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NONTRIVIAL SOLUTIONS FOR ASYMMETRIC
PROBLEMS ON RY

RUICHANG PEI, JIHUI ZHANG

ABSTRACT. We consider the elliptic equation
—Au+V(z)u = f(z,u), x=€R® weH®RY), N>2

where V(z) € C(RV) and V(z) > Vo > 0 for all z € RN. The nonlinear term
f exhibits an asymmetric growth at 4+00 and —oo in RN (N > 2). Namely,
it is linear at —oco and superlinear at +o0o. However, it need not satisfy the
Ambrosetti-Rabinowitz condition on the positive semiaxis. Some existence
results for nontrivial solution are established by using the minimax methods
combined with the improved Moser-Trudinger inequality.

1. INTRODUCTION

In this article we consider the semilinear elliptic equation
—Au+V(z)u=f(x,u), =cR" uec H'RY), N>2 (1.1)

where V(z) € C(RY) and V(x) > Vj > 0 for all z € RY. This equation arises from
many physical and chemical problems. By using the variational methods, there
were many papers studying the existence and multiplicity of solutions for problem
(T.1). Most of them treated the superlinear case (see [} 2, 3]) and some deal with
the asymptotically linear case (see [4} B} @], [7, 8, [A]).

The main difficulty in dealing with this class of problem is the lack of compactness
due to the fact that the domain is unbounded. This was overcome in [I0] by
assuming that the potential V' is coercive. Such condition was generalized in [2] by
assuming

(V1) for every M > 0, u({z € RN : V(z) < M}) < oo, with p denoting the

Lebesgue measure in RY.
Actually, the above hypothesis implies that the eigenvalue problem

—Au+V(z)u = \u, z € RN,

possesses a sequence of positive eigenvalues: 0 < A\ < Ag < A3+ < A < -+ — 0
with finite multiplicity for each Ag. The principal eigenvalue \; is simple with
positive eigenfunction ¢, and eigenfunction ¢y corresponding to Ay (k > 2) is
sign-changing.
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In the present paper, motivated by [11 [12] T3], 14}, 15} 16], our main purpose is to
establish existence results of nontrivial solution for problem with N > 2 when
the nonlinear term exhibits an asymmetric behavior as ¢ € R approaches +o0co and
—o00. More precisely, we assume that for a.e. z € RV, f(x,.) grows superlinearly
at +o0o, while at —oo it has a linear growth. To our knowledge, this asymmetric
problem is rarely considered by other people.

In case of N > 3, we noticed that almost all of the above mentioned works
involve the nonlinearity term f(z,u) of a subcritical (polynomial) growth, say,

(SCP) There exist positive constants ¢; and ¢z and g € (1,2* — 1) such that
|f(z,t)] < c1 +elt|? forallteRandzeRY,

where 2* = 2N/(N — 2) denotes the critical Sobolev exponent.

One of the main reasons to assume this condition (SCP) is that they can use the
Sobolev compact embedding theory.

Over the years, many researchers studied problem by trying to drop the
condition (AR) (see [2]), see for instance [5 [6] [7, [8] [].

In this paper, our first main results will be to study problem in the improved
subcritical polynomial growth

(SCPI) For € > 0, there exists positive constant C'(g) such that
\f(z,t)] < C(e) +elt|* 1 forallt € R and z € RV,
which is weaker than (SCP).

Note that in this case, we do not have the Sobolev compact embedding anymore.
Our work is to study asymmetric problem without the (AR)-condition in the
positive semiaxis. In fact, this condition was studied by Liu and Wang in [I7] in
the case of Laplacian by the Nehari manifold approach. However, we will use the
Mountain Pass Theorem and a suitable version of the Mountain Pass Theorem to
get the nontrivial solution to problem in the general case N > 3. Our proof
of compactness condition is completely different from those in [14] [15] [16].

Let us now state our main results: Suppose that f(z,t) € C(RY x R) and
satisfies:

(H1) lims f(x’t) = fo uniformly for a.e. x € R, where f; € [0, +00);

(H f (z,t)

2) G
(H3) lim; oo f(:z’t) = 400 uniformly for a.e. x € RY;
( ) f(.L t)

is non-increasing with respect to ¢ < 0, for a.e. € RY,
Let H := H L(RN) be the Sobolev space with the norm
s 1/2
fulw = ([ (VP + ) dz)
RN

In our problem, the work space E is defined by

limy o = [ uniformly for a.e. € RY, where [ € [0, +o0];

Ei={ucH: / (IVul? + V(@)u?) dz < oo}
RN
Thus, E is a Hilbert space with the inner product

(u,v)g = /RN(VUVU + V(z)uv) dz

and is defined by || - || the associated norm.
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We denote by | - |, the usual LP-norm. The condition (V;) and the Sobolev Em-
bedding Theorem imply that the immersion E — L*(RY R) (N > 3) is continuous
for 2 < s < 2*. Actually it is proved in [2] that this embedding is compact for
2 <s< 2%,

Recall that a function u € E is called a weak solution of if

/ (VuVo + V(z)uv) dx = flz,u)vdr, YveE.
RN RN

Seeking a weak solution of problem (|1.1)) is equivalent to finding a critical point
u* of C! functional

1
I(u) := §||u||2 —/ F(z,u)dz, Vu€ckE, (1.2)
RN
where F(z,u) = [ f(z,s)ds. Then
(I'(u*),v) = / (Vu*Vou + V(z)u*v) de — flz,u*)vdx =0, YveE.
RN RN

Definition 1.1. Let (E, || - ||g) be a real Banach space with its dual space (E*, | -
|g+) and I € CY(E,R). For ¢ € R, we say that I satisfies the (P.S). condition if
for any sequence {z,} C E with

I(z,) —¢, DI(x,)—0 inE",

there is a subsequence {z,,} such that {x,,} converges strongly in E. Also, we
say that I satisfies the (C'). condition if for any sequence {z,} C E with

I(zn) = ¢, [|DI(zn)lle (1 + [lznllz) — 0,

there is subsequence {z, } such that {z,,} converges strongly in E.

We have the following version of the Mountain Pass Theorem (see [I8, [19]).

Proposition 1.2. Let E be a real Banach space and suppose that I € C*(E, R)
satisfies the condition

max{I(0),I(u1)} <a< g < HiIHlf I(u),
ul|=p
for some a < B, p >0 and uy € E with ||u1]] > p. Let ¢ > [ be characterized by

— inf I(~(t
c= inf max (v(®)),

where T' = {y € C(]0,1], E),v(0) = 0,v(1) = uy} is the set of continuous paths
joining 0 and uy. Then, there exists a sequence {u,} C E such that
I(un) = ¢ = B and (1 + [lun D[ (un)]

Theorem 1.3. Let N > 3 and assume that f has the improved subcritical polyno-
mial growth on RN (condition (SCPI)) and satisfies (H1)-(H3). If fo < M\ <1 <
oo, then problem (L.1) has at least one nontrivial solution.

Remark 1.4. In view of conditions (SCPI), (H2) and (H3), problem (1.1} with
the improved subcritical polynomial growth is called asymmetric. Hence, Theorem
is completely different from results contained in [4, [5, [6] [7, [8] [].

g+ — 0 asn— oo.

Theorem 1.5. Let N > 3 and assume that f has the improved subcritical polyno-
mial growth on RN (condition (SCPI)) and satisfies (H1)—(H3). If fo < A\ =1 and
limy oo [f(x,t)t — 2F (x,t)] = —oco uniformly for a.e. x € RN, then problem
has at least one nontrivial solution.
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Remark 1.6. When | = Ay, problem (1.1]) is called resonant at negative infinity.
This case is completely new. Here, we also give an example for f(x,t). It satisfies
our conditions (H1)-(H3) and (SCPI).

_ g(t)t, t <0,
S {g(t)t + h(t), t>0,

where g(t) € C(R), g(0) = 0; g(t) > 0, t € R; h(t) € C[0,+00); lim;— 1.0 42 = 0;

Tt
limy 4 oo t;i(—t,)l =0; lim; 400 @ = 4+00. Moreover, there exists tg > 0 such that

g(t) = A for all |t| > to.

Example Define

Theorem 1.7. Let N > 3 and assume that f has the improved subcritical poly-
nomial growth on RN (condition (SCPI)) and satisfies (H1)—(H4). If fo < A1 and
[ = 400, then problem (L.1|) has at least one nontrivial solution.

Remark 1.8. Whenl = +oo, problem (1.1)) is generalized superlinearity at negative
nfinity.

In the case N = 2, we have 2* = 4+o00. In this case, every polynomial growth is
admitted. Hence, one is led to look for a function g(s) : R — R with maximal
growth such that

sup / g(u) dr < co.
weH,||u||p<1JRN
It was shown by Trudinger [20], Moser [2I] and Ruf [22] that the maximal growth
is of exponential type. So, we must redefine the subcritical (exponential) growth in
this case as follows:

(SCE): f has subcritical (exponential) growth on RY i.e., For ¢ > 0, there exists

positive constant C* () such that

|f(2,t)| < C*(e) + cexp(alt]?) forallt € R, x € RY and a > 0.

When N = 2 and f has the subcritical (exponential) growth (SCE), our work is
still to study asymmetric problem without the (AR)-condition in the positive
semiaxis. To our knowledge, this problem is rarely studied by other people. Hence,
our results are completely new and our methods are skillful since we skillfully com-
bined Mountain Pass Theorem with Moser-Trudinger inequality. Our results are as
follows:

Theorem 1.9. Let N = 2 and assume that f has the subcritical exponential growth
on RN (condition (SCE)) and satisfies (H1)-(H3). If fo < A\ < | < oo, then
problem (L.1)) has at least one nontrivial solution.

Remark 1.10. In view of the conditions (H2), (H3) and (SCE), problem (1.1)) is
called asymmetric subcritical exponential problem. Hence, Theorem [I.9] is com-
pletely different from results contained in [I} 2], 3] [, [5l 6] [7, [8 ©].

Theorem 1.11. Let N = 2 and assume that f has the subcritical exponential
growth on RN (condition (SCE)) and satisfies (H1)-(H3). If fo < A\ = | and
limy . oo [f(x,t)t —2F (2,t)] = —oc uniformly for a. e. x € RN, then problem
has at least one nontrivial solution.

Remark 1.12. When | = Ay, problem (1.1)) is called resonant at negative infinity.
This case is completely new.
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Theorem 1.13. Let N = 2 and assume that f has the subcritical exponential
growth on RN (condition (SCE)) and satisfies (H1)—(H4). If fo < A1 and | = +o0,
then problem (1.1)) has at least one nontrivial solution.

2. PRELIMINARIES
Lemma 2.1. Let N > 3 and p1 > 0 be a \i-eigenfunction with ||p1|| = 1 and
assume that (H1)-(H3) and (SCPI) hold. If fo < A1 <1 < 400, then
(i) There exist p,a > 0 such that I(u) > « for all u € E with |ju|| = p,
(ii) I(tp1) — —o0 as t — +o0.

Proof. By (SCPI) and (H1)-(H3), for any £ > 0, there exist A1 = Ay(e), By =
Bi(g) such that for all (z,s) € RY x R,
1 "
F(z,s) < §(f0+s)|s|2+A1\s\2 . (2.1)

Choose € > 0 such that (fo+¢) < A1. By (2.1), the continuous imbedding and the
Sobolev inequality: |u|3. < K||u||?", we obtain

fo+e

1 N
1) > gl 2 ol —
1 +e .
S LWL T
2 A1

So, part () is proved if we choose ||u|| = p > 0 small enough.
On the other hand, by the definition of I and (H2) with [ > A\;, we have

o I(ter) _ 1
m —o— < 5()\1 —Dlgal3 < 0.
By a slight modification to the proof above, we can prove (ii) if I = +o0. (Il

Lemma 2.2 ([20, 211, 22]). Let w € H. Then
sup / (expalul* = 1)dz < C  for a < 472,
w€H,|lul|p <1 JRN

The inequality is sharp: for any o > 4m? the corresponding supremum is +00.

Lemma 2.3. Let N = 2 and ¢1 > 0 be a A\-eigenfunction with ||p1|| = 1 and
assume (H1)-(H3) and (SCE) hold. If fo < A1 <1 < +o0, then

(i) There exist p,oc > 0 such that I(u) > « for all w € H with |ul| = p,

(ii) I(tp1) = —o0 ast — +oo.

Proof. By (SCE) and (H1)—(H3), for any € > 0, there exist A1 = A;(¢), By = B1(e),
k>0 and ¢ > 2 such that for all (z,s) € RY x R,

F(a,5) < (o +9)lsl? + A (expllsl?) — s (22)

Choose € > 0 such that (fo +¢) < A;. By (2.2), the Holder inequality and the
Moser-Trudinger embedding, we obtain

1 fot+e
) = gl = 25w = Ay [ (explefuf) = Dlul?da
1 fote 2 / 2 lul r
> (1 — _ Ty
2 (= 2l = As( [ explerullh () = 1) de)
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X (/ Ju|™" dm)l/r/
Q

> 1<1 B fo+e
2 A1
where r > 1 sufficiently close to 1, |Jul|g < o and kro? < 4w2. So, part (i) is proved

if we choose |Ju|| = p > 0 small enough.
On the other hand, by the definition of I and (H2) with I > A1, we have

Mull* = Cllu]l?,

. I(t@l) 1 2 )\1 —1
< — — =
Jim S < SO Dl = S <0
By a slight modification to the proof above, we can prove (ii) if [ = +o0. O

Lemma 2.4. For the functional I defined by (1.2), if un(x) < 0 a.e. © € RY,
n €N and
<I/(Un), Un) — 0 quadas n — oo,

then there exists subsequence, still denoted by {u, }, such that

1+t2
I(tuy,) < —

+ I(up) forallt >0 andn € N.

Proof. This lemma is essentially due to [7]. For the sake of completeness, we prove
it here. By (I'(uy),un) — 0 as n — oo, for a suitable subsequence, we may assume
that

. < (I (up)s un) = ||un]? f/ flz,un(z))u, de < S for all n. (2.3)
n RN n

We claim that for any ¢ > 0 and n € N,

t2 1
I(tun) < = +/ L @) — Fa,un(@))) da. (2.4)
2n RN 2
Indeed, for any t > 0, at fixed 2 € R and n € N if we set

h(t) = %th(:c, Up Up(z) — F(z, tuy(x)),
then
W (t) = tf(@, un)un(@) — f(@, tun)un ()
= tun (2){f (z,un) — f(z, tun(x))/t}
>0 for0<t<1
{S 0 fort>1

by (H4); hence h(t) < h(1) for all ¢ > 0. Therefore,

1
(tun) = ~82][un? - /RN Fla, tun (2)) do

2

1 2 l Ty, Un\T) )Un L)ALy — Ty, TUnp T xr
<3P [ fe @) sy = [Pt @)

2 1
=g / A5 @ un(@)un(@) = Pl tun(2))} da

2
<t | g @) — P, (@)} da

RN
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and our claim ([2.4)) is proved.
On the other hand,

) = gllunl = [ Plo (o) do

> slent [ @)@ do) - [P (e) d
2 n RN RN
that is,
1 1
{5/ (@, un(@))un(z) — F(z,un(2))} do < 5 + I(un). (2.5)
RN 2 2n
Combining (2.4)) and , we find that
2
I(tu,) < L + I(uy) for all t > 0 and n € N. (2.6)

3. PROOFS OF THE MAIN RESULTS
We prove only Theorems and Others followed from these results.

Proof of Theorem[I1.3 By Lemma the geometry conditions of Mountain Pass
Theorem hold. So, we only need to verify condition (PS). Let {u,} C E be a (PS)
sequence such that for every n € N,

1
Sl = [ Pl de| <. (31)

| Vuand:ch/ V(x)unvd:cf/ f(@,up)vdz| <eyplvl|, veE, (3.2)
RN RN RN

where ¢ > 0 is a positive constant and {e,} C RT is a sequence which converges to
Zero.

Step 1. To prove that {u,} has a convergence subsequence, we first show that
it is a bounded sequence. To do this, we argue by contradiction assuming that for
a subsequence, which we follow denoting by {u,}, we have

lun|| = +00  as n — oo.

Without loss of generality, we can assume ||u,| > 1 for all n € N and define
zn = 2. Obviously, ||zn|l = 1 for all n € N and then, it is possible to extract a

subsequence (denoted also by {z,}) such that
Zn — 29 in K, (
zn — 29 in L*(RY), (
Zn(x) = 20(x) ae. xz € RN, (
|zn(z)] < q(z) ae. z€RY, (
where 29 € E and g € L*(RY). Dividing both sides of by ||unl||, we obtain
[z, un)

Ry lun]|

Passing to the limit we deduce from (3.3 that

lim Mv dex = Vzo Vo dz +/ V(z)zov dz (3.7

n—co Jpn  ||un| RN RN

| Vz,Vudz +/ V(z)znvde — vdzx| < E—”HUH for all v € E.
RN RN [[un |
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for all v € E.
Now we claim that zo(z) < 0 for a.e. z € RY. To verify this, let us observe that
by choosing v = 2 = max{zg,0} in (3.7) we have

Jim / f( de:/ |Vzo|2d:c+/ V(@)|z0]2 do < oo, (3.8)
||Un|| S} e

n—oo

where © = {x 6 R |z(x) > 0}. On the other hand, from conditions (SCPI), (H1),
(H2), (H3), (3.5) and (3.6), we have

ol a@) > (CK@a(e), ac e o
for some positive constant K7 > 0, and

o L) (@)

zn(z)20(x) = 400, ae. z€0O.

Therefore, if |©| > 0, by the Fatou’s Lemma, we obtain

fmun

which contradicts (3.8). Thus \@| = 0 and the claim is proved.

Clearly, zo(x) # 0. By (H2), there exists ¢ > 0 such that % < ¢ for a.e.
r € RN, By using Lebesgue dominated convergence theorem in (3.7), we have

20(x) dx = 400,

VzoVudr + /

V(x)zovdx — / lzovdz =0 (3.9)
RN

RN RN

for all v € E. This contradicts our assumption, i.e., [ > A;.

Step 2. Now, we prove that {u,} has a convergence subsequence. In fact, we
can suppose that

U, —u in F,
u, —u in LY(RY), V1 < ¢ < 2%,

up(z) — u(z) ae xRN,

Since f has the subcritical growth on RY, for every e > 0, we can find a constant
C(€e) > 0 such that

f(x,8) < Cle) +¢ls|> 71, V(z,s) e RN xR,

then we obtain

| f($7un)(un —u) dx|

RN

SC’(e)/ |un—u|daz—|—e/ [t — ul|un|* ' dz
RN RN

SC’(e)/ |un—u|dx+e(/ (junf* )75 ) © (/ ln
RN RN RN

< C’(e)/ |ty — u| dx + eC.
RN

*)1/2*
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Similarly, since u, — u in E, [py |un —u|dz — 0. Since € > 0 is arbitrary, we can
conclude that

/RN(f(xaun) — flz,u))(up —u)dx — 0 asn — oo. (3.10)

By (3.2)), we have
(I'(up) — I'(u), (up, —u)) =0 asn — oo. (3.11)

From ([3.10) and (3.11]), we obtain

/ (Vuy, — Vu)(Vu, — Vu) + / V(2)|up —ul*de —0 asn—oo. (3.12)
RN RN

We have u,, — w in E which means that I satisfies (PS). O

Proof of Theorem[1.5. Since | = A1, obviously, Lemma (i) holds. We only need
to show that Lemma (ii) holds. Let uw = —tip;, then

1
Ite) = 5 [ (VerP+V@laP)de— [ F—to)do

1 1
=57 [ (Ve +V@lal o= [ fo—ton)(ter) da
[z, _t;l)t%}dx.

Since f(x,s) = A1s+ o(s) as s — —o0, we have

- {F(:C, _tsol) +
]RN

I(—tp1) > —0c0 ast— +oo

and the claim is proved. By Proposition there exists a sequence {u,} C E such
that
1

) = 3lunlP = [ (o) da = e+o(1), (313)

(1 + Jlun DI ()|
Clearly, (3.14]) implies

(I' (wn), ) = ||un]|® — /]RN flx,up(z))uy, de = o(1). (3.15)

To complete our proof, we need to verify that {u,} is bounded in E. Similar to the
proof of Theorem [I.3] we have zo(z) < 0, z € Q, 29(z) # 0 and

/ (VzoVu + V(x)zv) de — / lzovdx =0
RN RN

for all v € E. By the maximum principle, zy < 0 is an eigenfunction of \; then
|u, (z)| — oo for a.e. z € RY. By our assumptions, we have

i (2, un (2) Jun (2) — 2F (2, uq () = —o0

g — 0 asn— oo. (3.14)

uniformly in # € R, which implies that
/ (f(z,up(2)up(z) — 2F (2, up(x))) de — —co  as n — oo. (3.16)
RN

On the other hand, (3.15]) implies that

21 (uy) — (I'(un),un) — 2¢  as n — oo.
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Thus
/ (f(x,up)u, — 2F(x,uy,))de — 2¢  as n — oo,
RN

which contradicts (3.16]). Hence {u,} is bounded. According to the Step 2 proof
of Theorem we have u,, — u in E which means that I satisfies (C).. O

Proof. Proof of Theorem [1.7] By Lemma[2.1]and Proposition (13.13)-(3.15) hold.

We still can prove that {u,} is bounded in E. Assume |u,| — 400 as n — oo.
Similar to the proof of Theorem we have zg(z) < 0 and when zo(z) < 0,
Up = Zpl|lun] — —o0 as n — oo. Let

2/c 2/cuy,

[l ([l

Sn

Since {w,} is bounded in F, it is possible to extract a subsequence (denoted also
by {w,}) such that

w, = wy in E,
w, — wy in L*(RY),
wp(z) — wo(z) ae x€RY,
lwn(z)| < h(z) ae zeRY,

where wg € E and h € L2(RY).

If ||un|| — 400 as n — oo, then wo(xz) = 0. In fact, letting O~ = {z € Q :
wo(x) < 0} and noticing | = 400, from (H3) it follows that
[, un)

> M uniformly for all z € ©7,
Un

where M is a constant, large enough . Therefore, by (3.15)) and (3.17)), we have
4c = lim ||wy]?
n—0o0

= lim 7f(x, Un)

n—0o0 JrN Un

[z, un)

n—oo o- un

|wy, |* dx

|wy, |? dx

So wo = 0 for a.e. x € RN, But, if wg = 0, then [,y F(x,w,)dz — 0. Hence
1
I(wn) = 5llwa|* +o(1) = 2¢ + o(1). (3.22)

On the other hand, since ||u,| — oo as n — oo, we have s, — 0 as n — oo. From

Lemma [2.4] and (3.13), we obtain
1+ (s0)?

(1) = I(sten) < 5
Obviously, it contradicts (3.22). So {uy,} is bounded in E. According to the Step 2
proof of Theorem [1.3] we have u, — u in E which means that I satisfies (C).. O

+ I(up) <e, asn— oo.
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Proof of Theorem[I.9 By Lemma [2.3] the geometry conditions of Mountain Pass
Theorem hold. So, we only need to verify condition (PS). Similar to the Step 1 proof
of Theorem [1.3] we easily know that (PS) sequence {u,} is bounded in E. Next,
we prove that {u,} has a convergence subsequence. Without loss of generality,
suppose that

[unll < B,
Up, = u in E|

U, —u in LYRY), Vg > 1,
un(z) — u(z) ae zeRY.

Now, since f has the subcritical exponential growth (SCE) on RY, we can find a
constant Cg, > 0 such that

|f(x,1)] < Cp, <exp<;%3|t|2> —1), Y(zt)eRY xR,

where 5y = yfand -y is defined
lullz < Ayllull,  weE.
Thus, by the Moser-Trudinger inequality (see Lemma 2.2),

[ o) =) da

1/2
<c( [ tesn(Grtun = 1) dn) " Jun
RN ﬂo

an

<c( [ oS lunlly]
RN 0
< Cluy, —ulz — 0.

Similar to the proof of Theorem we have u, — v in E which means that I
satisfies (PS). 0

Un

1/2
2
—1 dm) Uy — U
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