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GROWTH OF SOLUTIONS TO SECOND-ORDER COMPLEX
DIFFERENTIAL EQUATIONS

NAN LI, LIANZHONG YANG

ABSTRACT. In this article, we study the existence of non-trivial subnormal
solutions for second-order linear differential equations. We show that under
certain conditions some differential equations do not have subnormal solutions,
also that the hyper-order of every solution equals one.

1. INTRODUCTION

In this article, we use standard notation from the value distribution theory of
meromorphic functions (see [8, [12]). In addition, we denote the order of growth of
f(z) by o(f). The hyper-order of f(z) is defined by

loglog T
oo(f) = limsup loglog T'(r, f) f)
r—00 logr

Consider the second order homogeneous linear periodic differential equation
"+ PE)f +Q(e*)f =0, (1.1)
where P(z) and Q(z) are polynomials in z and not both constants. It is well known

that every solution f of (1.1)) is entire.
For be a meromorphic function f, define

log T'(r, f)
ot

oe(f) = limsup (1.2)

T—00

to be the e-type order of f. If f # 0 is a solution of (|1.1)) satisfying o.(f) = 0, then
we say that f is a nontrivial subnormal solution of

Wittich [10], Gundersen and Steinbart [7], Xiao [II] etc. have investigated the
subnormal solution of , and obtained good results. In 2007, Chen and Shon
[3] studied the existence of subnormal solutions of the general equation

F+ (Pu(e?) + Pa(e™™)) £/ + (Qu(e”) + Qa(e ™)) f =0, (1.3)

and obtained the following results.

Theorem 1.1. Let P;(2), Q;(z) (j = 1,2) be the polynomials in z. If
deg Q1 > deg Py or degQs > deg P (1.4)
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then (1.3) has no nontrivial subnormal solution, and every solution of (1.3) satisfies
oa(f) =1.

Theorem 1.2. Let P;(2), Q;(z) (j = 1,2) be the polynomials in z. If

deg Q) < degP, and degQs < deg Py (1.5)
and Q1 + Q2 # 0, then (L.3) has no nontrivial subnormal solution, and every
solution of (1.3)) satisfies o2(f) = 1.

Question. What can we said when deg P; = deg Q1 and deg P, = deg Q2 for (1.3))?
We will prove the following theorem.

Theorem 1.3. . Let
Pi(z) =apz"+ -+ a1z + ag,
Ql(z) =bp2"+ -+ bz + bo,
Py(z) = cp2™ + -+ + c12 + co,
QQ(Z) = dmzm + -+ dlZ + d07
where a;,b; (i = 0,...,n), ¢j,d; (j = 0,...,m) are constants, anbncmd, # 0.
Suppose that a,d,, = cmb, and any one of the following three hypotheses holds:
(i) there exists i satisfying (—Z—”)ai +b; #£0, 0 < i< mn; (it) there exists j
satisfying (—Z—:)cj +d; #0,0<j<my
(iii)
bn 2 bn
(—?) + (—;)(ao +co) +bo+do #0.
Then (1.3) has no non-trivial subnormal solution, and every non-trivial solution f
satisfies oa(f) = 1.
We remark that the equation

f//+(622+e—z+1)f/+(262z+2e—z _2)f:0
has a subnormal solution fy = e 2*. Heren = 2, m = 1, ag = 1, by = 2,
ap=b1=0,c1=1,d1 =2,a0+co =1, bg +dy = -2, (—%)-a1+b1 =0, and
(—2—2)2 + (—Z—z)(ao +¢o) + bo + dg = 0. This shows that the restrictions (i)—(iii) in
Theorem [I.3| are sharp.
Another problem we want to consider in this paper is what condition will guar-
antee the more general form

F" 4 (Pu(e®) + Pa(e™ %)) '+ (Qu(e”%) + Qa(e™7%)) f = 0, (1.6)

where P(z),Q(z) are polynomials in z, «, 3 are complex constants, does not have a
non-trivial subnormal solution? We will prove the following theorems.

Theorem 1.4. Let

Pi(2) = a1m, 2™ + -+ + a1z + aqo,
Py(2) = agm, 2™ + - 4 az1z + ago,
Q1(2) = bin, 2™ + - + b112 + b,

Q2(2) = b2y, 2™ + - -+ + ba12 + bao,

where my, > 1, n, > 1(k = 1,2) are integers, a1;;, (i1 = 0,1,...,m1), az;, (iz =
0,1,...,ma), bij, (j1 =0,1,...,n1), baj, (j2=0,1,...,n92), @ and § are complex
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constants, a1m, @2mybin,ban, # 0, af # 0. Suppose mia = cin1fB (0 < ¢p < 1) or
maa = cangf (0 < ca < 1). Then (1.6 has no non-trivial subnormal solution and
every non-trivial solution f satisfies oo(f) = 1.

Theorem 1.5. Let

Pl(Z) = almlzml + -+ a12+ aio,
Py(z) = agm, 2™ + -+ + a212 + aso,
Q1(2) = bin, 2™ + - + b112 + b,
Q2(2) = ban, 2™ + -+ + ba1z + bao,

where my, > 1, ni, > 1 (k = 1,2) are integers, ay;, (i1 = 0,1,...,mq), ag;, (iz =
0,1,...,mg), bij, (j1 =0,1,...,n1), baj, (j2 =0,1,...,n2), a and 3 are complex
constants, a1m,@2my01n,02n, # 0, af # 0. Suppose mia = c1n1f (c1 > 1) and
moa = canzf (ca > 1). Then has no non-trivial subnormal solution and
every non-trivial solution f satisfies oo(f) = 1.

Note that a subnormal solution fy = e~ + 1 satisfies the equation
f// o [63z + 622 4 e—z]f/ o [622 + e—z]f =0.
Here a = %, 8 =1/3, m =6, my =2, n, =6, ng =3, ma = %nlﬂ and

moa = nof. This shows that the restrictions that mia = ¢1ni 8 (¢p > 1) and
maa = canafB (ca > 1) can not be omitted.

2. SOME LEMMAS

Let P(z) = (a+ ib)z™ + ... be a polynomial with degree n > 1. and z = re®.
We will we denote §(P,8) = acos(nf) — bsin(nf).
Lemma 2.1 ([§]). Let P(2) = an2™ + an_12"" 1 + -+ ag be a polynomial with
an # 0. Then, for every e > 0, there exists ro > 0 such that for all r = |z| > ro we
have the inequalities

(1 =e)lan|r™ <[P(2)| < (1+&)|an|r™.
Lemma 2.2 ([8]). Let g : (0,4+00) — R and h : (0,400) — R be monotone
increasing functions such that g(r) < h(r) outside of an exceptional set E of finite

logarithmic measure. Then, for any « > 1, there exists rog > 0 such that g(r) <
h(ar) holds for all r > rg.

Lemma 2.3. [5] Let f(z) be a transcendental meromorphic function with o(f) =
o < oo. Let H = {(k1,j1), (k2,72),-..,(kq,dq)} be a finite set of distinct pairs of
integers that satisfy k; > j; > 0, fori = 1,2,...,q. And let € > 0 be a given
constant. Then there exists a set E C [0,2m) that has linear measure zero, such
that if ¢ € [0,27) \ E, then there is a constant Ry = Ro(v) > 1 such that for all z
satisfying arg z =1 and |z| > Ry and for all (k,j) € H, we have

(k) ,
}f . (Z)’ < |Z‘(k—j)(a—1+s). (2.1)
)
Lemma 2.4 ([6, 9]). Let f(z) be an entire function and suppose that |f*)(2)| is
unbounded on some ray arg z = 0. Then, there exists an infinite sequence of points
2y =16 (n=1,2,...), where r, — oo, such that f*)(z,) — co and
|f(j)(zn) 1
f® ()"~ (k= j)

| < lzn|®=D (1 +0(1)) (j=0,...,k—1). (2.2)
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Lemma 2.5 ([2]). Let f(z) be an entire function with o(f) = o < oco. Let there
exists a set E C [0,2m) with linear measure zero, such that for any argz = 6y
€[0,27) \ E, |f(ret%)| < MrF (M = M(6y) > 0 is a constant, k(> 0) is constant
independent of ). Then f(z) is a polynomial of deg f < k.

Lemma 2.6 ([I]). Let A and B be entire functions of finite order. If f(2) is a
solution of the equation

"+ Af'+Bf =0,
then oo(f) < max{c(A),o(B)}.

Lemma 2.7 ([]). Let f(z) be an entire function of infinite order with oo = « (0 <

a < o0), and a set E C [1,00) have a finite logarithmic measure. Then, there exists

{21, = rre® } such that |f(zx)| = M(rk, f), Ok € [0,27), limp_o0 O = 6y € [0,27),

ry € E, r, — 00, and such that

(1) if o2(f) = a (0 < @ < 0), then for any given €1 (0 < e < a),

exp{ry "'} < v(rg) < exp{rp T}, (2.3)

(2) if o(f) = 00 and o3(f) = 0, then for any given €2 (0 < ey < 1/2), and any

large M (> 0), we have, for ry, sufficiently large,
!t < v(rg) < exp{r;?}. (2.4)

Lemma 2.8 ([0]). Let f be a transcendental meromorphic function, and oo > 1 be a
given constant. Then there exists a set E C (1,00) with finite logarithmic measure
and a constant B > 0 that depends only on « and i,j (0 < i < j < 2), such that
for all z satisfying |z| =r ¢ EUI0,1],
(4)

196 y(Tlon)

fO(z) r
Remark 2.9 ([3]). From the proof of Lemma we can see that the exceptional
set E satisfies that if a,, and b, (n,m = 1,2,...) denote all zeros and poles of f,

respectively, O(a,) and O(b,,) denote sufficiently small neighborhoods of a,, and
b, respectively, then

B ={l2]: 2 € (U}250(a,) U (UF25,0 (b))}

n=

(log™ r) log T'(ar, f))j_i. (2.5)

Hence, if f(z) is a transcendental entire function, and z is a point that satisfies
|f(2)] to be sufficiently large, then (2.5) holds.

3. PROOF OF THEOREM [L.3]
Suppose that f(z) is a non-trivial subnormal solution of (1.3). Let
h(z) = /o) 1 (2),
then h(z) is a non-trivial subnormal solution of

W' 4 (2(—b—”) +Py(e) + Pg(e_z))h/

Qp

F 224 (< 22)(Pe) + Pale)) + Que) + Qale™) ) =0,

n n

Since any one of the following three hypotheses holds:
(i) there exists i satisfying (—Z—Z)ai +b; #0,0<i<mn;
(ii) there exists j satisfying (—2=)c; +d; #0,0 < j < m;

An



EJDE-2014/51 GROWTH OF SOLUTIONS 5

(iii)
((—E’L—Z)2 + (—Z—Z)(ao +eo) + by +d0) £0,
we obtain
(2P (- )P + Pale ™) + Q) + Qale ™) 20 (31)
From a,d,, = ¢ b,, we obtain
deg Pa(z) > m— 1> degl(— ) Pa(2) + Qa2 (3:2)
Combining (3.1) and (3-2) with
deg Py(2) > n— 13> deg[(—Z—Z)Pl(z) + 01 (2], (3.3)

we obtain the conclusion by using Theorem

4. PROOF OF THEOREM [I.4]

Suppose f(# 0) is a solution of (L.6)), then f is an entire function. Next we
will prove that f is transcendental. Since Q(e®?) + Qa(e™7%) # 0, we see that
any nonzero constant can not be a solution of the (1.6). Now suppose that fo =
bpz™ + -+ biz 4+ by, (n > 1,b,,...,by are constants, b, # 0) is a polynomial
solution of (|1.6).

(1) mia = cin1B(0 < ¢y < 1). Take z = re'?; such that §(3z,0) = | 3| cos(arg 3 +
¢) > 0, then (az,0) = 21256(82,6) > 0. From (L.6) and Lemma that for a
sufficiently large r and € > 0, we have

(1= &)[bnr™ [bry ™27 (1 — (1)) <1Q1(e”%) + Qa(e=)[ - | fol
< |fo'l + [Pr(e®) + Pa(e™ )] - | fol
< a1, [ n(n — 1) (1 + &) balr" ! (1 + 0(1))

nicy

< Mleml" my 5(52,9)7"Tn71(1 +0(1))

< Mlenlclé(ﬂzﬁ)rrn—l(l + 0(1))7
(4.1)
where M; > 0 is some constant. Since 0 < ¢; < 1, we see that (4.1) is a contradic-
tion.

(2) maa = canaB (0 < g < 1). Take z = re'?; such that §(3z,6) = | 3] cos(arg 3 +
¢) <0, then (az,0) = 2226(8z,0) < 0. From (L.6) and Lemma that for a
sufficiently large r and € > 0, we have

(1= &) [bn|r™ [ban, e~ "2 P=07 (1 — o(1))

<1Q1(e”%) + Qa(e™P7)| - | fol

< |fo |+ [Pi(e) + Pa(e™ )| - | fo

< Jagm, |e 7m0 n (0, — 1) (1 + &) b |11 + 0(1))
< Mae ™ g 0820 n=1(1 4 5(1))

< Mye~m2e28(B20)rn=1(1 4 4(1)),
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where M, > 0 is some constant. Since 0 < ¢ < 1, we see that is also a
contradiction. Thus we obtain that f is transcendental.

By Lemma .6 and max{o(Pi(**)), o(Ps(e~°%)), o(Qu1(e%)), o(Qale "))} =
1, we see that oo(f) < 1. By Lemma we can see that there exists a subset
E C (1,00) having a logarithmic measure m;FE < oo and a constant B > 0 such
that for all z satisfying |z| = r & [0,1] U E, we have

f(j)(z) i+1 .
< BIT(2r, f)J+Y, j=1,2. 43
5 | < B[T(2r, f)] (4.3)
(1) Suppose mia = c1n1 3 (0 < ¢; < 1). Take z = re'?, such that §(3z,6) > 0, then
d(az,0) = %(5@2,9) > 0. From (1.6), (4.3), that for a sufficiently large r and
r ¢ [0,1] U E, we have

(1= &)lbrn, e 2= (1 — o(1))
< [Q1(e”*) + Q2(e77?)|

< L1+ )+ Paee)l

f'(2) |
f(2) (4.4)

T(2r, ) + (L +€)laym, [e™ =D BIT (2r, f)*(1 + o(1))
T(2r, f)]3e™ T 00=0m(1 4 o(1))

T(2r, f)]PemerdB=0r(1 4 o(1)).

< B
<]
e

Since 0 < ¢; < 1, by lemma [2.2] ({.4)), we obtain o2(f) > 1. So oa(f) = 1.
Next we prove that any f(# 0) is not subnormal. If f is subnormal, then for
any € > 0,

T(r f) <e. (4.5)
When taking z = re??, such that §(8z,6) > 0, by (4.4) and (4.5, we deduce that

(1= &)[brn, e ?@=D7(1 — o(1)) < CIT(2r, f)Pem 2207 (1 4 0(1))

4.6
< Ce6£r . en1c15(ﬂz,9)7”(1 + 0(1)) ( )

We see that (4.6) is a contradiction when 0 < & < £n16(B2,6)(1 — c;). Hence (L.6)
has no non-trivial subnormal solution and every solution f satisfies oa(f) = 1.

(2) Suppose maoa = canpB (0 < ¢p < 1). Take z = re'?, such that §(3z,6) < 0, then
6(az,0) = 7225(82,0) < 0. Using the similar method as in the proof of (1), we
obtain the conclusion.

5. PROOF oF THEOREM [L.5]

Suppose that f(# 0) is a solution of (L.6]), then f is an entire function. Next
we will prove that f is transcendental. Since Q1(e??) 4+ Q2(e™?%) # 0, we see that
any nonzero constant can not be a solution of the Eq.. Now suppose that
fo=bpz"+ -4+ brz+by, (n > 1,b,,...,by are constants, b,, # 0) is a polynomial
solution of .

Take z = re?, such that §(az,0) = |a|cos(arga + 6) > 0, then §(8z,0) =
T §(az, ) > 0. From and Lemma that for a sufficiently large r and

cini
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€ > 0, we have
(1= &)[bn[nr™azm, [ (1 - o(1)) < |PL(e™) + Pa(e™ %) - [ fol
< S 1+1Q1(e7) + Qa(e™7)| - | fol
< by, [€" P20 0 (0 — 1) (1 + ) |bp|r™(1 + o(1))
< Me™ a2 4 (1))

< Me%lé(az’e)rrn(l +0(1)),

(5.1)
where M > 0 is some constant. Since ¢; > 1, we see that is a contradiction.
Thus we obtain that f is transcendental.

First step. We prove that o(f) = oco. We assume that o(f) = ¢ < co. By
Lemma we know that for any given € > 0, there exists a set E C [0,27)
which has linear measure zero, such that if ¢ € [0,27) \ E, then there is a constant
Ry = Ry(¥) > 1, such that for all z satisfying arg z = ¢ and |z| = r > Ry, we have

f"(2) St
< pdTiTE, 5.2
e (5.2
Let H = {0 € [0,27) : 6(az,0) = 0}; then H is a finite set. Now we take a ray
argz =0 € [0,2r)\ (FUH), then §(az,0) > 0 or d(az, ) < 0. We divide the proof
into the following two cases.

Case 1. If §(az,0) > 0, then §(8z,0) = -6(az,0) > 0, §(—az,0) < 0 and
5(—B2,0) < 0. We assert that |f’(re'?)| is bounded on the ray argz = 6. If
|f'(re??)| is unbounded on the ray argz = 6, then by Lemma there exists a

sequence of points z; = re?(t = 1,2,...) such that as r; — oo, f/(2;) — oo and

f(z)
| < 1+ o), 6.3
By , we obtain that
(P + Pt ) = BB g+ quie o) 28 oy
From 6(az,6) > 0, we have
[PL(e) + Pa(e™ )] > (1 = &)|arm, ™57 (1 — o(1)), (5-5)
Q1(e7) + Qa(e™ )| < M 213207 (1 4 o(1)). (5.6)

Substituting , , and in , we obtain
(1= &)@, [em2= 07 (1 — o(1))
<y THE 4 MmO (1 4 o(1))r(1 + 0(1)) (5.7)
< Mrf“e%é(az“e)”(l +0(1)).

Since ¢1 > 1, (az,0) > 0, when 1, — oo, (5.7) is a contradiction. Hence
|f'(re??)] < C. So

|f(rei9)| <Cr. (5.8)
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Case 2. If §(az,0) < 0, then 6(8z,0) = 226(az,0) < 0, 6(—az,0) > 0 and

co2mn2

0(—pBz,0) > 0. Using the similar method as above, we can obtain that
|f(re'?)| < Cr. (5.9)

Since the linear measure of F U H is zero, by , and Lemma we
know that f(z) is a polynomial, which contradicts the assumption that f(z) is
transcendental. Therefore o(f) = occ.

Second step. We prove that has no non-trivial subnormal solution. Now
suppose that has a non-trivial subnormal solution fy. By the conclusion in
the first step, o(fy) = co. By Lemma [2.6] we see that o2(fo) < 1. Set oa(fo) =
w < 1. By Lemma we see that there exists a subset Ey C (1,00) having
finite logarithmic measure and a constant B > 0 such that for all z satisfying
|z| =7 ¢ [0,1] U Eq, we have

B0, < prr g, G-1.2. (5.10)
fo(z) "~ ™~ U ’
From the Wiman-Valiron theory, there is a set E» C (1, 00) having finite logarithmic
measure, so we can choose z satisfying |z| = r € Es and |fo(z)| = M(r, fo). Thus,
we have

()

o (2) u(r)y; )

o) = ( . ) (1+0(1), j=1,2, (5.11)
where v(r) is the central index of fy(z).

By Lemma we see that there exists a sequence {z, = r,e?»} such that
| fo(zn)| = M (rn, fo), On € [0,27), lim,,—o0 6, = 6y € [0,27), 7, € [0,1] U By U Eg,
r, — 00, and if w > 0, we see that for any given £; (0 < e1 < w), and for sufficiently
large r,,

exp{r¥ 1} < v(r,) < exp{r<ter}, (5.12)

and if w = 0, then by o(fy) = oo and Lemma we see that for any given e
(0 < g2 < 1/2), and for any sufficiently large M, as r, is sufficiently large,

rM < u(r,) < exp{rs?}. (5.13)
From ([5.12)) and (5.13)), we obtain that
v(rp) > Th, Tn — 00. (5.14)

For 6y, let § = 6(az,00) = |a|cos(arga + 6p), then § < 0, or § > 0, or § = 0. We
divide this proof into three cases.
Case 1. 6 > 0. By 0, — 6y, we see that there is a constant N(> 0) such

that, as n > N, 0(az,,0,) > 0. Since fy is a subnormal solution, for any given

e(0 <e < 5(1—2)d(azy,0,)), we have

c1
[T(27"naf0)]3 < efern < e%(lfﬁ)‘s(azmenﬁ‘n. (5_15)
By (5.10), (5.11)), (5.15)), we have
. (4)

U(Tn) J —Jo (zn)
G o) =15

< B[T(2ry, fo)]?

S B@%(l*i)é(aznyen)rn7 j = 1’2

(5.16)
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Since §(azy, 6,) > 0, from (1.6]), (5.11]), we obtain that

(1 - ) gy, Jemisteznnr (1 — o(1)

(Pu(e**) 4 Py(e™"))]

+ [Q1(e7*") + Qa(e™ 7))

< (U200 4 0(1)) (14 )fba e 0005 007 (1 4 0(1))

n

S Ml(UEnrn))26%6((12n,9n)7‘n(1+0(1))'

n

From and , we can obtain
(L= &)l |em 7@ @I (1 o(1))
< My Be2 U andemm g 4 o(1)),
Since ¢; > 1 and my > 1, we see that is a contradiction.

(5.17)

(5.18)

Case 2. 0 < 0. By 0,, — 0y, we see that there is a constant N(> 0) such that,
asn > N, d(az,,0,) < 0. Since fp is a subnormal solution, for any given &

(0<e<—35(1—2)0(azy,0,)), we have

Cc2
(T2, fo))? < €57 < e B33z 0,

By (5.10), (5.11), (5.19) we have

v(r) D (z) s
(—=) (1 +o0(1) = | | < BIT(2ry, fo)]
Tn fO(Zn)

S Be—%(l—é)é(aznﬂn)rn7 ] _ 1’2

By (5.11)) and (1.6]), we obtain

(1- €)U(:") | g, |[e™20(@Zn 00T (1 — o(1))
< G () 4 Pafe=) |
< ()04 0(1)) (14 )b e 001 o(1)

S MQ(U<rn))2677:7226@”;7“9")7‘”(1+0(1>)-

T'n

From ((5.20) and (5.21)), we can deduce that

—m —L azn,nrn
(1 — &)]agm, e ™m0z o(1))

< MQBG_%U_%)‘;(O‘Z”’G”)T"(1 +o(1)).
Since ¢o > 1 and my > 1, we see that (5.22) is a contradiction.

(5.19)

(5.20)

(5.21)

(5.22)
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Case 3. 6 =0. Then 6y € H = {0|0 € [0,27), §(az,0) = 0}. Since 0,, — 6, for any
given € > 0, we see that there is an integer N (> 0), asn > N, 6,, € [0y — ¢,00 + €]
and 2z, = rp,ef € Q={z:0) —c <argz <6y +¢}. By Lemma there exists a
subset F3 C (1,00) having finite logarithmic measure and a constant B > 0, such
that for all z satisfying |z| = r ¢ [0, 1] U E3, we have

11
‘ 0( )|
fo(2)
Now we consider the growth of fo(re??) on a ray argz = 6 € Q\ {6y}. Denote
Oy = [0 — €,00), Q2 = (00,00 + ]. We can easily see that when 6; € Q1,05 € Qo,
then d(az, 01)-d(az,02) < 0. Without loss of generality, we suppose that 6(az, 6) >
0(0 € €y) and d(az,0) <0(0 € Q).

Since When 0 € Q1, §(az,0) > 0. Recall fy is subnormal, then for any given
0<e< (1 — —)5(042’ 9)),

B[T(2r, f)]*. (5.23)

[T(2r, )2 < b < e map)olesfr, (5.24)
We assert that | f5(re'®)| is bounded on the ray arg z = 6. If | f(rei?)] is unbounded
on the ray arg z = 6, then by Lemma there exists a sequence {y; = R;e*} such
that R; — oo, fj(y;) — oo and

fo(yy)
|f6(y]‘)| < R;(1+0(1)). (5.25)
j
By (5.23)), (5.24)), we see that for sufficiently large j,
L), < piren,, g < Bert-aCwOn, (5.26)

fo(ys)

By (1.6), we deduce that
(1= &)lam, [em?v D (1 — o(1))
< | = (Pr(e™®) + Py(e™ %)) |

fo(yj) PYi . NE fo(y;)

< 0162 (1=35)8(ow;,0) R; n15(6y1,9)RjRj(1 +0(1))

(5.27)

1

< Cpelz(—ar )+m1]5(ay119)RJR (14 0(1)).

Since 6(ay;,0) > 0, c1 > 1, we know that when R; — oo, (5.27) is a contradiction.
Hence

|fo(re®)| < Cr, (5.28)
on the ray argz =6 € Q.
When 6 € Qq, §(az,0) < 0. Recall fy is subnormal, then for any given ¢
O<e<—i(1- —)5(042 9)),
[T(2r, f)]2 < et < ¢~ 20750200, (5.29)

We assert that |f;(re??)| is bounded on the ray argz = 6. If |f}(re’)| is un-
bounded on the ray argz = 6, using the similar proof as above, we can obtain
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that )
(1 — &)[agm, e~ ™22 00w Ry (1 o(1))
< Cze*%(lfé)é(ayjﬂ)RjRj(l +o(1))

Since 6(ay;,0) < 0 and ¢z > 1, we know that when R; — oo, (5.30) is a contradic-
tion. Hence

(5.30)

|[fo(re’®)| < Cr, (5.31)
on the ray argz = 0 € Q. By (5.28), (5.31), we sce that |fo(re”?)| satisfies
[fo(re)| < Cr, (5.32)

on the ray argz = 0 € Q\ {#p}. However, since fy is transcendental and {z, =
rpetn ) satisfies | fo(z,)| = M(ry, fo), we see that for any large N(> 2), as n is
sufficiently large,

[ fo(zn)| = | fo(rne’)| = 7). (5.33)
Since z, € Q, by (5.32), (5.33), we see that for sufficiently,large n,
0, = by.

Thus for sufficiently large n, §(az,,0,) = 0 and

[Pr(e®) + Po(e™ )| < O, Qu(e”*") + Qa(e™ )| < C. (5.34)
By (1.6), (5.11), we obtain that

- (U(ZT"))Q(I +o(1))
n (5.35)

= (Py(e™*) + Po(e™)) (%”))(1 +o(1)) + [Qu(e”) + Qa(e™7)].
By (5.34), (5.35) and (5.14)) we obtain that

v(rp) < 2CTy,, (5.36)
by (5.12)) (or (5.13)), we see that (5.36)) is a contradiction. Hence (1.6 has no

non-trivial subnormal solution.

Third step. We prove that all solutions of satisfies oo(f) = 1. If there is a
solution f; satisfying oa(f1) < 1, then o.(f1) = 0, that is to say f; is subnormal,
but this contradicts the conclusion in step 2. Hence o2(f) = 1. This completes the
proof of Theorem
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