pullback D-attractor in (W1P(Q) N
L1(Q)) x L1(T") by verifying asymptotic a priori estimates.

Next, we give an auxiliary theorem to prove the pullback D-asymptotical com-
pactness of the process {U(t,7)}+>, in (WHP(Q) N LY(Q)) x LY(T).

Theorem 3.11. Under assumptions (H1)~(H2), for any D € D and t € R, there
exists a family of positive constants {p(t) : t € R} and 7 (t, D) <t such that

lue N2 + o2y < p(1)
for any (ur,0;) € D(t) and 7 < 71(t, D), where

d

(ui(s),v(s) = 2 (Ut 7)(ur, 07)) |,

and p(t) is a positive constant which is independent of the initial data.

Proof. Differentiating (1.1)) and (1.2)) with respect to t, and denoting by ¢ = wuy,
1 = v¢, we obtain

G — div(|VulP2V¢) — (p — 2) div (|VuP~*(Vu - V) Vu)

d (3.11)
+ (= DIl 2¢+ f/(w)¢ = =,
0 0
e+ (p— 2)|[VolP~4 (Vo - V")(‘TZ + \W|P—28—Z + () =0, (3.12)

where “” denotes the dot product in R".
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Multiplying (3.11)) by ¢ and integrating over €2, and combining (1.5)) with (3.12)),

we obtain

1d
=— (€132 + IInll7 +/ VulP~2| V(|2 dr
3 i Gl + i) + [ [Vup=21v¢]

p-2) / Vul (V- VO de + (p— 1) / P ~21¢]2 de

dg
< LISl 20 + mliacey ) + 152 Ol ¢ 2.

Integrating (3.8 from ¢ to ¢t + 1 and using (3.9]), we find that
t+1 t+1
[ U Bads+ [ e ds

t+1
< Cy(eert / €12 lg(5)]|2 ds + 1)

uniformly with respect to all initial conditions (u,,v,) € D(7) for 7 < 7(¢, D),
where C4 is a positive constant.
Therefore, we deduce from the uniform Gronwall inequality that

e (t +2)[[72() + [lve(t +2)[I72r)

t+1
S CS (e—clt /

— 00

¢
crs dg
oo By ds + 1+ [ 1570y ds),

t—1
uniformly with respect to all initial conditions (u,,v,) € D(7) for 7 < 19(t, D),
where C5 is a positive constant. [l

Next, we prove the process {U(t,7)}i>- is pullback D-asymptotically compact
in (WHP(Q) N LI(Q)) x LYT).

Theorem 3.12. Assume that  and g satisfy conditions (H1)—(H2). Then the pro-

cess {U(t, 7)}i>r corresponding to problem (1.1)-(L.4) is pullback D-asymptotically
compact in (WHP(Q) N L9(2)) x L4(T).

Proof. Let By = {B(t) : t € R} be a pullback D-absorbing set in (W1P(Q) N
L1(2)) x L9(T") obtained in Theorem then we need only to show that for any
t R, any 7, — —o0 and (ur,, v, ) € B(Tn), {(un(m0),vn (1)) }22, is pre-compact
in (WhP(Q) N LI(N)) x LYT), where

(un(Tn), va(m0)) = (u(t; Tn, (Ur,,, vr,))s V(E; Ty (Ur,,, 07,))) = UL 70) (Ur,,, vr, )

Note that for Corollary [I.1] it remains to prove that for any (u-,,vr,) € B(7,) and
Tp — —00, {un(T0)}5%, is pre-compact in W1 ().

From Theorem and Corollary we know that {(un(70),vn(mh))}22, is
pre-compact in L?(€2,dp) and L(Q,dp). Without loss of generality, we assume
that {(un(Th), vn (7))} is a Cauchy sequence in L?(2,dp) and L9(€2, dp).

In the following, we prove that {u,(7,)}2%, is a Cauchy sequence in W1P(Q).
Then, by simply calculations, we deduce from Lemma that

Hunk (Tnk) — Un; (Tnj ) ||€V1,p(g)
d

< (7aunk (Tnk) - f(u'n«k (Tnk)) + %unj (TnJ) + f(unj (Tnj))7unk (Tnk) - unj (Tnj))
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+ (_%vnk (Tnk) - f(Unk (Tnk)) + %’U'ﬂj (Tnj) + f(vnj (Tnj))7 Uny, (Tnk) - Unj (Tnj))
=1 + 5.

We now estimate separately the two terms I; and I». By simply calculations and
Hoélder’s inequality, we deduce that

d d
L < ||£unk (Tnk) - %unj (Tnj)”LQ(Q)Hunk (T’ﬂk) — Un; (Tnj)||L2(Q)

Oty (T ) 1y Tty (o M Mt () = 20 () )

and

d d
I < ||$unk (Tﬂk) - %un]‘ (Tnj)”Lz(F)”unk (Tnk) — Unp; (Tnj)HLQ(F)

+ C (L [l (T | Tty + Wy P oty Nt (T ) =t (7 acry-

Combining Theorem [3.10, Corollary with Theorem [3.11] yields Theorem
immediately. ([

From Lemma[3.7] and Theorems we immediately obtain Theorem
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