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RELAXATION IN CONTROL SYSTEMS OF FRACTIONAL
SEMILINEAR EVOLUTION EQUATIONS

XIAOYOU LIU, XI FU

ABSTRACT. We consider a control system described by fractional semilinear
evolution equations with a mixed multivalued control constraint whose values
are nonconvex closed sets. Along with the original system, we consider the
system in which the constraint on the control is the closed convex hull of the
original constraint. We obtain existence results for the control systems and
study relations between the solution sets of the two systems. An example is
given to illustrate the abstract results.

1. INTRODUCTION

Let J = [0,b] and 0 < a < 1. In this paper, we consider a control system
described by fractional semilinear evolution equations of the form

CDex(t) = Ax(t) + h(t, z(t) + g)u(t), teJ,
z(0) = wo,
with the mixed nonconvex constraint on the control
u(t) e U(t,z(t)) a.e. on J, (1.2)

where ¢ D¢ is the Caputo fractional derivative of order «, A is the infinitesimal
generator of a strongly continuous semigroup {7'(¢),t > 0} in a separable reflexive
Banach space X, g : J — L(Y,X) (L(Y,X) is the space of continuous linear
operators from Y into X), h: J x X — X is a nonlinear function and U : J x X —
2Y\ {0} is a multivalued map with closed values (not necessarily convex). The space
Y is a separable, reflexive Banach space modeling the control space.

Along with the constraint on the control, we also consider the constraint

u(t) ecoU(t,x(t)) a.e. onJ (1.3)
on the control. Here €0 stands for the closed convex hull of a set.
The solutions to the control systems considered in this paper are in the mild

sense and the precise definition will be given in Definition below.
We denote by Ry, Tru (Resu, Tresu) the sets of all solutions, all admissible

trajectories of the control system (L.1]), (1.2) (with the control system (1.1)), (1.3)),

respectively).

(1.1)
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The main results obtained in this paper are that: 7rgy is a compact set in
C(J,X) and the relaxation property

T’/’@U = T’I”U (14)

holds, where the bar stands for the closure in C'(J, X).

Recently, fractional calculus and differential equations have been proved to be
valuable tools in the modeling of many phenomena in various fields of science and
engineering. We can find its numerous applications in viscoelasticity, electrochem-
istry, control, porous media, electromagnetic, etc., see [7, [8, [10] for example. There
has been a great deal of interest in the existence of solutions of fractional differential
equations. One can see the monographs of Kilbas et al [12], Miller et al [I§], the
survey of Agarwal et al [I], 2], Liu et al [T4} [I5] and the references therein.

Abstract fractional semilinear differential equations represent a class of fractional
partial differential equations. For the study of their existence results, we can refer to
Zhou and Jiao [31],[32], Wang and Zhou [29] and the references therein. For control
systems governed by fractional semilinear differential equations, many literatures
were devoted to give sufficient conditions for their (approximate) controllability and
optimal control theory. For instance, Kumar and Sukavanam [13], Sakthivel et al
[19, 201 211 22], Ganesh et al [6] (approximate controllability). Wang and Zhou [30]
(optimal control theory).

Relaxation property, such as , if true, has important ramifications in control
theory, since it implies that every trajectory of the convexified (full) system can be
approximated in C(J, X) norm, with arbitrary degree of accuracy, by trajectories
of the original system. There are many papers dealing with the verification of the
relaxation property for various classes of control systems, for instance, Tolstonogov
[23] of control systems of subdifferential type, Migérski [16 [I7], Tolstonogov[24],
Tolstonogov et al [26], Denkowski et al [4] (c.f. Section 7.4) of nonlinear evolution
inclusions or equations.

In this paper, we study the relaxation property for control systems described by
a class of fractional semilinear evolution equations. Please note that the control
systems studied here are closed-loop systems (feedback control systems) while the
ones considered in papers related to this work cited above were concerned with
open-loop systems.

The rest of the paper is organized as follows: In section [2] we introduce some
useful preliminaries and give the assumptions on the data of our problems. Some
auxiliary results needed in the proof of the main results are given in section [3
Section [4] deals with the existence of solutions for the control systems. The main
results are presented in section An example and some concluding remarks are
given in sections [6]

2. PRELIMINARIES AND ASSUMPTIONS

Let J = [0,b] be the closed interval of the real line with the Lebesgue measure
w and the o-algebra ¥ of p measurable sets. The norm of the space X (or V) will
be denoted by || - ||x (or || - ||y). We denote by C(J, X) the space of all continuous
functions from J into X with the supnorm given by ||z|[c = sup,c; |lz(t)||x for
x € C(J,X). For any Banach space V, the symbol w-V stands for V' equipped
with the weak o(V, V*) topology. The same notation will be used for subsets of V.



EJDE-2014/26 RELAXATION IN CONTROL SYSTEMS 3

In all other cases, we assume that V and its subsets are equipped with the strong
(normed) topology.

We first recall the following known definitions from the theory of fractional cal-
culus. For more details, please see [12] [18].

Definition 2.1. The fractional integral of order o with the lower limit zero for a
function f is defined as

L f(s)
I“f(t) = ds, t>0 0
f(t) P(a)/o (o siats >0 a>0
provided the right hand side is point-wise defined on [0, 00), where I'(+) is the gamma
function.

Definition 2.2. The Riemann-Liouville derivative of order o with the lower limit
zero for a function f is defined as

Ld )
L na
DYf(t) = ———— ——d t>0,n—1 :
f(t) F(n—a)dt"A (= s)atin s, t>0,n <a<mn
Definition 2.3. The Caputo derivative of order a with the lower limit zero for a
function f is defined as

n—1
tk

CD“f(t):LDO‘(f(t)—ZEf(k)(O)), t>0,n—-1<a<n.
k=0 "

If f is an abstract function with values in X, then integrals which appear in
Definitions .1l and [2.2] are taken in Bochner’s sense.

We now proceed to some basic definitions and results from multivalued analysis.
For more details on multivalued analysis, see the books [3] [TT].

We use the following symbols: Py (Y') is the set of all nonempty closed subsets
of Y, Py¢(Y) is the set of all nonempty, closed and bounded subsets of Y.

On P,;(Y), we have a metric known as the “Hausdorff metric” and defined by

h(A, B) = max { sup d(a, B), supd(b, A)},
acA beB
where d(z, C) is the distance from a point z to a set C. We say a multivalued map
is h-continuous if it is continuous in the Hausdorff metric A(,-).

We say that a multivalued map F : J — P¢(Y) is measurable if F~1(E) = {t €
J:F(t)NE #0} € X for every closed set E C Y. If F: J x X — P(Y), then the
measurability of F' means that F~'(E) € ¥ ® Bx, where ¥ ® Bx is the o-algebra
of subsets in J x X generated by the sets A x B, A € X, B € Bx, and By is the
o-algebra of the Borel sets in X.

Suppose V, Z are two Hausdorff topological spaces and F : V — 22\{()}. We
say that I is lower semicontinuous in the sense of Vietoris (l.s.c. for short) at a
point zg € V, if for any open set W C Z, F(xq) N W # (), there is a neighborhood
O(zo) of g such that F(x) N W # 0 for all z € O(xp). F is said to be upper
semicontinuous in the sense of Vietoris (u.s.c. for short) at a point g € V, if for
any open set W C Z, F(xg) C W, there is a neighborhood O(xg) of xg such that
F(z) C W for all z € O(xg). For the properties of l.s.c and u.s.c, please refer to
the book [I1].
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Besides the standard norm on L4(J,Y) (here Y is a separable, reflexive Banach
space ), 1 < ¢ < oo, we also consider the so called weak norm

u(-)|lo = sup H/ s)ds||,,, for u € LI(J,Y). (2.1)

0<t1<t2<b

The space L(J,Y) furnished with this norm will be denoted by L%(J,Y). The
following result establishes a relation between convergence in w-L94(J,Y) and con-
vergence in L% (J,Y).

Lemma 2.4 ([24]). If a sequence {un}n>1 C L1(J,Y) is bounded and converges to
win LY(J,Y), then it converges to u in w-Li(J,Y).

We assume the following assumptions on the data of our problems in the whole
paper.

(H1) : The operator A generates a strongly continuous semigroup T'(t), t > 0 in
X, and there exists a constant M4 > 1 such that sup,¢(g ooy [|T(¢)[| < Ma.
For any ¢ > 0, T'(t) is compact.

(H2) The operator g : J — L(Y, X) is such that:
(1) the map t — g(t)u is measurable for any u € Y;
(2) for a.e. t € J,

lg(®)llzev,x) < d, with d > 0. (2.2)

(H3) The function h: J x X — X satisfies the following:
(1) t — h(t,x) is measurable for all € X;
(2) there exists a function I € L*°(J,R") such that for a.e. ¢ € J and all
z,y €X,
[h(t, ) = h(t, y) | x < LBz = yllx; (2.3)
(3) there exists a constant 0 < § < « such that for a.e. ¢ € J, and all
r e X, |ht,2)|x < ai(t) + ci||z|x, where a; € LYP(J,RT) and
c1 > 0.
he multivalued map U : J x X — P;(Y)) is such that:
1) for all z € X, t — U(t,x) is measurable;
2) h(U(t, ), U(t y)) < k1(t)||xz — y||x a.e. on J, with k; € L>®(J,R*);
3) forae. t € J,and all z € X, ||U(t, )|y = sup{||v|ly : v € U(t,z)} <
as(t) + eal|z|| x, where ay € Ll/ﬂ(J R*) and ¢y > 0.

(H4) T
(
(
(

Definition 2.5 ([31, 32]). A pair of functions (z,u) is a solution (mild solution)
of the control system (L.1), (1.2)), if 2(0) = xo, x € C(J,X) and there exists
w € LY(J,Y) such that u(t) € U(t,z(t)) a.e. t € J and

t
2(t) = Po(t)xo + / (t— s)a_lQa(t —5) (g(s)u(s) + h(s, J;(s)))ds (2.4)
0
A similar definition can be introduced for the system , (1.3). Here
/ EOTE0)B. Qult)=a [ 06.O/T(E0)ds
0

£.(0) = —0 1*3%(9 a) >0,

sin(nmrar), 6 € (0,00),

1 = n 1 no— 1I‘(na—|— )
=Ly et
™ ot n.
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and &, is a probability density function defined on (0, c0); that is,

£a(8) 20, € (0,00), /sa _

It is not difficult to verify that
> 1
0¢,(0)df = ——. 2.
| a0 = s (25)

Lemma 2.6 ([31), B2]). Let (H1) hold. Then the operators P, and Q, have the
following properties:

(1) For any fized t > 0, P, (t) and Q.(t) are linear and bounded operators, i.e.,
for any x € X,

OéMA
P,(t <M ) alt <
I1Pae)ellx < Mallalls,  1Qu(e)ellx < Frots
(2) {Pa(t),t >0} and {Q4(t),t > 0} are strongly continuous;
(3) For everyt >0, P,(t) and Q.(t) are compact operators.

2[5

The proof of the above lemma can be found in [31].

3. AUXILIARY RESULTS

In this section, we shall give some auxiliary results needed in the proof of the
main results. We begin with the a prior estimation of the trajectory of the control
systems.

Lemma 3.1. For any admissible trajectory x of the control system (L.1)), (L.3);
i.e., x € Trey, there is a constant L such that

[zllc < L. (3.1)

Proof. Let any x € Trey. From Definition we have that there exists a u(t) €
coU(t,z(t)) a.e. t € J and

x(t) = Po(t)xo + /0 (t—5)*'Qu(t — s) (g(s)u(s) + h(s, x(s)))ds
Then by Lemma we obtain

aMA ' a—1
aMA ! a—1 .
w9 () xds
From (H3)(2), (H3)(3) and the Holder inequality, we have
[ = ints, e lxds
< [ =9 hton(s) — bl 0)llxds + [ = 5) s, 0)] s .

t t
< / (t —8)*7(s)||x(s)|| xds + / (t—s)* tay(s)ds
0 0
1- /6 a—p11-p i a—
S=20) aalln + Wlusco [ (€= 9 olo)lxds,
0

<
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Similarly, by (H2)(2) and (H4)(3), we obtain

Au—@*wmwwwuw

t

< d/o (t— s)o‘_l(ag(s) + 02||x(s)||x)ds (3.4)
1-— a—0 1-8 t

< d[f_gb 1*6} Ha2||L1/g(J) + dCQ/O (t —s)* H|z(s) || xds.

Combining (3.3)), (3.4) with (3.2)), we obtain

My K a—
lz@®)llx < Mallzollx + 57— (de2 + Uz () /0 (t =) Hla(s)llxds

F(l—i—a)
OZMA 1*5 a—03 1-8
iralazgt ] (lalovew + i)

From the above inequality, using the well-known singular-version Gronwall inequal-
ity (see [5, Theorem 3.1]), we can deduce that there exists a constant L > 0 such
that ||z|lc < L. O

Let pry : X — X be the L-radial retraction; i.e.,
NP L /P 2
o (r) =
”ilﬁ7 ||£C||X > L.

This map is Lipschitz continuous. We define U, (¢,2) = U(¢, pr z). Evidently, U;
satisfies (H4)(1) and (H4)(2). Moreover, by the properties of pr;, we have, for a.e.
teJ,alx € X and all uw € Uy (¢, ) such that

lully < az(t) + col and |[ully < az(t) + caflz| x-

Hence, Lemma is still valid with U(t, z) substituted by Ui (¢, z). Consequently,
henceforth we assume without any loss of generality that, for a.e. t € J and all
T € X,

sup{||lv|ly : v € U(t,2)} < @(t) = az(t) + coL, with ¢ € LYP(J,RT).  (3.5)
Let ¢ be defined by (3.5), we put

Y, ={uec LYP(LY): |u®)|y < o(t) ae. t € J}, (3.6)

Xy ={f e LYP(1,X): | f(t)|lx < dp(t) +ai(t) + el ae. t € J}. (3.7)

In accordance with (H2) and (H3), for any = € C(J, X) and v € LY?(J,Y), the

function t — g(t)u(t) + h(t,z(t)) is an element of the space L'/#(.J, X). Hence, we
can consider an operator A : C(J, X) x L8(J,Y) — LYP(J, X) defined by

Az, u)(t) = g(t)ult) + h(t, 2(1))- (3-8)
Lemma 3.2. The map (x,u) — A(x,u) is sequentially continuous from C(J, X) x
w-LMB(JY) into w-LYP(J, X).

Proof. Suppose that x, — z in C(J,X) and u, — u in w-LYP(J,Y). Let any
h € LYO=P(J, X*) be fixed. Now we may assume that ||z,|[c < M for some
constant M > 0 and n > 1. Then from (H2) and (H3), we can have the following
facts

h(t,zn(t)) — h(t,xz(t)) in X ae. t€J, (3.9)
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||h(t,l‘n(t))||x < al(t) + 1M, (3.10)

[ Ono.u 0~ [ 5 ©One).uv)ar (3.11)
where ¢g*(t) is the operator adjoint to g(t). From (3.9) and (3.10]), using Lebesgue’s

dominated convergence theorem, we obtain

h(t,z,(t)) — h(t,z(t)) in LY5(J, X). (3.12)
Since (h(t),g(t)u(t)) = (g*(t)h(t),u(t)) and h € LY=P)(J X*) is arbitrary, by
, we deduce that

gt un(t) — g(t)u(t) in w-LYP(J, X).
This together and imply

A(@p, un) — Alz,u) in w-LYP(J, X).
The lemma is proved. (I

Now we consider the auxiliary problem:
CDea(t) = Ax(t) + f(t), t € J = [0,0],
x(0) = xp.

It is clear that, for every f € LY/P(J, X), equation has a unique mild solution
S(f) € C(J,X) which is given by

S(F)(t) = Palt)ro + / (t— ) Qult — 5)f(s)ds.

The following lemma concerns with the property of the solution map S which is
crucial in our investigation.

(3.13)

Lemma 3.3. The solution map S : X, — C(J,X) is continuous from w-X, into
C(J,X).

Proof. Consider the operator H : L'/8(J, X) — C(J, X) defined by

t
HU® = [ (=57 Qult - 9f(5)ds.
0
We know H is linear. From simple calculation, one has

M 1 - a— 1-8
170l < s (350 Ilsons (3.14)

a—p3
i.e., the operator H is continuous from LY?(J, X) to C(J, X), hence H is also
continuous from w-L'/%(J, X) to w-C(J, X).

Let C € Py(LY#(J,X)) and suppose that for any f € C, IfllLrerx)y < K
(K > 01is a constant). Next we will show that H is completely continuous.

(a) From (3.14)), we know that ||H(f)(t)|x is uniformly bounded for any t € J
and f € C.

(b) H is equicontinuous on C. Let 0 < t; <ty < b. For any f € C, we obtain

IH (f)(t2) = H(f)(t2)]1x
= / (t2 = )" Qalt2 — 5)f (s)ds — / (t1 =)' Qalts — ) f(s)ds|




8 X. LIU, X. FU EJDE-2014/26

ta

< ) (t2 — 8)* ' Qalta — 5) f(s)ds|
-+ /0 ! ((t2 L s)a—l)Qa(tQ —5)f(s)ds||

+ H /0 1(t1 — 5)0171 (Qa(h —5) = Qalt1 — S))f(s)dSHX
=1+ I+ Is.

By using analogous arguments as in Lemma [3.1] we have

i
s o ([ (- = ) )
< it ([ @0 o)
it N R R VR B
< % [i;_g}l_ﬁ(tz -4)""K.

For t1 =0, 0 <ty < b, it is easy to see that Is = 0. For t; > 0 and € > 0 be small
enough, we have

I3 < H /Otl_e(h —s5)*! (Qa(t2 —5) = Qalt1 — «9))f(3)d3||x

+ H /ttle(h — S)O‘*1 (Qa(tz —5) = Qalts — 8)>f(5)d8||x

_ —B  a=8 a—
< sm>nQam—@—th—ﬁﬂét%T T

s€[0,t1—€]

200M 4 [1 —ﬂr BgafﬁK'
F(i+a)la—p
Combining the estimations for Iy, I, I3, and letting t5 — ¢; and € — 0 in I3, we
know that H is equicontinuous. For more details, please see [32].
(¢) The set II(t) = {H(f)(t) : f € C} is relatively compact in X. Clearly,
I1(0) = {0} is compact, and hence, it is only necessary to consider ¢ > 0. For each

h e (0,t), t € (0,b], f € C, and & > 0 being arbitrary, we define
Mp,5(t) = {Hns(f)(@): f€C,

where

t—h oo
His (D) = “/0 /(s 6t — 5)° "6 (O)T((t — )°6) f(s)dbds
= aAth /600 0(t - S)aflfa(e)T(hO‘(S)T((t _ 8)040 _ hacs)f(s)d@ds

t—h poo
= aT(h%0) /o /5 O(t — s)* 1 a(O)T((t — 5)™0 — h*6) f(s)dbds.
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From the compactness of T'(h*d) (h*d > 0), we obtain that the set II, s(¢) is
relatively compact in X for any h € (0,¢) and 6 > 0. Moreover, we have

IH(f)(t) = Hns(f) (@)l x

= al / / Ot — )° 7 €a(B)T((t — 5)°6) f()d0ds
" / /5 O(t — 5)* Ea(O)T((t — 5)°0) (s)dbds
-/ - o= O - o]
<af / t / 0t o) e 0T - $)°0)f (s)dods||
+a / h / 0t — 5)° €L (O)T((¢ *S)“f))f(S)deSH

1 1-8
< aaal [0 a5)  Uileon / 06 (0
0
t . 1—
+MAa</ (t - 5)ds) ||f||L1/ﬁ(J,X)/ 6%, (6)d8
t—h 1

< MAKa[; :g} 7 (b“*ﬁ /06 06, (0)d0 + ﬁh@*ﬁ).

By 7 the last term of the preceding inequality tends to zero as h — 0 and
d — 0. Therefore, there are relatively compact sets arbitrarily close to the set II(t),
t > 0. Hence the set TI(t), t > 0 is also relatively compact in X.

Since X, is a convex compact metrizable subset of w-L/#(J, X), it suffices to
prove the sequential continuity of the map S. Now let {f,}n>1 € X, such that

fo— f inw-LY8(J X), f e X,. (3.15)

By the property of the operator H, we have H(f,) — H(f) in w-C(J, X). Since
{fn}n>1 is bounded, there is a subsequence { fy, }r>1 of the sequence {f,}n>1 such
that H(f,,) — z in C(J, X) for some z € C(J, X). From the facts that

H(fn) — H(f) inw-C(J,X), and H(fn,) — zin C(J,X),

we obtain that z = H(f) and H(f,) — H(f) in C(J, X).

By the definitions of the operators S and H, we have that S(f)(t) = Pa(t)zo +
H(f)(t). Then due to the arguments above, we have S(f,) — S(f) in C(J,X).
This completes the proof of the lemma. O

4. EXISTENCE RESULTS FOR CONTROL SYSTEMS

In this section, we shall prove the existence of solutions for the control systems

(3. 2 and LI, €3).

Let A = S(X,). From Lemma[3.3] we have A is a compact subset of C'(J, X). It

follows from (3.5) and (3.7)) that Try € Tresy CA. Let U : C(J, X) — QLY P (1Y)
be defined by

U(z) ={h:J — Y measurable : h(t) € U(t,z(t)) a.e.}, x € C(J, X). (4.1)
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Theorem 4.1. The set Ry is nonempty and the set Resy is a compact subset of
the space C(J, X) x w-LYP(JY).

Proof. By the hypotheses (H4)(1) and (H4)(2), we have that for any measurable
function z : J — X, the map t — U (¢, z(¢)) is measurable and has closed values 11
Proposition 2.7.9]. Therefore it has measurable selectors [9]. So the operator U is
well defined and its values are closed decomposable subsets of L'/#(.J,Y). We claim
that x — U(z) is ls.c. Let z, € C(J, X), hs € U(z,) and let {z,},>1 C C(J, X)
be a sequence converging to x,. It follows from [33, Lemma 3.2] that there is a
sequence hy,, € U(z,) such that

hat) = ROl < dy (ha(6), Ult, a0 + -, e e (42)

Since the map y — U(t,y) is h-continuous a.e. ¢ € J ((H4)(2)), then for a.e. t € J,
the map y — U(t,y) is Ls.c. [11, Proposition 1.2.66]. Hence by Proposition 1.2.26
n [I1], the function y — dy (h.(t),U(t,y)) is u.s.c. for a.e. t € J. It follows from

(4.2) that, for a.e. t € J,
lim [|A(t) — hp(8)|ly < limsupdy (h«(t),U(t, z,(t)))

n—oo

< dy (b (), U(t,2.(1))) = 0.

This together with (3.5) implies that h,, — h, in LYP(J,Y). Therefore the map
x — U(x) is ls.c. By [27, Proposition 2.2] (also see [11, Theorem 2.8.7]), there
exists a continuous function m : A — L'/#(.J,Y) such that

m(z) € U(z), forall z € A. (4.3)

Consider the map P : LY8(J,X) — LY8(J,Y) defined by P(f) = m(S(f)).
Thanks to Lemma@ and the continuity of m, the map P is continuous from w-X,
into LY/#(J,Y). Then by Lemma we deduce that the map f — A(S(f),P(f))
is continuous from w-X,, into w-L* #(J,X). Tt follows from , and
that A(S(f),P(f)) € X, for every f € X,,. Therefore, the map f — A(S(f), P(f))
is continuous from w-X, into w-X,. Since w-X, is a convex metrizable compact
set in u)—Ll/ﬁ(J,X)7 Schauder’s fixed point theorem implies that this map has a
fixed point f, € X,; ie., fi = A(S(f),P(f)). Let uy = P(fs) and z. = S(f.),

then we have u, = m(z.) and f. = A(x,u,). That is to say we have

¢
. (t) = S(fe)(t) = Palt)zo + /0 (t—5)*1Qq(t — s) (g(s)u*(s) + h(s,x*(s)))ds,
us(t) € U(t,z.(t)) ae. t € J.
These imply that (2. (), u.(-)) is a solution of the control system (L.1)), (1.2). Hence
Ry is nonempty.

It is easy to see that Resy € A x Y. Since A is compact in C(J,X) and
Y, is metrizable convex compact in w-LY/8 (J,Y), we have that Resy is relatively
compact in C(J, X) x w-LY?(J,Y). Hence to complete the proof of this theorem,
it is sufficient to prove that Resy is sequentially closed in C(J, X) x w-L'/8(J,Y).

Let {(zn(-),un(-))}n>1 € Resv be a sequence converging to (x(-),u(-)) in the
space C(J, X) x w-LY#(J,Y). Denote

fn(t) = g(t)un(t) + h(t,z,(t)),
f(t) = g(@u(t) + h(t, z(1)).
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According to Lemma fn — finw-LYA(J, X). Since f, € X, and z,, = S(f,.),
n > 1, Lemma implies that
x=S5(f).
Hence, to prove that (z(-),u(-)) € Revu, we only need to verify that u(t) €
coU(t,z(t)) ae. t € J.
Since u, — u in w-L'/?(.J,Y), by Mazur’s theorem, we have
u(t) € Ny, o (URZ, uk(t)), forae. t e J. (4.4)

By (H4)(2) and the fact that h(co A,c0 B) < h(A, B) for sets A, B, the map = —
coU(t,z) is h-continuous. Then from Proposition 1.2.86 in [II], the map z —
o U(t,x) has property Q. Therefore we have

n=, @ ( ue, @U(t,xk(t))) CwU(tz(t), forae teJd  (4.5)

By (4.4) and (4.5), we obtain that u(t) € ©6U (¢, z(t)) a.e. t € J. This means that
Resu is compact in C(J, X) x w-LYP(J,Y). The proof is complete. O

5. MAIN RESULTS

Now we are in a position to obtain our main results.

Theorem 5.1. For any (x.(-),us(-)) € Resv, we have that there exists a sequence
(@n(-),un(-)) € Ry, n > 1, such that

Tn — xs  in C(J,X), (5.1)
Uy — uy in LYP(JY) and w-LY5(J,Y). (5.2)

Moreover, we have
Try = Treov, (5.3)

where the bar stands for the closure in the space C(J, X).

Proof. Let any (z.(-),u«(:)) € Resv, then we have u.(t) € coU(t, x.(t)) a.e. t €
J. It follows from (H4)(1), (H4)(2) and that the map ¢t — U(t,z.(t)) is
measurable and integrally bounded. Hence by using [28, Theorem 2.2], we have
that, for any n > 1, there exists a measurable selection v, (t) of the multivalued
map t — U(t,x.(t)) such that

sup H /t 2(u*(s) - vn(s))dsHY < l (5.4)

0<t1<t2<b n

For each fixed n > 1, by (H4)(2), we have that, for any z € X and a.e. t € J, there
exists a v € U(t,x) such that

1

[vn(t) = vlly < ki(@®)ll(t) = 2llx + . (5.5)

Let a map H,, : J x X — 2Y be defined by
H,(t,z) = {v €Y : v satisfies inequality (5.5)}. (5.6)
It follows from (5.5) that H, (¢, z) is well defined for a.e. on J and all x € X, and
its values are open sets. Using [25] Corollary 2.1] (since we can assume without
loss of generality that U(t, x) is ¥ ® Bx measurable, see [I1], Proposition 2.7.9]), we
obtain that, for any € > 0, there is a compact set J. C J with u(J\Je) < ¢, such
that the restriction of U (¢, x) to J. x X is l.s.c and the restrictions of v, (t) and k1 (t)
to Je are continuous. So ((5.5) and (5.6) imply that the graph of the restriction of
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H,(t,x) to J. x X is an open set in J. x X x Y. Let amap H : J x X — 2V be
defined by

H(t,z) = H,(t,z) N U(t,x). (5.7)
It is obvious that, for a.e. t € J and all x € X, H(t,z) # 0. Due to the arguments
above and Proposition 1.2.47 in [II], we know that the restriction of H(t,z) to
Je x X is l.s.c. and so does H(t,x) = H(t,x), here the bar stands for the closure
of a set in Y.

Now we consider the system with the constraint on the control

u(t) € H(t,z(t)) ae. on J. (5.8)

Since H(t,z) C U(t, ), the a priori estimate Lemmaalso holds in this situation.
Repeating the proof of Theorem we obtain that there is a solution (z,,(+), u,(+))
of the control system (L.1)), (5.8)). The definition of H implies that (z,(-),u,(-)) €
Ry and

[on(t) = un(®)lly < k1) (t) — zn(t)llx + % (5.9)
Since (2, (), un(")) € Ry, n > 1, and (2.(-), u«(-)) € Resv, we have

24 (t) = Py(t)zo + /0 (t—5)*'Qa(t — 5)(g(s)us(s) + h(s,z.(s)))ds  (5.10)

and
Zn(t) = Py(t)xo + /0 (t—5)*'Qu(t — 5)(g(s)un(s) + h(s,zn(s)))ds.  (5.11)

Theorem and {(xn(*), un(-)}n>1 € Ru € Resy imply that we can assume,

possibly up to a subsequence, that the sequence (x,,(+), un(-)) — (Z(-), (")) € Resv

in C(J,X) x w-LYP(JY). Subtracting from (5.10), and using (H3)(2),
(2) and @, we have

[ () — 2 ()] x

= / )21 Qu(t — ) (g5} (5) — g(s)un (s))ds
+/ (t— )0 1Qa(t—s)(h(s,x*(s))—h(s,xn(s)))dsH
< ||/ )21 Qa (t — 5)g(5) (1a(5) — va(5))ds]|

+ H o (t —5)* 1 Qalt — 3)9(5)(7]71(5) - un(s))dSHX

[ =92 Qult = ) (s, 2.(5)) = h(s, 2a(s)))ds]

0

< H/O (t =)' Qalt — 5)g(s) (us(s) — va(s))ds||

[ ) (2 Rl )~ )l ) s

s (=9 au(s) = (o) s
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<11 [ (6= 9771 Qult = 91a(5) . 5) = (o)) s + ST AT

aMa(d|lk =+ l]lz=) [* ael
P(l-i—()z) /0 (t_s) ||$*(8) _xn(s)”XdS- (5.12)

Due to (5.4), one has v, — u, in w-L?(JY) by Lemma Then it is easy to

show that g(t)v,(t) — g(t)u.(t) in w-L'/#(J, X). By the property of the operator
H defined in the proof of Lemma [3.3] we have that, for any t € J,

I /0 (t—3)* ' Qa(t — 5)g(s) (us(s) — vn(s))dsHX — 0, asn — oo.

Since ||z (t)||lx < L, ||zn(t)||x < L for any n, t € J and z,, — T in C(J, X), letting
n — oo in (5.12)), we obtain

t
o) = (o) < AT [ eto () oo
Then by [B, Theorem 3.1], we obtain x, = T; i.e., we have z, — x, in C(J, X).
Hence from , we have (v, —u,) — 0in LY?(JY). Therefore, u, = u, — v, +

Vp — Uy in w-L8(J,Y) and Li,/B(J,Y)7 ie., and hold.
Since it is clear that 7ry C Tremy and Trey is compact in C'(J, X) by Theorem
then from the proof of the first part of this theorem, we have

T’I“U = 'T’I“@U7
where the bar stands for the closure in C'(J, X). This completes the proof. O

6. AN EXAMPLE

In this section, we present an example of control systems governed by fractional
partial differential equations. In particular, to illustrate the abstract results of this
paper, we provide the following example which do not aim at generality but indicate
how our theorems can be applied to concrete problems. Since the hypotheses on
the operator g and the function h are very common, we mainly pay attention to
the operator A and the multivalued map U here.

Let J =[0,1] and Q = [0,7]. Put X =Y = L?*(Q). We consider the fractional
control system

OD2x(t,2) = 0%x(t,2) + h(t, z, x(t,2)) + b(t)a(t,z), teJ, z€Q,
x(t,0) = z(t,7) =0,
(0, 2) = o (2),
u(t,z) € U(t,z,2(t,2)), a.e. inJ xQ,

(6.1)

where ¢ D¢ is the Caputo fractional derivative of order 0 < a < 1, h, b are suitable
functions, U is a multivalued function which will be given below.

Define the operator A by Aw = w” with D(A) consisting of all w € X with w,
w’ are absolutely continuous, w” € X and w(0) = w(w) = 0. Then

Aw = — an(w,en>en, w € D(4),

n=1

where e,(z) = (2/m)2sin(nz), z € Q, n = 1,2,3,---, is the orthogonal set of
eigenfunctions of A and (-,-) denotes the L? inner product. It is clear that A is the
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infinitesimal generator of a strongly continuous semigroup {T'(t), t > 0} in X and
T(t), t > 0 is also compact, which is given by

i 2
= Ze‘" Hw,en)en, weX.

Hence the assumption (H1) is satisfied.

(H5) U :J x Q x R — R is a multivalued function with closed values satisfying
the following conditions:
(1) the map (t,z) — U(t, z,x) is
(2) h(U(tazvxl) (t z 1'2)) S El
LE(J);
(3) [U(t, z,2)| < @s(t, 2)+C2(t, 2)|x| ace. in JxQ withay € LYA(J, L% (Q)),
0<fB<aandé € LP(J x Q).
Put z(t) = z(t, -); that is x(t)(z) = z(t, 2), t € J, z € Q. Define a multivalued map
U:JxX —2Y by

Ut,)={u €Y :u(z) € Ut, z,2(2)) ae. in Q}, =€ X.

Suppose assumption (H5) holds, then it is easy to verify that (H4)(1) and (H4)(2)
are satisfied. Moveover, we have

sup{[lully : w € U(t, 2)} < las(t)2 + IIEQHLoollxllx,

where |ax(-)|z € LYA(J,RT), |ag(t)]z = (Joa*(t,2) )dz)z. This means that (H4)(3)
holds.

Let h(t,z)(z) = h(t, z,2(t)(2)) and g(t) = b(t). With A and U defined above, the
fractional control system can be rewritten to our abstract form , .
Hence the abstract results obtained in the previous sections can be applied to the

control system (6.1)).

Conclusions. Existence results and relaxation property of a class of fractional
feedback control systems in Banach spaces have been investigated. With some
auxiliary results provided in section [3] we obtained the existence results of the
control systems by Schauder’s fixed point theorem. To get the relaxation property,
we used some tools from multivalued analysis.

Our future work will be devoted to study the following fractional control prob-
lems: systems with Riemann-Liouville fractional derivative, time optimal control,
optimal control of Lagrange type and relaxed control systems by using other con-
vexification techniques.

measurable; -
(t)|z1 — 22| a.e. int € J x Q with ky in
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