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ON VANISHING AT SPACE INFINITY FOR A SEMILINEAR
HEAT EQUATION WITH ABSORPTION

NORIAKI UMEDA

ABSTRACT. We consider a Cauchy problem for a semilinear heat equation with
absorption. The initial datum of the problem is bounded and its infimum is
positive. We study solutions which do not vanish in the total space at the
vanishing time; they vanish only at space infinity.

1. INTRODUCTION

We consider the semilinear heat equation (with absorption)

up=Au—u?, xR t>0 (1.1)
supplemented by initial data
u(z,0) = ug(z) >0, ze€R% (1.2)
with d > 1 and p > —1. The function ug is assumed to satisfy
ug is bounded and continuous in R?, (1.3)
m = wienﬂgd up(z) > 0. (1.4)

In Theorem we prove that the Cauchy problem (I.1)-(1.2) has a unique
positive classical solution under the hypotheses (1.3)-(1.4). However, this solution

need not exist globally in time. For a given initial datum wg we define

T(ug) = sup {t > 0; inf u(w,t) >0} < oo
reR

and call it the maximal existence time of the positive solution or the vanishing time

for (1.1)-(1.2). It is clear that

lim inf wu(z,t) =0. 1.5
fm inf (2,1) (1.5)
If this happens, we say that the solution vanishes at t = T'(ug). Usually, quenching
happens in the case p > 0 (see [I8, [10, 11l 12]), while dead-core occurs when
—1 < p <0 (see [15, 16, 14, 13| 27]). Here we study vanishing in the case p > —1.
Let v be a space independent solution of (I.1) with an initial datum m =

inf,cpa up(z). It is easily seen that the solution of the problem

v'=—vP fort>0, v(0)=m (1.6)
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is expressed by

mpPt1
v(t) ={(p+ (T (m) —)}/P) with T(m) = p+1 (1.7)

and

o(t) = {mP*! = (p+ e}/, (1.8)
It is immediate that T'(ug) > T'(m) by the comparison principle (see Theorem [5.3)).
Next we study the case T'(up) = T'(m) in the following theorem (see [3, 4 [6] [7, [O]

26, 27, 28]

Theorem 1.1. Assume (L.3)-(T.4). If there exists a sequence {a;}3e, C R? such
that

uo(z 4+ ap) = m ae inR? as k — oo, (1.9)
then T'(ug) = T(m). Moreover, if ug Z m, then the solution of (1.1)-(1.2) does not
vanish in R% at t = T(m). (It vanishes only at space infinity.)
Remark 1.2. If ug # m, then |ax| — oo as k — oo.

The next theorem describes the behavior of the limit of the solution of (1.1])-(1.2))
as t — T(m). We prove that u(z, T(m)) = lim,_, 7(m) u(z,t) for every z € R? (see
Lemma .

Theorem 1.3. Under the hypotheses as Theorem|1.1
lim w(ag, T(m)) = 0.
k—o0

Finally, we consider the relation between the form of initial data and the profile

of a vanishing solution at time T'(m) (see [5]). In [20, §2b], for the equation
Ut = Au+ f(’(,l,),

a subsolution and a supersolution of the form ¢(7T'(m)—t+h(z,t)) were constructed.
Here we construct a subsolution and a supersolution of the form ¢(T(m)—t+g(z,t))
where g(z,t) decays to zero at space infinity and

p(s) = v(T(m) —s) = {(p+1)s}/ P+, (1.10)
to estimate the profile at the vanishing time for —. It is clear that
¢l =" @(T(m)) =m, limep(s)=0. (1.11)
Let % be a positive function satisfying the following conditions:
¢ (z) is bounded and continuous in R?, (1.12)
Y(x) >0 for x € RY, (1.13)
there exists a constant C; > 0 such that
. x
s [t L gl <o (114)
and there exist constants a € (0,1/(4T(m))) and Cy > 0 such that
sup Yla—y) < Cs. (1.15)

(z.y)eRIxRra Y(x)edlvl® =

Here B(z,r) denotes the open ball of radius r centered at x.
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Theorem 1.4. Let the hypotheses in Theorem[1.1 hold. If v satisfies (1.12))-(L.15),

" Crip(z) < ubt™(z) —mPT < Crpp(a) (1.16)
for some constants C7 > 0 and Cyy, then there exist constants
C =0C(Cy,Cs,a,T(m),Cr) >0 and C' =C'(C1,Cz,a,T(m),Crr) >0 (1.17)
such that the solution to - satisfies
Cp!/ ) () < u(a, T(m)) < CpH P ().
Remark 1.5. Theorem we may be restated as follows. If
ub ™ (@) = mP > Crp(x)  (or < Crp(x)),

for some constant C; > 0 (or Cy; > 0), then there exists a constant C' > 0 (or
C’ > 0) such that the solution of (1.1)-(1.2)) satisfies

u(z, T(m)) > C{p(x) /T (or < C'{y(a)}/PHD).

If ¢ is a positive constant, then it satisfies (1.12)-(1.15)), and the initial datum
with this ¢ satisfies (1.16). However, it does not satisfy the hypothesis of Theorem
In fact, the solution of — with such an initial datum does not vanish
at t = T'(m). We shall show examples of ¢ satisfying these hypothesis.

Example 1.6. Let f satisfy

Fr) =02 +1)72 f(r) = e or f(r) = {log(r +€)} ™" for r > 0 and b > 0.
(1.18)
Assume that ¢(z) satisfies one of the following three conditions:
(1) ¢(x) = f(|z]). )
(2) Y(z) =O(z/|z|) + {1 —O((x/|z]) } f(|x]), where ©(F) € C>(S9~1) satisfies

=0, QESdflﬁB(Qo,rl),
@(9) € (O7 ].), fesin B(eo,Tg)\B(eo,Tl),
=1, 0 e Sd_l\B(e()ﬂ‘Q)

with some direction fy € S9!, some constants 1, 75 satisfying 0 < 71 < 7o

and
~ 1, rel0,1),
fir = o
f(r=1), r>1
(3) ¥(x) = infien f(max{0, |r;| — |z — a;|}) with the sequence {a;}32, C R?
and {r,}2, € RT satisfying lim; o |a;| = 00, 711 <73 < ... — 0.
Then v(x) satisfies (1.12)—(1.15). Moreover the solution of (1.1))-(1.2) with the wug
satistying (1.16) vanishes only at space infinity at ¢t = T (up). Here S~ denotes
the (d — 1)-dimensional unit sphere and B does the closure of B.

This article is organized as follows. In Section 2 we prove Theorem [I1} Section
3 is devoted to the proof of Theorem The proof of Theorem will be given in
Section 4. In Section 5 (Appendix A) we show the existence and the uniqueness for
the classical solution — with the initial data satisfying — (Theorem
, and we also prove the comparison principle of the problem (Theorem . In
the last section (Appendix B), we will show Lemma about the existence and
the regularity for the solution at t = T'(m).
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2. VANISHING ONLY AT SPACE INFINITY

In this section we prove Theorem First, we show that T(ug) = T'(m) (see
also [30, Theorem 1]).

Lemma 2.1. Assume (1.3)-(1.4)). Let p > —1 and d > 1. If there exist sequences
{ar}2e, C R and {ry}32, satisfying 0 < rq <ry < ...— 0o such that

i luo =1l L (Bay,r)) = 0, (2.1)
then the solutions u and v of — with initial data ug and m satisfy
i fu( ) = o)l L (Barr/2) =0
for any t € (0,T(m)). Moreover T (ug) = T(m).

Proof. Put &« = u — v and @9 = ug — m. By Theorem a > 0 for (x,t) €
RY x (0,T(m)). Tt is clear that @ satisfies

iy = At — (u?—v7P), zeRY 0<t<T(m),
a(z,0) = dg(z), x€R
From for any € > 0 there exists kg > 0 such that for any k > ko,
0|l Lo (B(ay.r)) < €% (2.3)
Take tg € (0,T(m)). By the mean value theorem we have

(2.2)

1
—(uP—0v7P) = /0 p{Ou+ (1 — 0)v} P adh < max{0,p}H{v(te)} P @

= max{0,p}(v(to))"P~t. Thus
+Ku, zeR0<t<t,
(2,0) = @p(x), =R

for t € (O,to). Put K = K(to
up <

D S—
I3

IS

The solution of
Uy =Au+Ku, xzeR%0<t<t,
a(z,0) = ig(z), = €R?
is a supersolution of . The solution u is

a(x,t) = et G(z —y,t)up(y)dy

Rd
([ +[ e v omay
RNB(z,r5/2) JB(z,r%/2)
=I+1I,
where G(z,t) is the Green kernel of the heat equation given by
1 2
_ —|z|*/4t
G(z,t) = 7(471'15)‘1/26 . (2.4)

From the definition of G we see that

I < Ko / Gz — y, )it (y)dy
RI\B(z,r1/2) (2.5)

~ 9
< e | ) [ Gl )y < 5
RI\B(0,71/2)
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for any k large enough, where B(x,r) denotes the open ball of radius r centered at
x. Note that y € B(ag, ) whenever « € B(ag,r,/2) and y € B(x,71/2). Thus by
(2.3) we obtain

II < efto / G(x —y,t)uo(y)dy
B(z,r1/2)

< i prey [ Gl ity (2:6)
B(z,r,/2)

~ g
< eKtOHUOHLw(B(akJ”k)) / G(SE — y,t)dy < 5
Rd

for any z € B(ak,7/2) and any € € (0,e %% /2) with k large enough. We thus
have

Jm (|2, Ol o (Blag,re 2 = 0, for ¢ € (0,t0)-
Hence, by Theorem [5.3]
(@G, Ol o (B2 = 0, for ¢ € (0,t0)-
Since to € (0,7(m)) is arbitrary,
i ([a( )L (Bag,re /2 = 0, for t € (0,T(m)). (2.7)

Next we show that T'(ug) = T(m). Let us assume, to the contrary, that there
exists a constant L > 0 such that

BT SRTE) | YA

Since v; < 0 and limy_, () v(t) = 0, there exists Ty € [0,7'(m)) such that
L

’U(To) S g

From (2.7) there exists a constant kg > 0 such that

wl

sup [lu(-, To) — v(To)ll oo (B(ar,ri/2)) <
k>ko

From ([2.8)), we see that

sup {[|u(, To) — v(To)|| Lo (B(ar,r/2)) }
E>ko

= sup {ess SUPye B(ag,rk/2) u(z, Tp) — v(TO)}

k>ko
L 2L L

S

- 3 3 > 3
This is a contradiction. We thus conclude that

o [ el 0o

and T'(ug) < T(m). By Theorem we see that T'(ug) > T(m). We thus obtain
T(ug) = T(m). O

The next lemma shows that the solution of (1.1)-(1.2) does not vanish in R¢
even at the vanishing time. The lemma is shown by using the argument in [22]
Lemma 2.3] (see also [30]).
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Lemma 2.2. Let u(z,t) be a solution of (L.I)-(1.2) in R? x [0,T(m)) with m
defined in (1.4). Suppose that there exist ty € (0,T(m)), a € R, rg >0 and 6 > 1
such that
u(z,t) > 0p(T(m) —t) inlz—al <rg, to <t <T,

where ¢ is defined in (L.10). Then u does not vanish at t = T'(m) in a neighborhood
of a.
Proof. For convenience we let T' = T'(m). We shall construct a suitable supersolu-
tion. Put ¢ > 0 and 6 = 6(¢) € (1, 0) satisfy

Op(T — to+¢/2) < 0p(T — tg). (2.10)
Define -

w(z,t) = 0p(T — t + h(r)),

where r = |z — a| and

1+ cos - T\ 2
_ ro ) _ n
(o) —f( 7)) =e{eos (50}
Thus, from ((1.10)) and ( we have
—Aw+w™P=—0¢ — 0o Ah— éw”\Vh\Z (0p)~P
—i(—¢ ){1+Ah+ . gy,
where
Vh:hrvrzhrx;“,

~1
Ah = div(Vh) = hy, + dThr.

Since " = —pp P~ 1y’ there exists to € (0,T) such that for t € (to,T)
1/
14+ Ah+ 2 |Vh2 = 7P~ = 1+ Ah— pp P~} | VA% — 7~
14

p|Vh|?
(p+1)(T —t+h)

- d—1 p|Vh|?
>(1—671! j- hy ) — .
= )+< A ) (p+1)h

(2.11)

>(1—071)+Ah—

We thus conclude that
w <Aw—w™P Jz—al <ro,to <t <T,
w(x,to) < u(z,to), |z —al <o, (2.12)
w(z,t) <ulz,t), |r—al=roto<t<T

for any € > 0 sufficient small.
By Theorem [5.3] for « € B(a,ro) and t € [to,T) we have u(z,t) > w(z,t). Since
 is an increasing function, we obtain

u(zx,t) > §<p(T —t+ h(%)) = écp(T—t—F g) for (z,t) € B(a,r9/2) X [to,T).

From ([2.10)), we see that
Op(T —t+¢/2) < O0p(T —t) fort e (ty,T).
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Since
u(z,t) > 0p(T —t) for (z,t) € B(a,r0/2) X [to,T),
we have 3 .
u(z,t) > 0p(T —t + 5) for (z,t) € B(a,ro/2) X [to,T)
and u does not vanish at ¢t =T in B(a,r9/2). O

Next we show that the condition on ug in Theorem is equivalent to the one
in Lemma 211

Lemma 2.3. Assume (1.3)-(1.4). Condition (1.9)) is equivalent to condition (2.1)

for sequences {ar}52; C R® and {ri}32, satisfying 0 <1 <73 <...— 00.
Proof. 1f (1.9) is assumed, since B(0,7) C R? for any k € N, we see that

Jmluo (2 + ax) = ml| =B =0,

which gives (2.1).
Assuming that ([2.1) holds, for zp € RY we let kg = ko(xg) > 0 be such that
B(zo,1) C B(0,1) for k > k. Since
i [luo —mll L= (Bay,r)) = 0,
we have
uo(z +ar) — m a.e. in B(xg,1) as k — oo.
Since xg € R? is arbitrary, we obtain (T.9). O

Finally, we shall prove that the vanishing occurs only at space infinity by using
Lemma [2.2)

Proof of Theorem[1.1 Lemmas [2.1and [2.3]yield T'(ug) = T(m). Let T = T'(ug) =
T(m). We need to show that for any a € R? there exist ty € (0,7), ro > 0 and
6 > 1 such that for x € B(a,ro) and t € [tg,T)

u(x,t) > 0p(T —t).
From the strong maximum principle (or Theorem , we obtain

u(z,t) > v(t) for (x,t) € D x (0,7T)
for any compact set D C RZ. We thus may let ug(z) > m for x € B(a,ry) without
loss of generality. Let w(x,t) be a solution of

wy = Aw, x € B(a,rg),t >0,
w(z,t) =1, =€ dB(a,rg),t >0,
1 < w(x,0) <wug(xz)/m, € B(a,ry),
w(z,0) 1, € B(a,ro).

It is clear that vw < w on dB(a,r9) x (0,T) and B(a,rg) x {0}. From (2.13) we
obtain

(2.13)

(vw)y = —vPw + vAw < —(vw) P + A(vw).
Then for any a € R? and any ry > 0, vw is a subsolution of — in B(a,ro).
Thus, by the strong maximum principle, for any (x,t) € B(a,r9) % (0,T), we see
that w(x,t) > 1. In particular, for any 7y € (0, ro) there exist 6 > 1 and ¢y € (0,7
such that
w(z,t) >0, |r—al <o, to<t<T.
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This implies

u(z,t) > 0p(T =), |v—al <7, to <t <T
by the comparison principle. By Lemma[2.2] u does not vanish in a neighborhood
of a. Since a € R? is arbitrary, it does not do in R%. ]

3. BEHAVIOR AT VANISHING TIME

In this section we prove Theorem [I.3] The proof for the theorem uses the argu-
ment of the proof in [30, Theorem 3]. First we introduce a lemma on the existence

for the solution to (L.1)-(1.2) at ¢t = T'(m).

Lemma 3.1. Assume the same hypotheses as in Theorem . Then u(z,T) =
lim; 7 u(x,t) exists for any * € R? with T = T'(m). Moreover u(z,T) € C=(R?).

The proof of this lemma shall be shown in Appendix B. Now we proceed with
the proof of Theorem

Proof of Theorem[2.3. Tt is clear in the case ug = m. We should only consider the
case ug # m. Let {ri}32, be as defined in Lemma Let € > 0 be sufficiently
small so that e < b —m, where b = sup,cga uo(x). Let

m+ e, | —ag| <rp —1,
ug (@) = (b—m—e)(|lz —ar| —r) +b, 7~ 1< |o—ap| <7, (3.1)
b, |l — ag| > g,

and u*¢, v° be solutions of (T.1)-(T.2) with initial data g and m +e. We write
T¢ = T(m + ¢) for simplicity.

From Lemma for any € > 0 there exists a natural number ky € N such that
for any k > ko, if x € B(ag,7/2),t € (0,7°¢), then

vE(t) + & > uPe(x,t). (3.2)
By the comparison principle (see Theorem for any # € R? and any t € (0,7¢),
ubf (z, ) > u(z,t). (3.3)

Since T(m) < T¢, by Lemma (3-2) and (3.3), for any € > 0 there exists
ko = ko(e) € N such that for any k& > ko

v¥(T'(m)) + e > u(ag, T'(m)). (3.4)
Since € > 0 can be chosen arbitrarily small and lim._,q v*(T'(m)) = 0, (3.4) implies
klim u(ag, T'(m)) = 0.

4. PROFILE AT VANISHING

To prove Theorem we construct a subsolution and a supersolution of the
form (T —t + g(x,t)) with T = T(m), as we have explained before. This is a
modification of the method employed in [20] and [29] to study blow-up profile for
a semilinear heat equation. Let

92 5@, t) = g% (x,t) = y G s —y, )Y (y)dy, (4.1)
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where

ety = 2 ( [f? )
——— Gz, =———exp| — ——
(t+y) N R Ty

with @« € R, 8 > 0, v > 0 are constants (see [5]). Note that glﬁ also may be
expressed as

G’oyz,ﬂ (LL', t) =

apl@t) = | Gy t)p(e —y)dy.
R
It is easily seen that:

\/&gg 1,1
IVga 0l < 7; =3 (4.2)

¥ ¥

Ja42,2 d9a+1 0
Agl o= = — =, 4.3
ga,O 4 92 ( )
974-2 2
atg;/,o = T - agg+1,0’ (4.4)
¥
90,3

7 1) = —>—. 4.5
ga,ﬁ(‘x’ ) (t-’-’}/)a ( )

Before proving Theorem [T.4] we prove the next two propositions.

Proposition 4.1. Assume that p > —1. Let v be a positive bounded continuous

function satisfying (1.12)-(1.15) and

ve (0, % - T). (4.6)

Then for any C > 0 the function

W(z,t) = (T —t+Cg’, o(x,t)) (4.7)
is a supersolution of (L.1)) in R x (0,T) for a satisfies a > oy with some constant
a1 = ay(p,d,C1,Ca,a,T,7y) > 0, where ¢ is defined in ((1.10)).

Proposition 4.2. Assume the same hypotheses as in Proposition [{-1. Then, for
each constant C > 0, the function

w(z,t) = (T —t+Cg, o(,1)) (4.8)
is a subsolution of (1.1)) in R? x (0,T) provided that o satisfies o > ay with some
constant ag = as(p,d,Cr,Co,a,T,7) > 0.

Before proving Propositions [4.] and [£:2] we need one lemma on estimates for
90,6
Lemma 4.3. Assume the same hypotheses as in Propositions[/.1] and[{.2 Then for
B =0, 1, 2, there exist constants C3 = C3(C1,7) > 0 and Cy = C4(Co,a,T,~v) >0
such that
Catp(x) < g3 5(,t) < Carp(x) in R x [0, 77,

where Cy and Co are in (1.14) and (1.15)), respectively.
Proof. First we show gg 5(z,t) > Cy3p(z) with some C3 > 0. From (I.14) we see
that there exists a vector ¢ € B(0,min{1,2/v/d}) such that

Ba) <20 inf () (49)

z€B(gq+=z,1)
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for each z € R?. If (4.9) holds, then we see that

Wa@t) > inf p() x /

z€B(q+z,1)

5 ep (= W2
> ¥(z )201 /B(ql lyl exp( ™ )dy-

Since |y|® exp(—|y|?/47) is radially symmetric and |q| < 2/v/d, we have

8 |y| / B |Z/|2
y|” exp dy = y[Texp ( — =—)dy
/B(q,l) o ( 4y ) B(4,1) v ( 4y )

> B _ m d
> ly|” exp )W
B(0,1)n[0,1]¢ Y

where ¢ = (%, %, e 7) We thus obtain

. ly|?

. 3

9l 5(z,t) > Y(z )7/ |y eXP(**>dy
0,8 2C1 JB(0,1)n(0,1) 4

>¢($)# | \ﬁex (—@)d
= 24110, 3(01)y p Ay Yy

Let
9—1-d

. y|?
C3 = min / P ex (—'—)d
S Pl ly|” exp )
9—1-d

2 lyl?
= y|“exp | — =—— )dy.
Cy /13(0,1) ol ( 4y )

905, ) = Cath(x)

(4.10)

Then we have

for any x € R?,
We next prove ggﬁ(x,t) < Cyp(z) with some Cy > 0. In addition to satisfying

([4.6) we may assume that
1

— —a > 0.
4T + )

We thus see that from (1.15)),

1
Y < 163 I 2
9o.5(, ) < Cotp(x) /Rd |yl exp{ (4(T+7) a)lyl }dy
for t € [0,T]. By putting

Cs = gmax o [l esn { = (i ) o e

we obtain g] 5(z,t) < C4z/J( for t € [0,T]. O

Proof of Proposition[{.1 By a direct calculation we have
AW+ W™ = —¢' + 0’0y, (4.11)
— C@,Agza’o _ |Cvgza’o|24p" + 307P' .

From (4.3)-(4.4) we have

d
(at - A)gzaﬂ = (a + §>gza+170- (412)
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Since
o =P, (4.13)
@’ = —pp P! (4.14)
and
P =+ )T —t+Cg" ) = 0+ 1)(Cq o)
we obtain il N |2
ClplIVgLl, o
CVgY o2y < —— =20 4.15
| ol w CESV ® (4.15)
Lemma [4.3] (4.2) and (4.5) yield
Clpld(g” oy1.1)? ClpldCZ(t +~)* 2y
CVgY ., o2¢" < ot I< 4 ! 4.16
| ole dp+1)g’, 0 v 4C3(p +1) i (4.16)
From (£.13), (4.12), (4.16) and Lemma[4.3] we have
_ _ d\  ClpldC3(t + )2
7A P> t a—1 el T 4 /
Wi — AW+ W™ 2 {03( +) (‘” 2) AC3(p+ 1) }‘P
d Clp|dC? 2y
> lc —) - =ke a=2 0
—{ 37(0‘+2) 4C3(p+1)}(t+7) v
If o satisfies CC’2| |
d d 1
> = o alpld @2 .
a> o max{40§7(p+1) 272} 0, (4.17)

then W is a supersolution of (I.1)) in R¢ x (0, T'). O
Proof of Proposition[{.3. As before, for ¢ = o(T —t 4 Cg], o(x,t)) we have

wy — Aw +w ™ = —¢' + CP'Biga 0 — C¢'Ag) o =[OV o|*¢" + 77

. Cé‘tgl,o i C’|Agg)0| ‘vayg,o|2 (4.18)
- gpp @p ¢2p+1
by (4.13)-(4.14)). It is easily seen that
PP =+ 1)(T—t+Cgly) = (p+1)(Cyl o) (4.19)

From Lemma (4.2), (4.5) and (4.19)), it follows that

Vo Vg, CyVd
|—2r| < — < . (4.20)
QP 2(p+ D +)g00 — 2v(p+ 1CCs
Substituting (4.20) for (4.18)), and using (4.3)-(4.5)), we have
wy — Aw +w™P
Clp+1 CaVdlplgg,
< M [9&2 + (t+ ’Y){ - 20193,0 + 93,0 + W_’_({;H
Clp+1)y Cud|p|
< — | =2 1 T 14+ ————
= (t—i—’y)a‘”(p{ a703+04{ + J”)( +4C'3(p—|-1))H
in R? x [0, 7). If « satisfies
Cy Cud|p|
> = _ .
a>an 2703{1+(T+7)<1+403(])“))}, (4.21)

then w is a subsolution of (LI in R? x (0, 7). O
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Proof of Theorem[I]. Let ¢ = ¢1(Ca,a,v,a) and co = ¢2(C1,7, @) be positive
constants such that

9370(;570) < Cl¢(x)7 gza,0($7 0) 2 02¢(x)
with a > 0 as in Lemma [£.3and (£.F]). Hence
mPT 4 C1g5.0(2,0) < ub ™ (z) < mPt 4 Chg” o 0(,0)

with C; = C]/Cl and Cf, = C[[/Cz.
Since mP*1 = (p+ 1)T by (1.7), we have

w(z,0) = {(p+ 1)T + Cig] o(2,0)}/ P+ < up(a)
<{lp+ 1T+ Chg’  o(z,0)}/PD =W (z,0),

where W and w are defined in (4.7) with C = C),/(p + 1) and (4.8) with C' =
Cy/(p + 1). Propositions and the comparison principle (see Theorem [5.3)
yield
w(z,t) <u(z,t) < W(x,t) inR?x[0,T).
We thereby get
{Clgg,o(va)}l/(erl) < u(va) < {Chgza,o(xa T)}l/(p+1)'
Taking C = (C;C3)"®+1) and C" = (C,C4)V®*+1) | by Lemma 4.3

Cwl/(zﬂrl)(x) < u(x, T) < wal/(pﬂ)(x).

Choosing
1 T
T=g T o= max{a, as}
with «; in (4.17)) and a9 as in (4.21)), we see that C' depends only on Cy, Cy, a, T,
Cr, and C’ does only on C1, Ca, a, T, Cyy. O

5. APPENDIX A: EXISTENCE AND UNIQUENESS OF THE CLASSICAL SOLUTION
AND COMPARISON PRINCIPLE

In this section we prove that Cauchy problem — with conditions (L.3)-
has a unique positive classical solution, as well as a comparison principle.

First, we consider the local existence and uniqueness of the classical solution for
the problem in time. We know that the solution of — satisfies the integral
equation:

u(z,t) = ePug(z) —/0 e8P (g, s)ds, (5.1)
where
¢e@) = [ Gla = ey (52)
Rd

with G(z,t) defined in (2.4) and a measurable function . The function Z(x,t) =
e!2¢(x) is the unique solution to

E =AE, zeRt>0,
2(x,0) = &(z), =€ R

Now we consider the existence in time of a local solutions to (5.1]).
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Lemma 5.1. Assume that u is the solution of (5.1), where p > —1, p £ 0, ug is
bounded continuous, inf cga ug(x) = m > 0 and sup,cga uo(z) = M < co. Then
the solution satisfying u > m/q exists in R? x (0,T) with

T < Tpi(q) = {an{q e et (5.3)
' mln{(q—l)Mp,m(%)p %, —-1<p<O,
where ¢ = § = q(m, M) is a positive solution of
q—1= 1, p >0,
L (5.4)
(q—1)MP = —(—)", —1<q<0.

e
Moreover, the solution is a unique classical solution of (L.1])-(1.2).

Proof. First we show the existence and the uniqueness of the local solution of (5.1
by a fixed-point theorem. Define

u) = ePug(z) — lte(t*S)Auﬂ” x, s)ds. .
W) = L) - [ (z,5)d (5.5)

Set
BEr ={u:[0,T) = L®R"); |ul g, < oo}
with the norm
[uller = sup [lu, t)|| oo @ay.-
te[0,T)

Define
M . :
By, = {u € Er; (I’t)ei&fx[oﬂu(x,t) >m/q, |ullpr < M}.

with some ¢ > 1. Let u € Bn]\f/q. Then, for p > 0,

¢
W (u) = e®ug(z) —/ =98y 7P (2, 5)ds
0

T
s [ (s (L
0 m m
and for —1 < p <0,
T
U(u) > m—/ M™Pds=m — M~PT.
0
If T satisfies (5.3)), then ¥(u) > m/q and ¥ is a mapping from B%/q to itself.
Rest of the proof we should show that

W (u1) = (ug)|gr < Cllur — uallpr

with some C € (0,1). For uj,us € Bf\rf/q,

wmn—wwn§AeWﬂﬂwnwuﬁwwmr%mwm.

By the mean value theorem

1
u P —uy? = —/O p{Ouy + (1 — 0)up} P dO(uy — us).
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Since u1, uz > m/q, we obtain
q \p+1
[ (ur) — W (u2)|pr < T|p\(a)p ur — uallpp < Cllur — uz|| By

with C' € (0,1) for
mPt1

T< 1.
plg*!
We thus see that if T satisfies (5.3)) and (5.6)), then ¥ is a contraction map in BM

m/q

and have one fixed point in BY, for (z,t) € R? x (0,7). Thus (5.1) has a unique

m/q
solution in R% x (0, 7). Since ¢ > 1 is arbitrary, we may let ¢ = q.

To complete the proof of Lemma let u(zx,t) be the nonnegative and bounded
solution of that has been obtained in R? x [0,T) for some T > 0. By ,
u(z, t) is continuous in R x [0, T'). Moreover, by considering the difference quotients
{u(z1,22,...,2j_1,2; + h,xjs1,...,24,t) —u(z,t)}/h with h — 0, one easily sees
that du(x,t)/dz; is locally bounded in R? x [r,T) for j = 1,2,...,d and any
7 such that 0 < 7 < T. Then, since u > m/q > 0, u P are locally Holder
continuous functions in space uniformly with respect to time. It then follows from
the representation formula that u is a classical solution of — in R% x

O

(0,T) with (1.3)-(L.4) (see [1, Chapter 1, Theorem 10]).

Remark 5.2. Note that T,, as(g) defined in (5.3) has a maximum number at
q = q. For p > 0 it is clear that ¢ = (p 4+ 1)/p. On the other hand, for —1 < p < 0,
q = lim,— 00 gn, (< 00) with the sequence {g,}5°; satisfying

i(%
Ip| *m

Next, we recall a comparison result for the solution existing locally in time.

(5.6)

@ =1, Gn+1 =1+ )_pq;p for n € N.

Theorem 5.3. Let D C R, Assume ug(x,t), us(x,t) € C>Y(D x (0,T)) satisfy
the partial differential inequalities

(uz)e > Auz —uz”, (5.7)

(ug)r < Aug —uy® (5.8)
with ug(z,0) = uz o(x) and ua(z,0) = uao(x), where us o and usg are continuous
in D. Assume that uy is bounded in D x [0,T") for any T' < T. Assume that ug is
bounded from below in D x [0,T")} for any T' < T. For D # R%, if uzo > usp in
D and uz > uy on 0D, then uz > uy in D x (0,T). On the other hand, for D = R,
if ugo > ugo in RY, then uz > uy in RY x (0,7).

Proof. The proof is based on an maximum principle for a parabolic equation (see
[23]) and is standard (see [17], [2], [25] and [§]). O

Next we introduce more strong result for the comparison principle.

Theorem 5.4. Assume the same hypotheses as in Theorem with D = R, If
uz0 Z ug0 n R, then ug > uy in R x (0,7).

Proof. Let @ = u3 —ug. From Theorem 5.3 we see that @ > 0. For t € [0,T”) with
T < T,
Wy = AW —ug? —uy’ = Aw + bz, t)w
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with b defined by
1
b(z,t) = / plus(x,t) + 0(uqg(z, t) — u;;(x,t))}*pfld@. (5.9)
0

Note that b(z, ) is bounded in R? x (0,T"). Put b(t) = inf,cga b(z,t) and

W(z,t) = exp { —/0 B(S)ds}tb(m,s).

Since b(z,t) > b(t) and W > 0, we see that
Wi = AW + (b(z,t) — b(t))W > AW

and

W(z,0) =ug(z) —m (>0, £0). (5.10)
By the basic comparison principle and , we get
W (x,t) > e (up(x) —m) >0 in R x (0,T"),
where et is defined in . Since T” < T is arbitrary, we obtain
W(z,t) >0 inR?x (0,7).
We thus see that
w(z,t) > 0in RY x (0,7T),
uz(x,t) > ug(z,t) in RY x (0, 7).
O
Finally, we show the existence of solutions for problem — in R% x
(0,T(m)).
Theorem 5.5. Problem - with initial data satisfying 7 has a

unique classical solution in R* x (0,T(m)).
Proof. Tt is clear for the case p = 0 and the case wug is a constant (in the case
m = M). We consider the other case such as
p>-—1, p#0, (5.11)
m < M, (5.12)

where m = inf, cga uo(z) and M = sup,cpa uo(x).

From Lemmal5.1] (5.3), (5.4) and Remark[5.2] the problem has a unique classical

solution in RY x (0,7T}], where

1—e)(g—1) (=) p>o,
T (71 e)(g—1)(%) p (5.13)
== MPm, —-1<p<0,
with .
G=1+— (5.14)
Ip|

and some ¢ € (0,1). Note that the fact ¢ < § means T1 < T, am(q), where T, ar

and g are defined in (5.3 and (5.4)).
Let v (t) and var(t) be solutions of (|1.6) with initial data v,,(0) = m and

v (0) = M. Theorem [5.3] yields
O (t) < ulz,t) <wop(t) in RY x (0,71). (5.15)
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Let {m,}52, and {M,}22, be such that mg

=1m, MO = M7
pP(1—e) 1/ (p+1)
Mp+1 = mn{l - (p+1)z: 1/E +1) p= 07 (516)
ma{1— (=) "2 —1<p <0
and )
p(l mn p+ p+
My = M, {1 - p+1)8) (57)" ) , p>0, (5.17)
M, {u%ip}”“’“) ~1<p<0.
Then, (1.8]), and ( - yield v, (Th) = mq and vp(T1) = M;. Moreover,
from ([5.15) we obtaln my <u(z,Th) < M.
Next, we consider

(u1); = Auy —u?, xRt >0,

uy(z,0) = u(z,T)), xcR

By the same argument as above, we see that the problem has a unique classical
solution in R x (0, T3], where the sequence {T},}22 ; is defined by

T _ {(1 —9@- (") p>o,

5.18
qlMﬁ_lmn,l, —-1<p<0 (5.18)
with ¢ defined in (5.14)).

It is known that uy (z,t) = u(z, Ty +t). We thus see that (L.I)-(L.2)) has a unique
classical solution in R% x (0, T3] with

Tn:ZTk for k € N.

Moreover we have Um(TQ) = ma, UM(TQ) = M, and my < u(:c,Tg) < M,.
For n € N, by using same argument as above n — 2 more times, we see that
([T.1)-(T.2) has a unique classical solution in R? x (0, T},]. (5.19)
Moreover we have vy, (T},) = my, var(Th)

w) = M, and m,, < u(x,Tn) < M,,. Note
that n € N is arbitrary for these results.
Finally we should show that

lim T, = T(m).

(5.20)

Since vy, (t) is decay function with respect to ¢t and v,,(T,) = m, > 0 for any
n € N, we only should prove

lim v,,(T,) = lim m, = 0. (5.21)
Put pn, = my/M,. From (5.12) we get

T,
sup fin, = sup M <

neN neN ’UM(Tn)

From ) and - we see that

Um (t)
sup
te[0,7(m)) VM (1)

<1 (5.22)

1-22059 1/ (p+1)
“"{1 PP—c) p+1}
Pl = p+nP Hn

1 #—plﬂa 1/(p+1)

, p>0,

(5.23)
, -1 <p<O.



EJDE-2014/29 ON VANISHING AT SPACE INFINITY 17

Since {pn}22, is a decrasing sequence with respect to n, by the monotone con-
vergence theorem and we have lim, o tt, = b with some b € [0,1). We
cleam that lim, . p, = 0. By contraries, assume that lim,, . pt, = b > 0. Then
from we obtain that b = 1 and a contradiction occurs. We thus obtain

limy,— o0 b, = 0. This means (5.21)) and (5.20). Since (5.19)) holds for any n € N,
(1.1)-(1.2) has a unique classical solution in R% x (0,7(m)). O
6. APPENDIX B: EXISTENCE AND REGULARITY OF THE SOLUTION AT t = T'(m)
In this section we prove Lemma Let T = T(m).
Proof of Lemma[3.1] From Theorem for any a € R? and any R € (0,V/T),
there exist constants C; = Ci(a, R) > 0 and Cy = Cs(a, R) > C} such that
Cy <u(z,t) < Cy for (z,t) € Q(R), (6.1)
where Q(r) = Q(r,a) = B(a,r) x (T —r? T). Then there exists constant C3 =
Cs3(a, R,p) such that
lullzs@ry) < Cs, [u™PllLa@ry) < Cs.
From [19, Theorem 6.4.2], we have
lullwz gy < Ca (™l @y + 1l Ly@ry) < Cs
with constants g > (d + 2)/2, Cy = C4(d,q) < o0, C5 = Cs(a, R,p,d,q) < 0o, and
r1 = R/2. From [21] II, Lemma 3.3] we obtain
[ulles Qe < Collullwzrqey + lullL,@ay) < C7
with a € (0,1), Cs = Cs(d,q,a) < oo and C7 = Cr(a, R,p,d,q,a) < co. From
(6.1) we see that
[u™llca@er)) < Cs

with Cs = Cs(a, R,p,d, q,a) < co. From [I, Chapter 3, Theorem 5] we get

[ullcz+e(@era)) < Colllullca@ery) + IuPlloa@em)) < Cro (6.2)

with ro = r1/2 = R/4, Cg = Co(a, R,d, o) and Cig = Cio(a, R, p,d, q, ).
Next put u; = Au. Then we see that

(u1)e = Auy +pu™" " uy — p(p+ Du P72 Vul>.
From and we have
lluillco(@ere)) < Chos
lpu™" uy = p(p + DuP72[Vul* | oe (@) < Cu
with Cy; = C11(a, R,p,d, q,a). From [I] again,
||u1||02+°‘(Q(T3)) = ||U||C4+“(Q(r3)) <Ch

with r3 =79/2 = R/8 and C13 = Ci2(a, R, p,d, q, @).
Iterating this argument n — 1 times, we have

||u||02n+2+o¢(Q(TTL)) S 013
with r, = R/2™ and C15 = C13(a, R, p,d, q,,n). We thus see that
Anut((t,t) < Cyy for ((t,t) € Q(Tn)
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with C14 = C14(a, R, p,d, q,n). By integrating A"u;(a,t) from T — r, /2 to T with
respect to ¢ and subtracting A"uy(a,T — r,/2), we obtain A"u(a,T). Thus we see
that A™u(a,T) exists.

Since a € R? and n € N are arbitrary, we obtain u(:, T') € C°>°(R%). O
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