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NONLINEAR SCHRODINGER ELLIPTIC SYSTEMS INVOLVING
EXPONENTIAL CRITICAL GROWTH IN R?

FRANCISCO SIBERIO BEZERRA ALBUQUERQUE

ABSTRACT. This article concerns the existence and multiplicity of solutions
for elliptic systems with weights, and nonlinearities having exponential critical
growth. Our approach is based on the Trudinger-Moser inequality and on a
minimax theorem.

1. INTRODUCTION
In this article, we consider the system
—Au+ V(|z)u=Q(z[)f(u,v) inR?
—Av+ V(|z|)v = Q(|z])g(u,v) in R?,

where the nonlinear terms f and ¢ are allowed to have exponential critical growth.
By means of the Trudinger-Moser inequality and the radial potentials V' and @
may be unbounded or decaying to zero. We shall consider the variational situation
in which

(1.1)

(f(u,v), g(u,v)) = VF(u, v)
for some function F : R? — R of class C', where VF stands for the gradient of
F in the variables w = (u,v) € R?. Aiming an analogy with the scalar case, we
rewrite (1.1]) in the matrix form
~Aw +V(|z))w = Q(|z|)VF(w) in R?
where we denote A = (A, A) and Q(|z|)VF(w) = (Q(|z]) f(w), Q(Jz|)g(w)). We
make the following assumptions on the potentials V(|x|) and Q(|z|):
(V1) V € C(0,00), V(r) > 0 and there exists ¢ > —2 such that
lim inf Vir)

r—+4oo ro

> 0.

(Ql) @ € C(0,00), Q(r) > 0 and there exist b < (a — 2)/2 and by > —2 such

that
Qlr) < oo and limsup Qr)

lim su
P rbo r—+o00 rb

r—0

< o0.
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This type of potentials appeared in [2, 13| [14], in which the authors studied the
existence and multiplicity of solutions for the scalar problem

—Au+ V(zl)u = Q(lz[) f(u) nRY
|u(z)| = 0 as |z| — oo,
where in [13}[14] the nonlinearity considered was f(u) = |u|P~2u, with 2 < p < 2* =
2N/(N —2) for N > 3 and 2 < p < oo for N = 2. In [2] the authors considered the

critical case in the sense of Trudinger-Moser inequality [9, [15].
Let us introduce the precise assumptions under which our problem is studied.

(F0) f and g have ap-exponential critical growth, i.e., there exists oy > 0 such
that

f)| L |g(w)] {o, Va > ag,

im “aepr =, fm Soe =
|w]—+o00 € |w|—+co € 400, Va < ag;

(F1) f(w) = o(jw|) and g(w) = o(|w]) as w| — 0;
(F2) there exists 6 > 2 such that
0 < 0F(w) <w-VF(w), YwecR*\{0};
(F3) there exist constants Ry, My > 0 such that
0 < F(w) < My|VF(w)|, V|w|> Ry;
(F4) there exist v > 2 and p > 0 such that
F(w) > g|w\”, Yw € R2.

To establish our main results, we need to recall some notation about function
spaces. In all the integrals we omit the symbol dx and we use C, Cy,Cy,Cs, ... to
denote (possibly different) positive constants. Let C§°(R?) be the set of smooth
functions with compact support and

Cg,orad(R2> = {u € C§°(R?) : u is radial }.

Denote by D% (R?) the closure of C5%aq(R?) under the norm

val = ([ 1vu?)"

LP(R?% Q) = {u: R* — R : u is mensurable, / Q(|z])|ulP < oo}
R2

If 1 < p < oo we define

Similarly we define L?(R?; V). Then we set
HL (R%: V) = D12 (R?) N L2(R%; V),

rad rad

which is a Hilbert space (see [14]) with the norm

) 1/2
i guean = ([ 19 +VaDlul?) "

We will denote H!
scalar product

{(wy,wy) = /R2 [Vu1 Vug + V(|z])ugus] —|—/ [Vv1 Vg + V(Jz|)v1ve],

R2

(R%; V) by E and its norm by || - ||g. In E x E we consider the



EJDE-2014/59 NONLINEAR SCHRODINGER ELLIPTIC SYSTEMS 3

where w; = (u1,v1) and we = (ug, v2), to which corresponds the norm

[w]| = (w,w)!/2.

Motivated by [2, 13, 14] and using a minimax procedure, we obtain existence and
multiplicity results for system (L.I). As in the scalar problem treated in [2], there
are at least two main difficulties in our problem; the possible lack of the compactness
of the Sobolev embedding since the domain R? is unbounded and the critical growth
of the nonlinearities.

Denoting by S, > 0 the best constant of the Sobolev embedding

E < L"(R%:Q)
(see Lemma below), we have the following existence result for system (1.1]).
Theorem 1.1. Assume (V1) and (Q1). If (FO)—(F4) are satisfied, then (1.1) has

a nontrivial weak solution wgy in E X E provided
2 —2) (w—
> ao(lj )}( /2 gu/2
a'v

where o' = min{4m,4mw(1 4 by/2)}.

Our multiplicity result concerns the problem

— Aw +V(|z))w = A\Q(|z|)VF (w) in R?, (1.2)

where A is a positive parameter. It can be stated as follows.

Theorem 1.2. Assume (V1) and (Q1). If F is odd and (FO)—(F4) are satisfied,
then for any given k € N there exists Ay, > 0 such that the system (1.2) has at least
2k pairs of nontrivial weak solutions in E X E provided X > Ay.

To close up this section, we remark that the main tool to prove Theorem is
the symmetric Mountain-Pass Theorem due to Ambrosetti-Rabinowitz [3]. It will
be used in a more common version in comparison to the one used to prove the
analogous theorem in the scalar case [2, Theorem 1.5], which leads us to a more
direct conclusion of the result.

This article is organized as follows. Section 2 contains some technical results.
In Section 3, we set up the framework in which we study the variational problem
associated with and we prove our existence result, Theorem [I.1] Finally, in
Section 4 we prove Theorem [I.2}

2. PRELIMINARIES

We start by recalling a version of the radial lemma due to Strauss in [12] (see
[2, 13]). In the following, B, denotes the open ball in R? centered at the 0 with
radius r and Bg \ B, denotes the annulus with interior radius r and exterior radius

R.

Lemma 2.1. Assume (V1) with a > —2. Then, there exists C > 0 such that for
allu e F,

_at2
lu(x)] < Cllullfz]~=, || > 1.
Next, we recall some basic embeddings (see Su et al. [13]). Let A C R? and

define
Hrlad(A; V) = {U"A u € Hrlad(Rz; V)}
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Lemma 2.2. Let 1 <p < oo. Forany 0 <r < R < oo, with R> 1,

(i) the embeddings H,y(Br \ Br; V) — LP(Bg \ B,; Q) are compact;
(i) the embedding H} (BR; V) < HY(BRg) is continuous.

rad

In particular, as a consequence of (ii) we have that HY (Bg;V) is compactly
immersed in LI(Bg) for all 1 < ¢ < co. If we assume that (V1) and (Q1) hold, by
using Lemmas [2.1] and a Hardy inequality with remainder terms (see [16]) and

the same ideas from [I3] we have:

Lemma 2.3. Assume (V1) and (Q1). If a > =2 and b < a, then the embeddings
E — LP(R?;Q) are compact for all 2 < p < co.

Inspired by [11 5l @ [I0, 5], to study system (1.1f), the following version of the
Trudinger-Moser inequality in the scalar case, obtained in [2, Theorem 1.1], plays
an important rule.

Proposition 2.4. Assume (V1) and (Q1). Then, for any u € E and o > 0, we

have that Q(|a:|)(eo‘“2 —1) € LY(R?). Furthermore, if a < o/, then there exists a
constant C' > 0 such that

sup /]R2 Q(|9U|)(e(“‘2 -1)<cC.

u€E, |lul|p<1

In line with Lions [§] and in order to prove our multiplicity result; Theorem
we establish an improvement of the Trudinger-Moser inequality on the space E X E,
considering our variational setting. Using Proposition and following the same
steps as in the proof of [7, Lemma 2.6] we have:

Corollary 2.5. Assume (V1) and (Q1). Let (wy,) be in E x E with |jwy,| =1 and
suppose that w, — w weakly in E x E with |lw| < 1. Then, for each 0 < § <

%/(1 - Hw||2)71, up to a subsequence, it holds

sup Q(\az|)(emw"‘2 —1) < 4o0.
neN JR2

3. VARIATIONAL SETTING

The natural functional associated with . is

I(w) = 5wl - /QF

w € E x E. Under our assumptions we have that I is well defined and it is C' on
E x E. Indeed, by (F1), for any € > 0, there exists § > 0 such that |[VF(w)| < e|w|
always that |w| < 0. On the other hand, for o > «y, there exist constants Cy, C; > 0
such that f(w) < Cp(exp(ajw|?)—1) and g(w) < Cy(exp(a|w|?) —1) for all |w| > 4.
Thus, for all w € R? we have
IVE(w)| < efw| +|f(w)] + |g(w)]
< elw| + C(exp(alw|?) —1).

Hence, using (F2), (3.1) and the Holder’s inequality, we have

QIF (w)]
RQ

(3.1)
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2
<e / Qluf? +C / Qlul(e — 1)
R2 R2

<o / Qluf? + / Q) +of / Q)" ( / Qe )"

with r, s > 1 such that 1/r 4+ 1/s = 1. Considering Lemma for » > 4, we have

1r 1/2 1/2
(L @) =1+ 21} g < Cle? + 21 < Clul < .

On the other hand, by the Young’s inequality and Proposition [2.4]
1 1
(eso¢|’uJ|2 _ 1) < 3 Q<e2sau2 . 1) + 5 Q(eZSavz _ 1) < co. (3.2)
R2 R2

R2

Hence, QF (w) € L*(R?), which implies that I is well defined, for o > ag. Using
standard arguments, we can see that I € C'(E x E,R) with

I'(w)z ={(w,z) — | Qz-VF(w)
R2
for all z € E x E. Consequently, critical points of the functional I are precisely the
weak solutions of system (L.1]).
In the next lemma we check that the functional I satisfies the geometric condi-
tions of the Mountain-Pass Theorem.

Lemma 3.1. Assume (V1) and (Q1). If (FO)—(F2) hold, then:

(i) there exist T,p > 0 such that I(w) > T whenever ||w|| = p;
(i) there exists e, € E X E, with ||e.]| > p, such that I(e.) < 0.

Proof. Just as we have obtained (3.1)), we deduce that
[VF(w)| < elu] + Clul*™ (e ~ 1) (3.3)

for all w € R? and ¢ > 1. Thus, using (F2), the Holder’s inequality and Lemma
we have

[ QlPw)
2 alwl? _
<c [ QP+ [ Qe 1)

<o [Laur+ [ aup)+e( [ ) ([ e -n)”
< Celw|? + COHWH(I(/RZ Q(eéﬂl\wl2 B 1)> l/s7

provided 7 > 2 and s > 1 such that 1/r+1/s = 1. Now for ||w| < M < [a//(2a)]/2,
which implies that 2alul% < 2aM? < o and 2a|v]|% < 2aM? < o, and s
sufficiently close to 1, it follows from (3.2 that

/ QIF (w)| < Cellw|® + Cy ],
R2

Hence,

1
I(w) = (5 = Ce) wl® = Caflwl?,
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which implies i), if ¢ > 2. In order to verify ii), let w € E x E with compact
support G. Thus, using (F4) we obtain

t2 v v
I(tw) < ol - ¢t [ Qlul”
G

for all ¢ > 0, which yields I(tw) — —oo as t — 400, provided v > 2. Setting
e, = t,w with t, > 0 large enough, the proof is complete. O

To prove that a Palais-Smale sequence converges to a weak solution of system
(1.1) we need to establish the following lemmas.

Lemma 3.2. Assume (F2). Let (wy,,) be a sequence in E X E such that
I(w,) — ¢ and I'(w,)— 0.
Then
<. [ @rwy<c. [ Qu,-VFw,)<c.

Proof. Let (w,) be a sequence in E x E such that I(w,) — ¢ and I'(w,) — 0.
Thus, for any z € E X F,

1
I(w,) = 5HwnHQ - /R QF(wy) = ¢+ o,(1) (3.4)
and
I'(wp)z = (wp, 2) — / Qz - VF(wy,) = o,(1). (3.5)
R2
Taking z = w,, in and using (F2) we have

1
Wy) — all(wn)wn

onll+ [ | QU - VP () = Flwn)

¢+ flwnl +on(1) = 1

1

> (= -2 2,

> (5= Dy

Consequently, ||w,|| < C. By (3.4) and (3.5) we obtain

QF (w,) < C, / Quy, - VF(w,) < C. O
R? R?

—~

N —
—_— =

We will also use the following convergence result.

Lemma 3.3. Assume (F2) and (F3). If (w,) C E X E is a Palais-Smale sequence
for I and wq is its weak limit then, up to a subsequence,

VF(w,) — VF(wy) in L (R* R?)

and
QF (wy,) — QF (wo) in L*(R?).

Proof. Suppose that (w,,) is a Palais-Smale sequence. According to Lemma
Wy, = (U, vp) = wo = (ug,v9) weakly in E x E, that is, u, — up and v, — v
weakly in E. Thus, recalling that H! ;(Br; V) — L%(Bpg) compactly forall 1 < g <
oo and R > 0 (see the consequence of i) from Lemma, up to a subsequence, we
can assume that u, — ug and v, — vg in L*(Bg). Hence, w, — wo in L'(Bg,R?)
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and wy,(x) — wo(x) a.e. in R2. Since VF(w,) € L*(Bg,R?), the first convergence
follows from [6l, Lemma 2.1]. Hence,

fw,) — flwg) and g(w,) — g(we) in L (R?).

Thus, there exist hq, hy € L'(Bg) such that Q|f(w,)| < h1 and Q|g(w,)| < hy ae.
in Br. From (F3) we conclude that

|[F(wy)| < sup  [F(wn)| + Mo|VE (w,)|
[=Ro,Ro]

a.e. in Bgr. Thus, by Lebesgue Dominated Convergence Theorem
QF(wy,) — QF (wo) in L'(Bg).
On the other hand, from (F2) and (3.3)) with ¢ = 2 we have
QF(w,) <e [ Qual®+ c/ Qlwn] (e — 1), (3.6)
B By B
for > ap. From Lemma the Holder’s inequality, ||wy] < C and developing
the exponential into a power series, we obtain
C
e| Qwa?<Ce and Qluwn (el —1) < =,
B¢ B¢ Rf
R R
for some £ > 0. Hence, given § > 0, there exists R > 0 sufficiently large such that
Qw,|* <6 and Q|11Jn|(e°“w”‘2 —-1) <.
Bg, Bg,

Thus, from
QF (wy,) < C§ and QF(wp) < C6.

By By
Finally, since

QF(w,) - [ @Plun)

‘]RZ

<| | @Fw.) - [ QFo)|+ [ QFw.)+ [ QF(w),
BR BR B}:? B}C?
we obtain
lim | [ QF(w,) - / QF(wo)‘ < ¢
n—oo R2 R2
Since § > 0 is arbitrary, the result follows and the lemma is proved. O

In view of Lemma [3.1] the minimax level satisfies

— inf I >
¢= inf max (g(t)) =7 >0,

where
I'={geC(0,1],E x E): g(0) =0 and I(g(1)) < 0}.

Hence, by the Mountain-Pass Theorem without the Palais-Smale condition (see [3])
there exists a (PS). sequence (wy,) = ((un,v,)) in E x E, that is,

I(w,) — ¢ and I'(w,) — 0. (3.7)
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Lemma 3.4. If
[an(v - 2)}(%2)/25”2

a'v

>
then ¢ < o [(4dap).
Proof. Since the embeddings E — LP(R?; Q) are compacts for all 2 < p < oo, there
exists a function @ € E such that

S, =llulp and ] pe@eo) = 1.
Thus, considering W = (@, @), by the definition of ¢ and (F4), one has

¢ < max [S,,tZ —

t>0 R2

21//2M
P < - 2020)
QF (tw) _I?Zagc Syt 1/ t
v 255/(1’—2) - o
2w p2/v=2) T 4oy’
Now we are ready to prove our existence result.

Proof of Theorem[1.1] Tt follows from Lemmas [3.2) and [3.3] that the Palais-Smale
sequence (wy,) is bounded and it converges weakly to a weak solution of
denoted by wg. To prove that wy is nontrivial we argue by contradiction. If wy = 0,
Lemma [3.3| implies that

lim QF (w,) =0.

n—oo [p2

Thus, by (3-4)

lim |jw,|* = 2¢ > 0. (3.8)

From this and Lemma given ¢ > 0, we have that ||w,||?> < o//(2ag) + € for
n € N large. Thus, it is possible to choice s > 1 sufficiently close to 1 and a > «g
close to ag such that sallw,||? < 3 < o//2, which implies that

2sallun||% < 26" <o’ and 2salv,||% < 26" <o,

Thus, using (3.2)), (3.1)) in combination with the Hélder’s inequality and Lemma[2.3]
up to a subsequence, we conclude that

lim Quwy, - VF(wy) = 0.
n—oo R2
Hence, by (3.5)), we obtain that

lim ||wn||2 =0,
n—oo

which is a contradiction with (3.8]). Therefore, wq is a nontrivial weak solution of

(L.1). O
4. PROOF OF THEOREM

To prove our multiplicity result we shall use the following version of the Sym-
metric Mountain-Pass Theorem (see [3] 4] [11]).

Theorem 4.1. Let X = X; & Xa, where X is a real Banach space and X1 1is
finite-dimensional. Suppose that J is a C*(X,R) functional satisfying the following
conditions:

(J1) J(0) =0 and J is even;

(J2) there exist T,p > 0 such that J(u) > 7 if ||ul| = p, u€ Xo;
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(J3) there exists a finite-dimensional subspace W C X with dim X; < dim W
and there exists S > 0 such that max,ew J(u) < S;
(J4) J satisfies the (PS). condition for all ¢ € (0,S).

Then J possesses at least dim W — dim X1 pairs of nontrivial critical points.
Given k € N, we apply this abstract result with X = F x E, X; = {0}, J = I
and W = W x W with W = [y, ..., 9], where {¢;}F_ | C C5°(R?) is a collec-

tion of smooth function with disjoint supports. We see that the energy functional

associated with (1.2,
1
Iw) = 5ol A [ QF(w), weExE,
2 -
is well defined and I € C'(E x E,R) with derivative given by, for w,z € E x E,
L(w)z = {(w,z) =X | Qz-VF(w).
R2

Hence, a weak solution w € E x F of (|1.2) is exactly a critical point of I. Further-
more, since I»(0) = 0 and F is odd, I satisfies (J1) and with similar computations
to prove (i) in Lemma |3.1| we conclude that I also verifies (J2). In order to verify
(J3) and (J4) we consider the following lemma.

Lemma 4.2. Assume (V1) and (Q1). If F satisfies (F0)-(F4), we have

(i) there exists S > 0 such that max,ew In(w) < S;
(ii) the functional I satisfies the (PS). condition for all ¢ € (0,S), that is,
any sequence (wy,) in E x E such that

I(w,) — ¢ and I3(w,) — 0 (4.1)
admits a convergent subsequence in E X E.

Proof. By (F4),

_ 1 2
mays T () = mas [l = A | QF(w)]

1 2 1 2 /’6)‘ v M)‘ v
< ma [l + 5 Il — 22 ol gy — “ 0l )

1, 19 pA } {1 9 HA }
< = — 22l ge. - — = vll%s ge.0n |-
< e[Sl — 2l o)) + max [0 = Z2 0l e

Now, once dim W < 00, the equivalence of the norms in this space gives a constant
C > 0 such that

1, 9 LA } [1 9 HA }
el = E2 1wl —lol = EX %] = M
ma [ 5l — ol + max [ Sy — &2 el ] = MO,

where
M) = L2 (G 20,
v p
Since 2/(2 — v) < 0 we have that limy_, ;o Mg(A) = 0, which implies that there
exists Ay > 0 such that M;(\) < o'/(4ag) = S for any A > Ay. Therefore, 7)
is proved. For ii), by Lemma (wy,) is bounded in E x E and so, up to a
subsequence, w,, — w weakly in E x E. We claim that

Qu - VF(wy) — Qw-VF(w) as n— oo. (4.2)
R2 R2
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Indeed, since C§5,.,4(R?) is dense in E, for all § > 0, there exists v € C§%,,4(R? R?)
such that ||w — v|| < 4. Observing that

| [, Qu- V() - VF(@w))|

<| [, QUw =) VF(w)

+ lolloo / QI F )~ TEw)
supp(v

+| [ Qw0 VF(w)‘
-

and using Cauchy-Schwarz and the fact that [I§(w,)(w — v)| < epljlw — v|| with
€, — 0, we obtain

(w—v) - VF(wy,)

) < énllw — vl + [Jwnl[lw = v]| < Cllw — ]| < 6,
R2

where we have used that (w,) is bounded in E x E. Similarly, since the second
limit in (4.1) implies that I} (w)(w — v) = 0, we have

\ (w—v) - VF(w,)| < C6.
RQ

From Lemma (3.3]
lim Q|VF(w,) — VF(w)| = 0.
1790 Jsupp(v)
Thus,
lim \ Qu - [VF(w,) — VF(w)]‘ < 205.
n—oo R2

Since § > 0 is arbitrary, the claim follows. Hence, passing to the limit when n — oo
in

on(1) = I} (wp)w = {1, w) — )\/ Qu - VF(wy)
R2
and using that w,, — w weakly in E' x E, (4.2) and (F2) we obtain

]2 = A/Rz Qu-VF(w) > ”/Rz QF (w).

Hence

I(w) > 0. (4.3)
We have two cases to consider:
Case 1: w = 0. This case is similar to the checking that the solution wy obtained
in the Theorem [I.1]is nontrivial. Case 2: w # 0. In this case, we define

Wy, w

Zn and

] ~ lim fJw, ||

It follows that z, — z weakly in F x E, ||z,]| = 1 and ||z|| < 1. If ||z|| = 1, we
conclude the proof. If ||z|| < 1, it follows from Lemma [3.3]and (4.1 that

1
3 lim |Jw,|? = c—i—)\/]R2 QF (w). (4.4)

n—oo

Setting

A= (e [ @Fw)a- 1P,
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by (4.4) and the definition of z, we obtain A = ¢ — I (w). Hence, coming back to
(4.4) and using (4.3]), we conclude that

A ¢ — Iy(w) c o’
5 lim [Jw, | = = < < :
2n—oo L I l2]2 0 1= l2l2 T 1= l2l2 T deo(1 — [2[]?)
Consequently, for n € N large, there are » > 1 sufficiently close to 1, a > «aq close
to ag and (8 > 0 such that

a/
rafw,|* <5 < 5 (1= %)~
Therefore, from Corollary
Qe — 1) < +o0. (4.5)
R2
Next, we claim that
lim Q(wy, —w) - VF(wy,) = 0.

n—oo [po

Indeed, let r,s > 1 be such that 1/r 4+ 1/s = 1. Invoking (3.1) and the Holder’s

inequality we conclude that
N\ 1/2 ,\1/2
<c( [ Qual) ([ Q- wp)
R2 R2

+of 5 Q(eclunl” — 1)T)1/T(/RQ Qlw, — w\S)l/s.

Then, from Lemma and (4.5, the claim follows. This convergence together
with the fact that I} (w,)(w, — w) = 0,(1) imply that

Q(wy, —w) - VF(wy,)

‘RZ

lim [Jwy[* = [Jwl||?
n—oo
and so w, — w strongly in F x E. The proof is complete. (I

Proof of Theorem[1.4 Since I satisfies (J1)—(J4), the result follows directly from
Theorem .11 O
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