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INFINITELY MANY SOLUTIONS FOR ELLIPTIC BOUNDARY
VALUE PROBLEMS WITH SIGN-CHANGING POTENTIAL

WEN ZHANG, XIANHUA TANG, JIAN ZHANG

ABSTRACT. In this article, we study the elliptic boundary value problem
—Au + a(z)u = g(z,u) in Q,
u=0 on 01,
where Q C RN (N > 3) is a bounded domain with smooth boundary 99 and
the potential a(z) is allowed to be sign-changing. We establish the existence

of infinitely many nontrivial solutions by variant fountain theorem developed
by Zou for sublinear nonlinearity.

1. INTRODUCTION

We study the semilinear elliptic boundary-value problem
—Au+a(z)u = g(z,u) inQ,
u=0 on 01,

where Q € RM(N > 3) is a bounded domain with smooth boundary 0%, g €
C(Q xRN, RN) and a € LN/?(Q). In this article, we are interested in the existence
and multiplicity of solutions for problem when g(z,u) is sublinear.

The semilinear elliptic equation has found a great deal of interest in the previous
years. With the aid of variational methods, the existence and multiplicity of non-
trivial solutions for problem or similar have been extensively investigated
in the literature over the past several decades. See [2} [3] [4] [5] [7 8] 10} [6] 1T, 12} 2T,
22] and the references therein.

There are some works devoted to the superquadratic situation and asymptoti-
cally quadratic situation for problem , see for instance [6l [7, 8, [9]. In [6], Li
and Willem [1] established the existence of a nontrivial solution for under the
following Ambrosetti-Rabinowitz type superquadratic condition

(G1) there exist g > 2 and L > 0 such that
0 < uG(z,u) <ug(z,u), forall|u| > L,

where G(z,u) = [ g(x,t)dt. The role of (Gy) is to ensure the boundedness of
the Palais-Smale (PS) sequences of the energy functional. This is very crucial

(1.1)
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in applying the critical point theory. However, there are many functions which
are superlinear at infinity, but do not satisfy the condition (G;), for example the
superlinear function

Glow) = ol (g ul* — o> + 1))

Jiang and Tang [7] used the Li-Willem local linking theorem [6] to obtain a non-
trivial solution under the following weak superquadratic condition and other basic
conditions,

(G2) G(z,u)/|u|* — oo, as |u| — oo uniformly in z,

(G3) there are constants 3 > %;:21) (2<p<2),a; >0and L > 0 such that

ug(x,u) — 2G(z,u) > ay|ul®, for all |u| > L.
This result generalized the one of Li and Willem. Very recently, Zhang and Liu [9]

also considered the (G2) type superquadratic condition, but the authors weakened
the condition (G3) to the following condition

(G4) there exists constant ¢ > max{2N/(N + 2), N(p — 2)/2} and d > 0 such
that

—2
lim inf 29 %) = 2G(@, )

|u|— o0 |u\9

> d uniformly for z € Q.

They obtained the existence and multiplicity of solutions by variant fountain theo-
rem developed by Zou [2I] when g(x,u) is odd. From this, we know that the result
in [9] also generalized the one in [7] even [6]. For other superquadratic problem with
pinching condition, we refer readers to [10]. For the asymptotically quadratic situ-
ation, He and Zou [§] obtained the existence of infinitely many nontrivial solutions
under the following assumptions:

(G5) G(z,u) = 3alu|?*+ F(z,u), where a ¢ 0(—A+a), o denotes the spectrum;

(G6) there exist v; € (1,2), b; > 0, i = 1,2 such that by|u|" < F(z,u),

|Fy(z,u)| < bylu/r~t for all (z,u) € Q x R.

However, for the subquadratic case, there is no work concerning on this case up to
now. Motivated by the above fact, in this paper our aim is to study the existence of
infinitely many solutions for problem when f(x,u) satisfies sublinear in u at
infinity. Our tool is the variant fountain theorem established in Zou [2I]. Compared
to the above two cases, our result is different and extend the above results to some
extent.

We will use the following assumptions:

(F1) G(z,u) >0, for all (z,u) € Q x R, and there exist constants u € [1,2) and
r1 > 0 such that

g(@,u)u < pG(a,u), Vo €Q, Ju| > ri;
(F2) limj, o % = oo uniformly for x € 2, and there exist constants ¢y, 72 >
0 such that
G(z,u) < elul, VreQ, |u| <rg;
(F3) There exists a constant d > 0 such that

lim inf M

>d >0 uniformly for x € Q;
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The main result of this article is the following theorem.

Theorem 1.1. Suppose that (F1)—(F3), and that g(x,u) is odd hold. Then (1.1)
possesses infinitely many nontrivial solutions.

As a motivation we recall that there are a large number of articles devoted to
the study of the sublinear case. Among these problems are the second-order Hamil-
tonian system in Tang and Lin [14] and Sun et al.[I5], the Schrodinger equation in
Zhang and Wang [17], the Schrédinger-Maxwell equation in Sun [16], the fourth-
order elliptic equations in Ye and Tang [I8] and Zhang et al.[I3]. 1t is worth pointing
out that these papers all considered the definite case that the quadratic of energy
functional is positive definite. In the present article, we study the indefinite case,
compared to the definite case, the indefinite case becomes more general.

2. VARIATIONAL SETTING AND PROOF OF THE MAIN RESULT

First we establish the variational setting for problem (|1.1)) to prove our main
result. Since a € LN/2(Q), we know that the following form defined on Hg(Q) is
bounded (see [20, Proposition VI.1.2]).

Ou,v) = / (Vu, Vo) + a(x)uv)de, Vu,v € Hi(Q), (2.1)
Q
where (-,-) denotes the standard inner product in RY. Denote 49 = —A +a

the associated self-adjoint operator in L? = L?(Q2) with domain D(Ag). From
[20, Theorem VI.1.4], we know that D(Ap) is dense as a subspace of H}(Q2) and
the spectrum of Ay consists of only eigenvalues numbered \; < Ay < --- — 0
(counted with multiplicity) and the corresponding eigenfunctions {e;};en(Aoe; =
Aie;), forming an orthogonal basis in L?. Let |Ag| be the absolute value of Ay and
|Ag|*/? be the square root of |Ag| with domain D(|Ag|'/?). Let E = D(|Ao|'/?)
and define the inner product on E as

(u,v)o = (|AO|1/2U7 |A0|1/2'U)2 + (’Lh’U)Q,

and the induced norm

lullo := (u,u)y'?,
where (-, )2 denotes the usual inner product in L?. Then F is a Hilbert space. The
following Lemma is the Lemma in [9], here we omit its proof.

Lemma 2.1. The norm || - o in E = HE(Q) is equivalent to the usual Sobolev
norm || - |12 in H}(Q).
Set
n~ =t{il\ <0}, n®=#{i]\ =0}, a=n"+n" (2.2)
and let
P=L"aoLl'e®L" (2.3)

be the orthogonal decomposition in L? with
L™ =span{ey,...,e, -}, L° =span{e, . 1,...,en},
Lt = (L™ ® L°)*" =span{ent, ... }.
Now we introduce the following inner product on E = Hg (),

(u,v) = (| Ao|"?u, | Ao|"?v)2 + (u®,0°)2
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and the corresponding norm

lull = ()72,
where u = u~ +u® + u™ and v = v~ + v® + v with respect to the decomposition
([2:3). Clearly, the norms || - || and || - ||o are equivalent. Throughout the following
sections, we take (E,(+,-),] - ||) as our working space and denote by E* its dual
space with the associated operator norm |- || g=. It is easy to check that E possesses

the orthogonal decomposition

E=E oE’@E" (2.4)

with
E-=L", E°=1° EY=ENL" =span{eni1,...}, (2.5)
where the closure is taken with respect to the norm || - ||. Evidently, the above

decomposition is also orthogonal in L2. Similar to [9 Lemma 2.3], we have the
following Lemma

Lemma 2.2. The space E is compactly embedded in LP = LP(Q) for 1 < p < 2*
and continuously embedded in L?° = L* (Q), hence for every 1 < p < 2*, there
exists T, > 0 such that

[uly < nyllull, Vu € B, (2.6)

where | - |, denotes the usual norm in LP for all 1 < p < 2%, (2* = 2%,

Let Ay = Ul|Ap| be the polar decomposition of Ay (see [19]), where U is the
partial isometry and commutes with Ag, |Ag| and |Ag|'/2. For any u € D(4g) and
v € E, we have

Qu,v) = /((VU,VU> + a(x)uv)dz
- (Zou, v)s = (|Ao|Uu, )2 (27)
= (|A0\1/2U% |A0\1/2”)2-
Since D(Ayp) is dense in F, then holds for all u,v € E. Moreover, by definition,
Q(u,v) = ((P* = PT)u,u) = [[u*|* — [u™ | (2.8)

for all
v=u +u+ut e E=E @ E"a ET,
where P* : E — E¥ are the respective orthogonal projections.
Now, we define a functional ® on E by

B(u) = %/Q(|Vu|2 + aw)u?)de — U(u)

1
= 5Q(uw,u) — ¥(u) (2.9)
1 1
e Ly —2
= S I S|~ W),
where ¥(u) = [, G(z,u)dx for all u = u~ +u’ +ut € E=E- ¢ E°¢ ET. By
(F1) and (F2), there exists a constant ¢ > 0 such that
G(z,u) < ca(l 4+ |u)?), V(z,u) e QxR (2.10)

From (2.10) and Lemma we know ® and ¥ are well defined. Furthermore, by
virtue of [9, Proposition 2.4], we have the following Lemma.
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Lemma 2.3. Under assumptions (F1) and (F2), ¥ € C*(E,R) and V' : E — E*
is compact, and hence ® € C1(E,R). Moreover,

(W' (u), v) = / o, u)vds,

(@' (u), v) = (u*,0) — (= v) — (¥ (u),v) (2.11)
*quv—u*v— T, u)vdx.
= (u" ) - (u™,v) /qu)d

forallu,v e E=E"@E'®Et withu=u"+u’+ut andv =v" +0° +o7,
respectively.

Let E be a Banach space with the norm || -|| and £ = ®;cnX; with dim X; < oo
for any j € N. Set Y = ®}_,X; and Zj, = @32, X;. Consider the C'-functional
®) : EF — R defined by

D (u) := A(u) — AB(u), X €[1,2].
The following variant fountain theorem was established in [21].

Theorem 2.4 (|21, Theorem 2.2]). Assume that the functional ® defined above
satisfies
(T1) ®x maps bounded sets to bounded sets uniformly for A € [1,2]. Moreover,
Dy (—u) = Py(u) for all (M u) €[1,2] X E.
(T2) B(u) > 0, for all u € E; and B(u) — oo as ||ul]| — oo on any finite
dimensional subspace of E.
(T3) There exists py > 11, > 0 such that

ai(A) == inf  ®r(u)>0>Fr(N):= max  Py(u),
u€Zk||ull=pk UEY,|lull=rk
for all X € [1,2], and
(N = inf Oy (u) — 0 as k — oo uniformly for X € [1,2].
UEZ}«,”UHSPk

Then there exist A, — 1,uy, €Y, such that
)y, (ua,) =0, @y, (ur,) = mk € [€:(2), B(1)]  asn — oo.

Particularly, if {ux,} has a convergent subsequence for every k, then ®1 has in-
finitely many nontrivial critical points {ux} € E \ {0} satisfying ®1(ug) — 0~ as
k — oo.

To apply Theorem [2.4]in the proof of our main result, on the space E, we define
the functionals A, B, ®, as follows:

Afw) = 3l Bw) = g+ [ G, (212)

@) = Alu) ~ AB(w) = L [u¥? = AGG | + /Q Glr,uydr)  (213)

for all u € E and X € [1,2]. From Lemma[2.3] we know that ®) € C*(E,R) for all
A € [1,2]. We choose an orthonormal basis {e; : j € N} and let X; = span{e;} for
all 7 € N. Note that ®; = ®, where ® is the functional defined in . We also
need the following lemmas:

Lemma 2.5. Let (F1) and (F3) be satisfied. Then B(u) > 0 for all u € E.
Furthermore, B(u) — o0 as |u|| — oo on any finite dimensional subspace of E C E.
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Proof. From (F1) and (2.12), we know that B(u) > 0. We claim that for any finite
dimensional subspace E C F, there exists € > 0 such that

meas({z € Q: |u(z)| > ellul|}) > e, Vue E\ {0}, (2.14)

where meas(-) denotes the Lebesgue measure in RY. Arguing indirectly, we assume
that there exists a sequence {un }neny C E \ {0} such that

meas({z € Q : |un(z)] > M}) < % Vn € N.

Let v, = [ € E. Then |jv,|| =1 for all n € N, and

Hu \
meas({z € Q : |v,(z)| > f}) < l, Vn € N. (2.15)

Passing to a subsequence if necessary, we may assume v, — v in FE, for some
v € E. Since E is of finite dimension. Evidently, [|vo|| = 1. In view of Lemma
and the equivalent of any two norms on E, we have

/ |vn, — vgldz — 0 as n — oco. (2.16)
Q

Since vy # 0, there exists a constant §p > 0 such that

meas({z € Q : |vg(x)| > do}) > do. (2.17)
For each n € N, let

1 1
Ay ={zeQ:|v,(v)] < ﬁ}’ A =Q\A, ={z€Q:|v,(z)] > E}
Set
Ao ={z € Q:|vo(z)| > b0},

where d¢ is the constant in (2.17)). Then for n large enough, by (2.15) and (2.17]),

we have
do

meas(A, N Ag) > meas(Ag) — meas(Ay) > 6y — — > 5

1
n
Consequently, for n large enough, there holds

/ \vn—vo|d$2/ |y, — vo|dx
Q AnNAo

> [ (ol = foal)da
AnNAg
1
> (6g — —) - meas(A,, N Ag)
n

50
— > 0.
1 >

This is in contradiction to (2.16]). Therefore (2.14) holds. For the € given in (2.14)),

let
Ay = {z € Q: |u(z)] > e|ull}, Yu e E\ {0}.

Then by (2.14)), we have
meas(A,) > ¢, Vuc E\ {0} (2.18)
y (F3), we know there exists r3 > 0 such that

G(z,u) > g|u\, V(z,u) € Q x R with |u| > r3. (2.19)
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Combing (2.12)) and (2.19)), we obtain

B = 5l + | Glauda

d d
> [ 2 > [ 2
> /Q 2|u|dan > /Au 5 |u|dx

d
> §E||u|| - meas(A,)
d
> —&%||ul.
> 22|ul
This implies that B(u) — oo as |ul| — oo on any finite dimensional subspace
E C E. The proof is complete. O

Lemma 2.6. Suppose that (F1)—(F3) hold. Then there exists k1 > 0 and a sequence
pr — 0% as k — oo such that
ar(A) == inf Oy (u) >0, Vk> ko, (2.20)
u€Zy,|lull=px

(M) = Dy (u) = 0 as k — oo uniformly for A € [1,2],  (2.21)

inf
wEZ,||ul|<pk
Be(A) = max  Py(u), VkEN, (2.22)
uEYg,||ull=rg

where Y, = EB?ZlXj and Zy, = @72, X; for all k € N.

Proof. (a) Firstly, we show that and hold. Choosing appropriate k, so
that Z,, C Et for k > ky = n+ 1. For any u € E with |Jul| <e, for all 0 < & < 7o,
we claim that there holds

lul <e <, (2.23)

where 75 is the constant in (F2). If not, then there exists a positive constant &g
such that |u| > gg. Therefore, ||u|| > clu|l1 > ceg - meas(2) for some ¢ > 0, which
contradicts with |Ju|| < e. Thus, |u| <& < ro. Then for any k > k; = i+ 1 and
u € Zy C ET with |Ju|| <e, for all 0 < € < 79, by (F2) and the definitions of @ (u)
and G, we have

1 1, _
B () = 5l I = A2+ [ Glavuya

1
> flut|? -2 | Gz, u)dx
2 Q
1
> fut|? —2/ 1 uldz (2.24)
2 Q
1
> Lt = 201 ul

1
= 5llull® = 2e1fuls.

Let
Iy = sup |“—|12 Vk € N. (2.25)
wezi\{o} llull
Then

Il =0 ask — oo, (2.26)



8 W. ZHANG, X. TANG, J. ZHANG EJDE-2014/53

by the Rellich embedding theorem (see [22]), consequently, (2.24) and (2.25) imply
that

1
Dx(u) = 5\\U||2 = 2cylp[Jull, (2.27)

forany k > k1 =n+1and u € ET with ||u| <e, forall 0 < ¢ < ry. For any k € N,
let

pr = 8c1lg. (2.28)

Then by , we have

pr— 0 ask — oo, (2.29)
Thus, for any &k > k1 = n+ 1, by direct computation, we obtain

2
()= it @) > >,

By , for any k > k1 and u € Zy, with |lu]| < pi, we have

Oy (u) > —2c1kppr (2.30)

for all A € [1,2] and u € Zj with ||u|| < pg. Therefore
—2c1kppr < inf Dy(u) <0, Vk >k,

UEZy, [lull<pr

which together with (2.26))and(2.29)) implies
(M) = inf ®)(u) = 0 as k — oo uniformly for A € [1,2].
UEZk, ||lull<pk
(b) Now, we show that (2.22) holds. For any k € N, there exists a constant
Mj, > 0 such that
lula > My ||ull, Yu € Y, (2.31)

which dues to norms |- |2 and || - || are equivalent on finite dimensional subspace Y.
By (F2) and the definition of G, for any k € N, there exists a constant d; > 0 such
that

|uf®

G(x,u) > —5, VY|u| < 0. (2.32)

M
For any k € N and v € E with |Ju|| < e, for all 0 < & < ¢, similar to (2.23), we
have
Thus, by (2.31) and (2.32)), for any ¥ € N and u € Y}, with ||u| < ¢, for all
0 < e <, we have

1
O (u) < 5 flu’? —/ G(z,u)dx
2 Q

1 2 W%
< = _ 2.33
< gl ~ 37 (233)
1 2 2 1 2
< gllll” = llull® = =5 llull, - VA €[1,2].

Now for any k € N, if we choose

0 <rp <min{pg, e}, V0 <e <,
then ([2.33)) implies

A) = d <
A= e = 5

—r2
—k <0, VkeN.
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The proof is complete. O

Proof of Theorem[I.1. By and , we easily obtain that ®, maps bounded
sets uniformly for A € [1,2]. Obviously, ®x(—u) = ®x(u) for all (A, u) € [1,2] x E
since G(z,u) is even in u. Consequently, condition (T1) of Theorem holds.
Lemma|2.5]shows that condition (T2) holds, while Lemmal[2.6implies that condition
(T3) holds for all k& > ki, where k; is given there. Therefore, by Theorem [2.4] for
each k > ki, there exist \,, — 1,uy, €Y, such that

(I)/)\nlyn (upr,) =0, @y, (ur,)— nk € [Ex(2),0:(1)], asn — co. (2.34)

For the sake of simplicity, in the remaining proof of Theorem we let u, = uy,
for all n € N. Note that Y,, is a finite dimensional subspace, thus we only need to
prove the following claims to complete the proof of Theorem

Claim 1. {u,} is bounded in E. By the assumptions on G(z,u), for the constant
rg given in , there exists a constant R; > 0 such that

1
|G(z,u) — 5g(x,u)u| <Ry Ve, |ul <rs. (2.35)

By (2.19)), (2.34), (2.35)) and (F1), we have

1
—®y, (up) = 5(1)//\”|Yn (Un )tn — P, (Un)

1
=\ /Q[G(x,un) - ig(x,un)un]dx

1
> A [G(z,upn) — ig(x,un)un]dx — ARy - meas(Q)

Qp

> W/ G(z,up)dx — Ay Ry - meas(§2)
Q

> dAn (2 — )

- 4
where Q,, := {z € Q: |u,| > 73}, d and rg are the constants in (2.19). It follows
from (2.34) that there exists a constant Rs > 0 such that

/ |t |dx — A Ry - meas(2), Vn eN,
Qn

/ lup|de < Ry, Vn € N. (2.36)
Qp

For any n € N| let x,, : 2 — R be the indicator of ,,; that is,
Xn(z) = {(1): i Zg:: Vn € N.
Then by the definition of €,, and 7 we know that
(1= xn)Uunloo <73, |XnUnlt < Ra, VneN.
Since any two norms on finite-dimensional space E° @ E~ are equivalent, we obtain
gy + w1 = (uy + 2, )

= (up + i, (1= Xn)un) + (upy + iy, Xntin)

<1 = xa)unll - lug +upll + Ixnunll - llug +up |

< (esl(1 = xn)unl + calxnun ) luy +up|

N

< (e3](1 = Xn)Un|oo - meas(Q) + calxntin|1)|uy + ul|
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< (c3r3 - meas(Q) + ¢4 Ro)|ju, +ul|, VneN,
where c3,c4 > 0. Therefore,
lu, +ul|| < cars - meas(Q) + ¢4 Ry := Rz, Vn € N, (2.37)
Similar arguments as in the proof of imply that
lu, || < Rs, VneN. (2.38)
Note that

|2 = 28 (un) + Anflus |2 + 2\ /Q Gl,u)dz, VncN.

Combining ([2.10), (2.34), (2.37), (2-3§) with the Sobolev embedding theorem, we
obtain

lun|* = Nl + | + [lusd |2

=+ 0817+ 200, () + Ml P 20 [ Glmre

< Ry +4dealugl;
S R4 + 40205Hun||uv Vn € Na

for some Ry,c5 > 0, co is the constant in (2.10)). Since p < 2, (2.39) implies that
{un} is bounded in E.

Claim 2. {u,} has a convergent subsequence in E. Since {u,} is bounded in E,
E is reflexible and dim(E° @ E~) < oo, without loss of generality, we assume

u, —uy, ud —ud, uh = ud, u, —ug asn — oo (2.40)

for some ug = uy +uY +uj € E=E~ @ E°® E*. By the Riesz Representation
Theorem, @ |y, : Y, — Y, and ¥': ' — E* can be viewed as ®) |y, : Y, =Y,
and ¥’ : £ — FE, respectively, where Y;* is the dual space of Y,,. Note that

0= @/)\nh/n (un) = u}f — APV (uy,), Vn €N,
where P, : E — Y, is the orthogonal projection for all n € N; that is,
ul =M\ P,V (u,), VneN. (2.41)

In view of the compactness of ¥’ and (2.40)), the right-hand of (2.41) converges
strongly in F and hence u} — ua' in E. Together with (2.40)), we get u,, — wug in
E.

Now, from the last assertion of Theorem [2.4] we know that ® = ®; has infinitely
many nontrivial critical points. Therefore, (|1.1]) possesses infinitely many nontrivial
solutions. The proof of Theorem [I.1]is complete. O
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